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PREFACE 


rriHIS book was described in the original preface as an attempt 
-*■ to teach those portions of the Calculus which are of primary 
importance in the applications of the subject. The general 
arrangement of the work was, at the time, somewhat unusual, bat 
appears to have been found convenient. 

The present edition has been revised throughout, and a number 
of changes have been made. Apart from minor alterations and 
rearrangements, there are one or two points which call for remark. 

A special chapter is devoted to the exponential and allied 
functions, th e exponential function being now defined as th e 
st andard solution of the equation 



It is to this property, entirely, tha t the function owes its im - 
p ortance in Mathemat ic s; and it seems therefore most natu ral 
t o take this as the starting-p oint. No theory of the exponential 
series which has any pretensions to be rigorous can be said to be 
altogether elementary, but it is claimed that the method here 
followed is, from the standpoint of the Calculus, no more difficult 
than any other, whilst there can be no question as to its being the 
most appropriate. 

Another considerable change is in the t reatment of infinit e 
s eries, their differentiation and integrati on. In previou s editions 
these questions were dis cussed in a general manner, by the ligh t 
of the theor y of uniform convergence . There was perhaps some 
justification for including this theory, at a time when it was 
hardly accessible in any English manual, but it was out of 
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perspective with the rest of the book, and is now omitted. It is 
replaced by a discussion restricted to power-series only, which are 
the only type which the student is likely to be concerned with 
until he reaches a more advanced stage. 

Finally, some sections on mass-centres, quadratic moments, 
and the like, have been condensed or omitted. They have in 
the meantime been transferred, for the most part, to other books 
by the author. 

HORACE LAMB. 

June 1019. 
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CHAPTER I 


CONTINUITY 

1. Continuous Variation. 

In every problem of the Infinitesimal Calculus we have to deal' - 
with a number of magnitudes, or quantities, some of which may be 
constant, whilst others are regarded as variable, and (moreover) 
as admitting of continuous variation. 

Thus in the applications to Geometry, the magnitudes in question 
may be lengths, angles, areas, volumes, &c.; in Dynamics they may 
be masses, times, velocities, forces, &c. 

Algebraically, any such magnitude is represented by a letter, 
such as a or x, denoting the ratio which it bears to some standard 
or * unit ’ magnitude of its own kind. This ratio may be integral, 
or fractional, or it may be ‘ incommensurable,’ i.e. it may not admit 
of being exactly represen tecfby any fraction whose numerator and 
denominator are finite integers. Its symbol will in any case be 
subject 'to the ordinary rules of Algebra. 

A ‘ constant’ magnitud e, in any given process, is one which 
d oes not change its value/ A magnitude to which, in the course 
of any given process, different values are assigned, is said to be 
* variable .’ The earlier letters ft, 6, c, . . . of the alphabet are generally 
used to" denote constant, and the later letters ...it, v, w, x, y, z to 
denote variable magnitudes. 

Some kinds of magnitude, as for instance lengths, masses, den^~ J 
si ties, do not admit oi variety ^of sign. Others, such as altitudes, 
rotations, velocities, may be either positive or negative. When 
we wish to designate the 1 absolute ’ value of a magnitude, of this 
latter class, without reference to sign, we enclose the representa- 
tive symbol between two short vertical lines, thus 

|*|. 'sinar'i, Iogj«[. 

It is important to notice that, if a and b have the same sign, 

|a + &Ma| + >6!. 

whilst, if they have opposite signs, 

ja + h]<ja[ + 1 A j. 

1 ' 
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The Infinitesimal Calculus had its origin in problems of Geo- 
metry, such as drawing tangents to curves, finding areas and lengths 
of curves, volumes of solids, and so on. It is therefore natural, and 
from the point of view of most applications even necessary, to adopt 
as a basis the geometrical notion of magnitude, with the various 
familiar assumptions, express or implied, which this involves. 

A geo metrical representation of any class of magnitu des is ob- 
tained by'talunganunlimitedjtraight, line X'X, and in it a fixed 
origin 0, and by measuring lengths OM proportional on any con- 
venient scale to the various magnitudes considered. InUrnijaSe 
of s ign-less magnitu des (such as masses), these lengths are to be 
measured on" one side only of 0 ; in cases where there is a variety 
of sign, OM must be drawn to the right or left of 0 according as 
tKe magnitude to be represented is positive or negative. To each 
inftgpitude of the kind in question will then correspond a definite 
p oint M in the line X'X. / , t 


°l 

Fig. 1. 


M 


X 


When we say that a magnitude admits of ‘continuous’ variation, 
we mean that the point M may occupy any position whatever in 
the line X'X within (it may "be) a certain range. 

It will be observed that two things are postulated with respect 
to the magnitudes of the particular Kind under consideration, viz, 
that everypossible magnitude of the kind is represented b y so me 
point or other of the line X'X, ami (conversely) tha£to every point 
oh r: ffib~TrDe? witRu/ a certfejn ranpe/ there corresponds some mag- 
nitude of the kind. \ {These conditions are fulfilled by~all the kinds 
of mag nitude with which we meet, either in Geometry, or in Mathe- 
maficffTKysics. It will be found* on^ examination that these all 
involve in tneir specification a reference, direct or indirect, to linear 
magn itude. Thus an area may bo represented by the a ltitu de 
^>£3an equivalent rectangle ‘ constructed on a given (unit) 1®?"; a 
v elocity is represented by the length described in unit time, and 
so on. 


2. Upper or Lower Limit of a Sequence. 

The con ception of a 1 limit.’ or * limiting va lue.’ occurs i n. variou s 
forma throug hout the Oalcnlus. and is of fundamental importance. 
In its primary form, now to be considered, it will be already more 
or less familiar to the student. 
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Suppose we have an endless ascending sequence of magnitudes' 
of the same kind 

Xi, , x 3 , ..., x nt ... , ( 1 ) 

i.e. each is greater than the preceding, so that the differences 

/Tg— — d? a , Xfi X&-. 1, • 

arc all positive. Suppose, further, that the magnitudes (1) are 
known to be all less tnan some fixed finite quantity a. The sequence 
will in this case have an * upper limit,’ i.e. there will exist a certain 
quantity p., greater than any one of the magnitudes (1), but such 
that if we proceed far enough in the sequence its members will 
ultimately exceed any assigned magnitude which is less than /t. % 
In other words, it is impossible to interpose a barrier between the 
members of the sequence and the quantity fi. 

In the geometrical representation the magnitudes (1) are repre- 
sented by a sequence of points 

M lt M t , M s , ... ( 2 ) 

each to the right of the preceding, but all lying to the left of some 
fixed point A. Hence every point on the line X'X, without ex- 
ception, belongs to one or other of two mutually exclusive categories. 






o 

Mi 

Fig. 2. 

Mj Mj M< A 

X 


Either it has points of the sequence (2) to the right of it, or it has 
not. Moreover, every point in the former category lies to the left of 
every point of the latter. Hence there must be some point M, say, 
such that all points on the left of Al belong to the former category 
and all points on the right of it to the latter. Hence if we put 
/*= OM, ^ fulfils the definition of an ‘ upper limit ’ above given. 

In a similar manner we can shew that if we have an endless 
descending sequence of magnitudes 

•••» (3) 

i.e. each is less than the preceding, so that the differences 

iCj — Xg, Xg —Xg, ... , &M-] Xff 

are all positive, whilst the magnitudes all exceed some finite 
quautity 6, there will be a lower limit v, such that every magnitude 
in the sequence is- greater than v, whilst the members of the se- 
quence ultimately become less than any assigned magnitude which • 
is greater than v. 

1—8 
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The above argument would evidently apply if, occasionally, two 
or more successive members of the sequence were equal. , In that 
case the sequences are still usually styled ‘ ascending * or ' de- 
Boending,’ respectively, although the terms ‘ non-decreasing ’ and 
‘ non-increasing ’ would be more accurately descriptive*. 


Jos. 1. The sequence 

12 3 n 
2’ S’ 4’ n + 1 ’ 

is ascending, with the upper limit 1. For 

w -=1- 1 


•~< 4 ) 


n+ 1 n + 1 ’ 

which can be made as nearly equal to 1 as we please by taking n great 
enough. 

Ex. 2. If a; be a positive quantity less than unity, the quantities 

1, *, as*, ..., *•, (5) 

form a descending sequence, with the lower limit 0. For since 1/as is 
greater than unity We may write 

l/*-l + y, 

where y is positive.' Then 

<!/*)* = (1 +y)*- 1 + «y + ... + y", 
by the Binomial Theorem. Hence 


1 /as" > 1 + /ty, 

and can therefore be made as great as we please by taking n great 
enough. It follows that as" can be made as small as we please. 


Ex. 3. Consider the sequence defined by 

*1=1, *«+i= VO +*J (6) 

Siace as*. +1 - as.* = as, - as,_„ (7) 


*»+i w ill be greater than x n if as, is greater than as„_, . But as, is ob- 
viously greater than as,. The sequence is therefore an ascending one. 
Again 




3V,, = - 


1 +X. 


*W+1 


1 + «V» 



( 8 ) 


Since as >+ , > 1 it follows that as,,, < 2, for all values of n. The sequence 
has therefore an upper limit Denoting this by ft, it appears from (6) 
that ft is the positive root of the equation 

*-•*1 ( 9 ) 


* In resent times the term * monotonic * has been invented to include both 
type* of sequence. 
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By actual calculation from (6) the first few members are found to 
be, to four figures, 

1, 1-414, 1-554, 1*598, 1-612, 1-618. 

The number last written is the accurate 
value of n, to the degree of approximation 
aimed at. 

The matter may be illustrated graphi- 
cally by tracing the loci 

y=* + 1, y = a?. • ••• (10) 

The figure shews how the successive values 
of obtained from (6) converge towards 
the value of x at the intersection. A por- 
tion only of the graph is shewn. 

Evidently, the same result is arrived at 
if we start with any positive value of 
instead of 1. Only, if *, is greater than the 
positive root of (9) the sequence would be a 
descending one. 

The above method has a wide applicatio n 
to the numerical solutio n of equations, both 
a lgebraic and transcendenta l. 

3. Application to Infinite Series. Series with positive 
terms. 

The above has been called t he fundam ental theorem of the 
Calculus. An important illustration is furnished by the theory of 
i nfinite series who se terms are all of the same sign. I n sfris tpeaB, 
there is n o such thing as the ‘ sum ’of an infin ite series of terms, 
since the orierations - indicate<Fcould never be completed, but under 

certain condition tho 'se ries may b e taken as defining a particular 
magnitud e. 

Consider a series 

M, +«* + «!+••• +««+... (1) 

whose terms are all positive, and let 

aj-tti + u, *« = «,+ + .-.+«* (2) 

These quantities are called the ‘ partial sums. If the sequence 

*», (®) 

has an upper limit S, the series (1) is said to be j convergent,’ and 
the quantity 8 is, by convention, called its * sum. 
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Again, if (1) be a series of positive terms which is known to be 
convergent, and if 

m/ ■+■ w* 4- + ... + w n ' + (4) 


be a series of positive terms which are respectively less than the 
corresponding terms in (1), i.e. uf < u„ for all values of n, then (4) 
is also convergent. For if be the sum of the first n terms in (4), 
we have <a n , and since the magnitudes s„ have by hypothesis 
an upper limit, the magnitudes s n will have one <1 fortiori. 

Ex. 1. The series 

l + i + i + i + - 

converges to the sum 2. For if in Fig. 2 (p. 3) we make OM , = 1, OA - 2, 
and bisect M X A in Af S) M 2 A in J/„ and so on, the points Jf„ M t , M. t , ... 
will represent the magnitudes a, , « 2 , .... And since these points all 

lie to the left of A, whilst M n A = 1/2*' 1 and can therefore be mode as 
small as we please by taking n large enough, it appears that the sequence 
has the upper limit OA, = 2. 

The case of any geometric progression whose common ratio is positive 
and less than unity may be illustrated in a similar manner. 


Ex. 2. Consider the series 


1 


1.2 + 2.3 +, " + «(« + l) *■•••• 

If we write this in the form 

( 1_ 2) + G"5) + - • + (rr^Ti) + - • 

we see that s„ = 1 - • 

which has the upper limit 1. 

Ex. 3. Further illustrations are supplied by every arithmetical 
process in which the digits of a non-terminating decimal are obtained 
in succession. For example, the ordinary prooess of extracting the 
square root of 2 gives the series 

1-414213... 


1 

n + 1 ’ 


or 


JL J_ J_ _2_ 1 3 

+ 10 + 10* + 10* + 10 4 + 10 # + 10‘ + 


Since », is always less than 1-5, there is an upper limit 

Ex. 4. The terms of the series 

..11 1 
1 + 1+ 2l + S! + - + J*l + 
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are (after the first three) respectively less than those of the series 

. , 1 1 1 
1 + 1 + 2 + 2* + - + 2*-i + -' 

The latter series is convergent and has the sum 3. Hence the former 
is also convergent, and its sum is less than 3. 


4. Limiting Value in a Sequence. 

Suppose that we have an endless series of magnitudes 

a?j, *Tj, ... ( 1 ) 

arranged in a definite order. Suppose, further, that whatever 
quantity e we choose to fix upon, however small, a point in the 
sequence can always be found beyond which every member of it 
diners from some fixed quantity fi by a quantity less in absolute 
value than e. The sequence is then said to be ‘ convergent,’ and 
to have the * limiting value ’ /*• Statements of this kind occur so 
frequently in the present subject that it is convenient to have a 
condensed expression for them. We write 

linw*,;r n = ft (2) 

We have had particular cases of the above relation in the 
upper and lower limits discussed in Art. 2, but in the present wider 
definition it is not implied that the members of the sequence are 
arranged in order of magnitude, or that they are all greater or all 
less than the limiting value fi. 

The hypothesis is that a value of » can be found such that the 
members of the sequence which follow x„, viz. 

x n+2! 3"»+3> 

all lie between the values n - e and fi + e. The value of n which 
is necessary to secure the fulfilment of this condition will be greater 
the smaller the value of e, but it is implied that, however small e 
be taken, such a value exists. 


fix. I. The sequence 

1 3 2 4 1 1 

2’ 2 ’ 3’ 3’ ~ a’ 4 » 

has obviously the limiting value 1. 


(3) 


Ex. 2. Iu the sequence 


. sin 2* sin 3a; 
sm*, 2 , -y-, 


mu nx 


n 


w 


the numerator lies always between + 1, whilst the denominator increases 
indefinitely. The sequence has therefore the limiting value 0. 
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It is sometimes possible, as in the examples just given, to shew 
that a given sequence has a certain known quantity as its limit, 
and is therefore convergent. The question to be Resolved is, how- 
ever, in general less simple, and a criterion is required as to whether 
a proposed sequence has or has not a definite limiting value. There 
are in fact many important mathematical quantities which can only 
be defined as limits, and it is therefore necessary in such a case to 
satisfy ourselves that the limit exists. 

It is obvious in the first place that if the sequence (1) has a 
limit, a value of n can always be found such that the members of 
the sequence which follow x n , viz. x n+1 , ..., x n+p , will all 

differ from x n by quantities not exceeding e, where e may be any 
assigned quantity, however small. Conversely, if this condition is 
fulfilled, the sequence has a definite limit. 

To shew this let us construct in the first plaoe a descending sequence 
of positive quantities c lf *,, <„ ... whose limit is 0. Much a sequence 
may be formed, for instance, by making each member one-half of the 
preceding one. By hypothesis, a number can be found such that all 
the members of the sequence which follow x n% lie between the values 
ttj f, and jS, — «r^ + 

Similarly, a number «,(> n,) can be found such that all the members 
which follow x^ lie between and A = *«, + **• Hence all the 

members which follow will lie within a certain interval extending 
(say) from a, to A* which is included within the interval from a, to /3,, 
and is such that 

A ~ a » < 2*i, 

and bo on. The quantities a„ a,, a„ ... form an ascending sequence, 
and, since they are all less than /?,, they have an upper limit /a, say. 
Similarly, the quantities Ai A> A form a descending sequence, with a 
lower limit v. Moreover, since 

v-H< A>-«* <3 S» 

which may be as small as we please, these limits fi and v cannot be 
different. Under the condition stated, the sequence (1) has the com- 
mon value of ft. and v as its limit. 

Ex. 8, An illustration is furnished by any arithmetical process in 
which successive approximations to a result are obtained, provided 
these are adjusted in the usual manner, the last significant figure being 
increased by unity whenever the next following digit is 5 or any greater 
number. Thus the operation of finding the square root of 6 gives 

2*6457513.... 

The successive approximations, adjusted os above, are 

2, 2*6, 2-65, 2*646, 2*6458, 2*64575, 2*645751, .... 

forming a sequence of the kind now under discussion. The numbers 
which follow the first differ from it by less than *5 ; those which follow 
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the second differ from it by las than *05 ; those which follow the third 
from it by less than ‘005 ; and so on. The sequence has there- 
fore a definite limit. 


Ex. 4. 


Consider the sequence in which 


X. = 1 a Xq+i — : 

^ 1 +»* 


(5) 


The members are all positive, and (alter the first) less than unity. It 
follows that all members after the second are greater than Again, 
we have 


1 

*»+] — i — r_ 

t +*«+! 


1 

l +*„’ 


or -fit = i_ _ (6) 

*H - *.+1 (1 + a .) (1 + *»+«) 

Each member of the sequence is theiefore alternately greater and less 
than the one preceding it. Moreover, since the above ratio is, for 
»>1, less than £ , the intervals between successive members diminish 
indefinitely. It easily follows that the sequence must converge to a 
definite limit, which is obviously the positive root of 

** + *= 1 (7) 


By actual calculation from (5) we find in succession 

1, -5, -6667, -6, -625, ‘6154, *6190, -6176, -6182, 

the latter number being the correct value of the root in question, to four 
figures. 

The character of the sequence may be illustrated graphically by 
means of the loci 

y=j” W 



The figure shews the essential part of the graph. 

In this Example, and in Art. 2, Ex. 3, we have simple illustrations 
of a method of approximating to the intersection of two curves which 
is often useful The convergence is however slow if the curves have 
nearly the same inclination (in the same or in opposite senses) to the 
axis of x. 
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8. A pplicatio n to infinite flartea. 
If in the infinite series 


«i + «i + ... + u, „ + ..., (1) 

whose t erms are no longer restricted to be a ll of thq same siam. we 
write 

fil “ Wjj fig — Uj ■+■ Uj, fi n — Mi Ug+ ... "b Mu, ...(2) 


and if the seque nce 

®i> ••• (3) 

h as a limiting value ft t he series is said to be ‘ con vergent.’ and »S’ 
is called its * sum .* 

It follows from Art. 4 that the necessary and sufficient co n- 
dition for the convergence of (1) is that it should be possible to 
fi nd a number n such that the partial Rums « n+1 , *„+», s n + pt .. . 
^1 differ from fi„ by less t han e. where e inay be anv assig ned 
quantity, however small. 


An important theorem in the present connection is that if tl j£ 
series __ 

,'mj I + 1 a* | + ... + | «» | + ..., (4) 


formed by taking the a bsolute values of the several terms of (1 ), 
be convergent, the seri es fll will be convergen t. 


For if (4 1 be convergent, the positive terms of (1) must it fortiori 
form a convergent series, and so also must the negative terms. Let the 
sum of the positive terms be p and that of the negative terms be — q. 
Also, let « M+R , the sum of the first m + n terms of (1), consist of to 
positive terms whose sum is p m , and » negative terms whose sum is - q, t . 
We have, then, 

( P-l)~ *»+« (Pm ~ qn) 

= (p-p»)-(q-q») ( 6 ) 

If to + n be sufficiently great, p - p M and q-q n will both be less than «, 
where « is any assigned magnitude, however small ; and the difference 
of these positive quantities will be d fortiori less than < in absolute 
value. Hence * m+M has the limiting value p-q. 


Whanjthe series (41. c omposed of the ’absolute values of the 
several terms oi (ft I's ^converge nt. the se ries (11 is said to be 
' abs olutely,’ or 1 esaentiaHv.’ or ‘"unconditionally * converg ent. 

It is p ossible, howeve r, for p. nerien to be omyergent, whilst the 
series formed by taking the ab solute value s of the terms Has po. 
u pper lim it. In this case, the convergence of the given series is 
said to he 1 a ccjdental.' or * condition al. 
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The following v ery useful theorem holds whether the aeries 
considered be e ssentially or only accidentally convergen t : 

If the t erms of a series are alternately positive and negati ve, 
and continually diminish in absolute value, and moreover "tend 


zer o, the senes i s converge nt, and its sum 
the sum of any finite ‘odd number of terifis 


^counting in each case 

begin ning. 

T he proof will be familiar to the student, but as it is a good 
example of the kind of argument employed in the preceding Art., it is 
here repeated. * 7 

Let the series be • 

a, - a.j + a.j~a 4 4 ..., (6) 

where, by hypothesis, 



a, > a., > a. > 


In the figure, let 

t 

O.lfj — a,, .If j .lf_. ~ fl., j ■- Q,, if. if. ~ o, j . 


0 M a M 4 M c M m 3 M 3 Mi 

Pig. 6. 

It is plain that the points .If,, jV„ .. form a descending sequence, 
and that the points M tt Jf 4 , M u , ... form an ascending sequence. Also 
that every point of the former sequence lies to the right of every point 
of the latter. Hence each sequence has a limiting point, and since 

and therefore is ultimately less than any assignable magnitude, these 
two limiting points must coincide, say in .V. Then OM represents the 
sum of the given series (6). 

Ex. The se ries 

1-1+1 -J+- 

converges to a limit Viet ween l aud 1 — 

This series belongs to the 1 accidentally ’ convergent class. It will 
be shewn later ( Art. 175) that the sum of it ter ms of the series 

1h ! + $+*+... 

can be made as great as we please by taking n great enough. 

It cannot be too carefully remembered that the word * s um,* a s 
applied to an infinite aeries, is used in a purely conventional senae. 


e. without examination , 
eal with such a series as if it were an expressi on 

'or example, we may not 
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a gaome that the agio, is unaltered bv anv rearrang ement of the 
t erms, la the c ay of an essentially convergent series thi s assum p- 
tio n can be jus tified, but an accidental] v oonveryent series cm fee 
ma de to converge to any limit we ple ase by a Suitable adjustm ent 
of tiie order in which t he terms succeed one another. For the 
proofs of these theorems we must refer to books on Algebr a ; they 
are hardly required in the present treatise. 

The following si mple theorems will, however, occasionally be 


referred to. 

Y'l 0 . If «, +«9+ ••• +“» + (7) 

be a convergent series whose sum i^S, tho series 

o«j + aM, + ... + au„ + (8) 

obtained by multiplying the terms of (7) by a factor a, will con- 
verge to the sum aS. This hardly needs proof 

v '2°. If u, + v„ + ... + «» 4- (9) 

and * + « 2 '+ ... 4-w»'4- (10) 


be two convergent series whose sums are 8 and S', respectively, 
the series 

(tt, ± «,') + («, + «,') 4- ... + (u» ± «*') 4- (11) 

composed of the sums, or the differences, of corresponding terms 
in (9) and (10), will converge to the sum S±S’. This is easily 
proved. If s„' denote the sums of the first n terms of (9) 
and (10) respectively, the sura of the first n terms of (11) will be 
•n i «»'• Now 

(8 ± S') - («„ ± «„') - {S - * n ) i {S' - O (12) 

By hypothesis, if e be any assigned magnitude, however small, we 
can find a value of n stfch that for this and for all higher values 
we shall have 

|S-s„i<H and | S' -*„'!<*«, (13) 

and therefore I (S ± S' ) - (s„ ± «,') | < e, (14) 

which is the condition that g„ ± » n ' should have the limiting value 
S±S'. 

On the same hypothesis the series 

■Hti- (a«! + bu i') + (au, + bu,') + . . . 4- (au» + ha*') + . . . (15) 

will converge to the earn aS 4- bS'. This follows easily from the 
two preceding theorems. 
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6. General Definition of a Function. 

One variable quantity is said to be a * function ' of another 
when, other things remaining the same, if the" value of the latter 
be fixed that of the former becomes determinate. 

The two quantities thus related are distinguished as the 
‘ dependent ’ and the ‘ independent ’ variable respectively. 

He notion of a function of a variable quantity is one which pre- 
sents itself io various branches of Mathematics. Thus, in Arithmetic, 
the number of permutations of n objects is a function of n; the number 
of balls in a square or a triangular pile of shot is a function of the 
number contained in each side of the base ; the sum (*„) of the first n 
terms of any given series is a function of the number n ; and so on. 
In some of these cases there are ^definite mathematical formulae for tike 
functions in question, but it is to be noticed that the idea of function- 
ality does not necessarily require this; for example, the Bum of the 
first n terms of the series 

I 1 2 I 

1* + 2* + jp + 4* + * 

is a definite function of n, although no exact mathematical expression 
exists for it. So, again, the number of primes not exceeding a given 
integer n is a definite function of n, although it cannot be represented 
by a formula. 

In these examples, the independent variable, from its nature, can 
only change by finite steps. The Infinitesimal Calculus, on the other 
hand, deals specially with cases where the independent variable is 
continuous, in tlic sense of Art. 1. For instance, in Geometry the area 
of a circle, or the \olume of a sphere, is h function of the radius; in 
theoietical Physics the altitude, or the velocity, of a falling particle is 
regarded as a function of the time ; the period of oscillation of a given 
pendulum as a function of the amplitude ; tiie pressure of a given gas 
at & given temperature as a function of the density ; the pressure of 
saturated steaui as a function of the temperature ; and so on. Here, 
again, the existence or non-existenco of a mathematical expression 
for the function is not material ; all that is necessary to establish a 
functional relation between two variables is that, when other things 
are unaltered, the value of one shall determine that of the other. 

In general investigations it is usual to denote the independent 
variable by x, and tne dependent variable by y. The relation 
between them is often expressed in such a form as 

y=^(x), or y =/(«), &c., 

the symbol <f> (x), for instance, meaning 'some particular function 
of*.’ 

When a quantity varies from one value to another, the amount 
(positive or negative) by which the new value exceeds like former 



14 


INFINITESIMAL CALCULUS 


value is called the ‘ increment ’ of the quantity. This increment 
is often denoted by prefixing £ or A (regarded as a symbol of 
operation) to the symbol which represents the variable magnitude. 
Thus we speak of the independent variable changing from w to 
x + 8®, and of the dependent variable consequently changing from 


y to y + By. 

Hence if y = <f> (x), (1) 

we must have y + By = £ (x + Sx) (2) 

and therefore ‘ By = $ (x + Sx) — <f> (x) (3) 


At present there is no implication that Sx or By is small ; the 
increments may have any values subject to the relation (2). 

Ex. 1. If y = a?, then if x = 100, &r = 1, we have 
fy = (101)»- (100)’ =30301. 


Ex. 2. If y = sin x°, then if * = 60, 8a' =. 1, we have 
8y = -87462 - 86603 - 00859, 
within a certain degree of accuracy. 

G eometrical Representation of Function s. 

We construct a graphical representation of the relation be- 
tween two v ariable s x K y, one of which is a function of the other, 
by taking rectangular coordinate axes OX, OY. If we measure 
OM along OX, to represent any particular value of the independent 
variable x, and ON along OY to represent the corresponding value 
of the function y, and if we complete the rectangle OMEN, the 


v 

K 


N 

H 


O 


T 


p 


M 


Fig. 6. 


B X 


position of the point P will indicate the values of both the 
associated variables. 

Since, by hypothesis, M may occupy any position on OX, 
between (it may be) certain fixed termini, we obtain in this way 
an infinite assemblage of points P. 
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A q uestion arises as to the n ature of this assembla ge ; whether, 
or in what sense, the points constituting it can be regarded as 


lying 1 on a cur ve. In many cases, of course, there is no hesitation 
about the answer. For example, if, to represent the r elatio n 
be tween the area of a circle and its radiu s, we make OM pro- 
rtional to the radius, and PM proportional to the area, then 
ts P lie on a parabola. The same curve 




t there is none 


ifferen 


A 1 ' 1 UJflr Whfira 


ween tne values 


owever close together 


Wi thout some further qualificati on the definition referred to 
is indeed far too wide for our present purposes, the f unctions 
or dinarily contemplated in the C alculus being subject to certain 
very i mportant restrictions . 


The first of these restrictions is that of ‘ c ontinuity .’ This 
imp lies that, as if ranges over any finite portion AB of the line OX, 
if ranges over a finite portion HK of tne line OT, t.e. N occupies 
once at least every position between H and K. * Further, that if 
the range AB be continually contracted, the range HK will also 
contract, and can be made as small as we please by taking AB 
small enough. 


It will be seen presently (Art. 8) that the second of these 
properties includes the former. The formal definition wh ich we 
proceed to give is slightly d ifferen t, although, as will be seen, 
equivalent. 


8. Definition of a Continuous Function. 

Let x,y be any two corresponding values of the independent 
variable and the function. If, x x , x t> . . . , x n , . . . being any arbitrary 
sequence of admissible values of the independent variable, having 
x for its limit, the sequence y„ y„ ...,y», ... of corresponding 
values of the function converges always to the limit y, the function 
is said to be ‘continuous’ for the particular value x of the in- 
dependent variable. 

It follows that if hx denote an increment of x, mid hy the corre- 
sponding increment of y, we can always find a positive quantity e, 
different from zero, such that, for all admissible* values of &r 


* The restriction to ‘ admissible * values of ix means that x+Sx most be within 
the range of values of the independent variable for which the function is defined. 
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which are less in absolute value than e, the value of Stf wiU "be 
leee in absolute value than <r, where a is any prescribed quantity, 
however small. - This is often taken as the formal definition. If 
the condition which it involves were violated, that involved in 
the former definition could not be fulfilled. Hence the two 
definitions are really equivalent. 

The second definition is sometimes summed up briefly, but 
imperfectly, in the statement that an infinitely small change in 
the independent variable produces an infinitely small change in the 
function. This means that if <f> (x) be the function, it must be 
possible to find a quantity e such that 

|£(a; + A) — $(as)|<<r, 

for all admissible values of h such that j h [ < e. The value of e 
will in general depend upon that of a, but it is implied that the 
< condition can always be satisfied by some value of 6, however small 
or may be. 

^9. Property of a Continuous Function. 

If <f> (x) be a function which is continuous from x = a to x = 6, 
inclusively, and if <f> (a), 0 (6) have opposite signs, there must be 
at least one value of x between a and b for which <f> (x) *> 0. 

In the annexed figure it is assumed for definiteness that <f> (a) is 
positive and <f> (6) negative. The points of the line X'X for which x = a, 
x — b are denoted by A, B, respectively, and the corresponding values 
of the function are lepresented by AH, BK. The proof consists in' 
shewing that a series of diminishing intervals of lengths I 

AB, \AB, l ,AB,..., ~AB,... 

y\ 



Fig. 7. 
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sts be found, forming partcf the pmete and each containing 
point* at which $> (*) is positive and points at which it is negative. 

^pkdB be supposed bisected at M x . If <£(«) = 0 at the theorem 
at vitabBabsd for this particular case. We may therefore exclude this 
and -similar contingencies in the sequel. If ^ (as) does not vanish at 
if,, then in one at least of the intervals A3f lt M 1 B the function win 
have both positive and negative values. If the statement applies to 
only one of the intervals, we select that one ; if to both, the selection 
may be made arbitrarily. The selected interval is next supposed bisected 
in M,. Excluding the case where £ (x) = 0 at Jf„ one at least of the 
halves into which the selected interval has been divided will contain 
points at which <f> ( x ) is positive and points at which it is negative. Hie 
process may be continued indefinitely, and sinoe 


it follows by Art. 4 that the sequence of dividing points 
M u Af» Af t , . , Jf„, ... 

thus obtained has a definite limiting position, denoted, say, by C. 

Moreover, the value of $ (x) at C must be zero. For if it were 
positive there would, in virtue of the assumed continuity of <f> (x), be a 
finite range on each side of C throughout which $ (x) would be positive. 
This would be inconsistent with the result just proved. Similarly if 
the value of tf> (x) at G were negative 


We may express the above theorem shortly by saying that a 
co ntinuous function cannot change sign except by passing through 
t he value zero . ^ <oa~ 

It follows that if ^ (j.) be a function which is continuous from 
x = a to x = b inclusive, and if if> (a), $(b) be unequal, there must 
be some value of x between a and b, such that <p (x) ** ft, where ft 
may be any quantity intermediate in value to $(a) and <f> (b). 
For, let 

/(*) = $(*)-£; 

since ft is a constant, /(«) also will be continuous. By hypothesis* 
<b(a)-ft and $(b)-ft 

have opposite signs, and therefore f(d) and f(b) have opposite 
Signs. Hence, by the above theorem, there is some value of « 
between a and b for which fix) =■ 0, or <f> (*) «■ ft. 

lb other words, a continuous function cannot pass from one 
vain* to another without assuming once (at least) every inter- 
mediate value. 

s 
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/lO. Graph of % C ontinuous gunotkan 

It follows from what precedes that the as semblage of poin ts 
w hich repre sents, in the manner explained in Art. 7, anv continuou s 
f unction la a •connected’ assemblag e. By this it is meant that a 
line cannot be drawn across tlie assemblage without passing 
through some point of it. For, denoting the function by (f> (x), 
and the ordinate of any line by f(x), then if (x) and f(x) are 
both continuous the difference 

(*) ~/(- r ) 

will be continuous (Art. 12), and therefore cannot change sign 
without passing through the value zero. 

The Q uestion whether an v connected assemblage of points is 
to be regarded as lying on a curve is to some extent a verbal one, 
the an swer depending upon what properties are held to be c on- 
n oted by the tern ‘ curve . 1 It is, however, obvious that a good 
re presentation of the general course or ‘ march ’ of any g iven 
co ntinuous functio n can be obtained fry actually plotting on paper 
the positions of a sufficient number of points belonging to the 
assemblage, and diawing a line through them with a free hand. 
A figure constructed in this way is called a ‘graph’ of the function. 

The construction of graphs of functions of the types 
y = Ax + B, y = Aj* + Bx + C, 

and their use to elucidate the theory of simple and quadratic 
equations, will be familiar to the reader. 

The graphical method will lie freely used in this book (as in other 
elementary treatises) for purposes of illustration. It may be worth 
while, however, to point out that, as applied to mathematical functions, 
it has certain limitations. In the first place, it is obvious that no finite 
number of isolated values can determine the function completely ; and, 
indeed, unless some judgment is exercised in the choice of the values of 
x for which the function is calculated, the result may be seriously mis- 
leading. Again, the streak of ink, or graphite, by which we represent 
the course of the function, has (unlike the ideal mathematical line) a 
certain breadth, and the same is true of the streak.which represents the 
axis of x; the distance between these streaks is theiefore affected by a 
certain amount of vagueness. For the same i eason, we cannot reproduce 
details of more than a certain degree of minuteness; the method is 
therefore intrinsically inadequate in the case of functions (such as can 
be proved to exist) in which now details reieal themselves ad infinitum 
as tiie scale is magnified*. Functions of this latter class are, however, 
Beldom encountered in the ordinary applications of the Calculus. 

* An instance is famished by the function rein (I /x) in the neighbourhood of 
She origin. 
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The method of graphical representation is often used in praotioe 
when the mathematical form or the function is unknown ; a certain 
number of corresponding values of the dependent and independent 
variables being found by observation. The vagueness due to the breadth 
of the lines is then usually less serious than that due to the imper- 
fections of our senses, errors of observation, and the like. 

The reader may be reminded of the meteorological charts which 
exhibit the height of the barometer or thermometer as a function of the 
time. 


The substratum of fact underlying a graph constructed in the above 
manner is of course no more than is contained in a numerical table 
giving a series of pairs of corresponding values of the variables, but the 
graphical form apjieals far more effectively to the mind, by helping us 
to supply in imagination the intermediate values of the function. 


1 1 . Discontinuity. 

Although the functions ordinarily met with in Mathematics arc 
on the whole definite and continuous over the range of the inde- 
pendent variable considered, exceptions to this statement may occur 
at isolated points. 

Thus it may happen that the original definition of the function 
fails to give a meaning for particular values of the independent 
variable. 


Take, for instance, the function 

sin x 
x 

For any value of x, other than 0, the numerator and denominator have 
certain values, and the quotient exists. But when x = 0, the fraction 
assumes the indeterminate form 0 0. It is true that the value 1 is then 
usually attributed to it, but this is a matter of convention, and is not 
implied in the original definition. Many such instances will present 
themselves in the bequel 

Again, a function <f> (x) may become ‘infinite’ for some particular 
value x, of x. The meaning of this is that by taking x sufficiently 
nearly equal to the value of the function can be made to exceed 
(in absolute value) any magnitude which we please to assign, how- 
ever great. This is usually expressed by the formula 

Hm^*, <#>(*)=» oo . 

The above is the only meaning which the word ‘ infinite ’ has in 
Mathematics, mid the only legitimate use of the symbol oo is in 
condensed statements of the above kind. 


2—2 



tom&am&u&i&i em/8* 




. Bfcteph* nr* furnished by the taadtio& 1 pc, which bam** 

tans, which becomes infinite for »•» Jr, Ah, See Kg. 

, Again, ia Mechanic*, the period of oscillation of a pendulum, re- 
garded w a function of the amplitude (a), becomes infinite for a-—*. 

Again, a function, though finite, may be discontinuous for a 
particular value w, of «,%*. its values for x = x, — e and «*»*,+« 
tbm be unequal, however small e may be In that ease the original 
definition may or may not assign a definite value 


An illustration from Mechanics is furnished by the velocity of a 
particle which at a given instant reoeives a sudden impulse in the 
direction of motion. In this case the * velocity ' at the precise instant of 
the impulse is undefined, although it has a meaning immediately before 
and immediately after. 



Time* 

Fi«. 8. 


Other more general types of discontinuity are imaginable, but 
ate not met with in the orainary applications of the subject. 

12. Theorems relating to Continuous Functions. 

We may now proceed to investigate the continuity, or other, 
wise, of various functions which have an explicit mathematical 
definition, and to examine the character of their graphical repre- 
sentations. 

For this purpose the following preliminary theorems are neces- 
sary: 

1°. The Sum of any finite number of continuous functions is 
itself a continuous function. 

First suppose we have two functions u,v of the independent variable 

ft Then 

8 (u + e)ta («+$o + t> + fie) -(u + c) 

*8t < + 8c. 


u U- * — U 1— — 

OfflPHSWTt 

p. + 

‘ttgjk » the de&Stioa cl o on tinoHy it follows that, whatever tbe valve 
of <r; w ean find a. quantity c such that for ) fa | < « we shall have 
jfSwj •£ |<r and | So j < J cr, and therefore 

ISft+Sej < «r. 

Hence the function v +o is continuous. 

Next, if we have three continuous functions u, e, to, then « +t> is 
continuous, as we have just seen, and consequently (u + o) +to is con- 
tinuous. In this way the theorem may be extended, step by step, to 
the ease of any finite number of functions. 

2°. The product of any finite number of continuous functions 
is itself a continuous function. 

First, take the case of two functions u, o. We hare 
S (mb) = (m + $w) (o + So) - no 
= o8» + mSo + SmSo. 

By hypothesis we can, by taking | Sx j small enough, nqake f Su j and ( So | 
less than any assigned quantity, however small. Hence, since w and o 
are finite, | vSu ) and | wSo | can be made lens than any assigned quantity, 
however small. The same is evidently true of | SuSo |. Hence, also, the 
value of 

| oSu + wSo 4- SuSo { 

can be made less than any assigned quantity, however small. That is, 
mo is a continuous function. 

Next, suppose we have three continuous functions u, v, w. We have 
seen that wo is continuous ; hence also (ur)w is continuous. And so 
on for the product of any finite number of continuous fnnotions. 

3”. The quotient of two continuous functions is a continuous 
function, except for those values (if any) of the independent variable 
for which the divisor vanishes. ' 


We have 


8 /mN m+8«_« 
\v/ v + Sr v 


oSm -mSo 
o (o + So) ’ 

By hypothesis o+O ; there is therefore a lower limit if, different from 
sera, to the absolute magnitude of o (o + So). This makes 



Since v/M and ujif are finite, we can, by taking Sx small enough, make 
} »/Jf . SmJ and | u/M , So | lorn than any Meigned magnitude, however 
aaaaU. Toe same will therefore be true of jS(«/o)l; *.«. the quotient 
is continuous, . 
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4°. If y be a continuous function of w, where u is a continuous 
function of x, then y is a continuous function of at. 

For let he be any increment of x, Su the consequent increment of 
u, and Sy the consequent increment of y. Since y is a continuous 
function of u, we can find a quantity «' sue]) that if 

| Sm | < then 1 8y | < c, 

where <r may be any assigned quantity, however small. And ftince w is 
a continuous function of r, we can find a quantity t, such that if 

i Sa 1 1 <■ t, then , 8 m j 

Hence if , &r | c, we have Sy «- rr, 

which is the condition of continuity of y, considered as a function of 

Algebraic Functions. Rational Integral Functions. 

An ‘ algebraic ’ function is oue which is obtained by performing 
with the variable and known constants any/txii^nuinber of opera- 
tions of addition.subtraction, multiplication, division, and extrac tion 
of integral roots^/ ‘ ^ 

All other functions are classed as ‘ transqpp dental ’ ; they in- 
volve, in one form or another, the notion of a ‘limiting value ’ 
(Arts. 4, 19). 

A ‘ rational ’ algebraic function is one which is formed in like 
manner ’Ey operations of addition, subtraction, multiplication, and 
division, only. Any such function can be reduced to the form 

M ' 

where the numerator and denominator are rational ‘integral' func- 
tions ; i.e. each of them is of the type 

A n x n + Art-i®" -1 + A n . t x n ~ l + ... 4- A x x + A 0 , (1) 

where n is a positive integer, and the coefficients are constants. 
Such afTexpression, when it consists of more than one term, is often 
more briefly referred to as a ‘ polynomial,’ the algebraic character 
being understood. 

A rational in tegr al function is finite and continuous for all 
finite values oFTKe variable. For x m , being the product of a finite 
number (m) of continuous functions (each equal to x), is finite and 
continuous. Hence also Ax m is finite and continuous; and the 
sum of any finite number of such terms is finite and continuous 
(Art. 12). 
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A rational integral function beco mes in finite for x 
Writing the function (1) in the form 


» ± oe. 

■l 


*“ (d n 


, ^n~\ , A„_j Aj 

H H — t + -rrr, 

a; x- a? 1 


+ 


a:*/ ’ 


we see that by taking x great enough (in absolute value) we can 
make the first factor (#") as great as we please, whilst the second 
factor can be made as nearly equal to A n as we please. Hence 
the product can bo made as great as we please. Moreover, if x be 
positive the sign of the product will be the same as that oT 2T„~ 
whilst if x be negative the sign will be the same as that of A n , or 
the reverse, according as n is even or odd. 

It jollows that in the gmphical representation of a rational 
integral function y — f (x) the curve is everywhere at a finite dis- 
tance” from the axis of x, but recedes from it without limit as & is 
continually increased, whether positively or negatively. In actually 
co nstructin g the curve, it is convenient if possible to solve the 
equatio n ~T( x) = 0, as this gives the intersections of the curve with 
the axis oFa\~ 


Ex. To trace the curie 


y - '• i-r 1 1 ). 

This cuts the axis of .r at the poiuts •>• = 0, + 1. Since, w hen x — 0, ac* | ^ 
becomes infinitely small compared with x, the curie approximates near/ 
the origiu to the straight line y - — x, which is in fact the tangent 
there. 

Since y changes sign with x, we need only calculate the ordinates 
for positive values of x. "We easily construct the following table, where 
ouh^two significant figures are retained. 


1 1 



y , 

( 

1 

-•10 

•8 

i 

-•29 | 

•2 

-19 

•9 

-17 1 

•3 

-•27 

1-0 

o ! 

•+ 

-■31 

1 1 

+ •23 

■ r > . 

-•38 

1-2 

+ *51 1 

•6 

-•38 

13 

+ •88 | 

•7 1 

1 

-■»« 

-» 

00 


The graph is given on the next page. 




14. Rational Fractions. 

A function (1) 

which is rational .but not integral, is finite and conti nuous i for a ll 
finite valuetTof x ex cept t hose which.Jinaki;-/^)^ 0*. For the 
rational integral functions F(x) and f(x) have been proved to be 
finite and continuous ; and it follows, by Art. 12, that the quotien t 
will be finite and continuous except when the denominator vanishes. 

The curve represented by (1) will cut the axis of x in the points 
(if any) for which F (x) — 0 . It will have asymptotes parallel to y 
whenever f(x) - Qr wnust7 for all other finite values of x,u will be 
finite and continuous.* The values of y for x ±oo will depend on 
the relative order of magnitude of F(x) and f(x). If F(x) be of 
hi gher deg ree than'/(i) the ordinates become infinite ; if of lower 
d egree the ordinates diminish indefinitely, the axis of x being Un 
asymptote ; if the degrees are the same, there is an asymptote 
parallel to x. 

In cases where the degree of the numerator is not less than 
that of the denominator, it is convenient to perform the division 
indicated until the remainder is of lower degree” Ehan the divisor, 
and so express y as the sum of an integral function and a 'proper ' 
fraction. 

The following examples are chosen to illustrate some of the 
more important points which may arise. 


It is assumed that the fraction has been rednoed to its lowsst terms. 
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Ex. 1. 


1 -* 1 1 
y=s ~2x = ~2 + 2 *■ 


This makes y = 0 for x = 1, and y -*■ + *> for x -» 0. Also y is positive 
for 1 > x > 0, and negative outside this interval. From the second form 
of y it appears that for ® -*■+ oo we have y=-\- We further find, as 
corresponding values of x and y : 

tew-*, -3, -2,-1, --5, 0, *5, 1, 2, 3, +«, 

ty = --5, --67, --75, -1, -1-5, ?», -5, 0, - 25, - 33, -*5. 

The figure shews the curve. 



Ex. 2. 


y 


rjl -x) 
1 + x 


- x + 2 - 


2 

1 +x’ 


Here y = 0 for r = 0 and x * 1, and y -•- + ao for x - 1. Alsoy changes 
sign as x passes through each of these values. For numerically huge 
values of x, whether positive or negative, the curve approximates to the 
straight line 

y * - * + 2, 

lying beneath this line for x + ao , and above it for x - « . Fig. 11 
on p. 26 shews the curve. 




i4-i&] 
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Ex. 4. 


lx 

V ~ 1 +a*‘ 


As in the preceding Ex., y vanishes for *=0 and #-*■+*, and 
changes sign with x. But the denominator does not vanish for any real 
value of ic, so that y is always finite. 



15. The Circular Functions. 

The general definitions of the * circular ’ functions 
sin a 1 , cos x, tan x, tic., 
are given in books on Trigonometry. 

The function sin# is continuous for all values of .r. For 
8 (sin #) = sin (x 4 - 8s) — sin x 

= 2 sin i 8x . cos (x 4- £ 8x). 

The last factor is always finite, and the product of the remaining 
factors can be made iis small as we please by taking 8# small 
enough. 

In the same way we may shew that cos x is continuous. This 
result is, however, included in the former, since 


Again, since 


cos./- = sin (,/• + Itt). 


tan .r = 


mn x 

COS X ' 


the continuity of sin.r and cos./- involves (Art. 12) that of tan#, 
except for those values of x which make c<>9 x * 0. These are given 
by x — (n 4- J) 7t, where « is integral. 

In the same way we might treat the cases of sec#, cosec a*, 
cot x. 
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The annexed figures shew the graphs of sin a- and tan x. The 
reader should observe how immediately such relations as 

sin (-«) = — sin x, sin (7 r — *) * sin x, 
sin (x + w) » — sin x, tan (x + ir) » tan x 
can be read off from the symmetries of the curves 
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16 . Inverse Punotions. 

If y be a continuous function of x, then under certain conditions 
x will be a continuous function of y. This will be the case when- 
ever the range of x admits of being divided into portions (not 
■infinitely small) such that within each the function y steadily in- 
creases, or steadily decreases, as x increases. 

Let us suppose that as x increases from a to 6 the value of y 
steadily increases from a to ft. Then corresponding to :inv given 
value of y between a and ft there will be one and only one value of 
x between a and b. Hence if we restrict ourselves to values of x 


v 



within this interval, x will be a single-valued function, of y. It is 
also easily seen to be a continuous function of y. 

For, if we give any positive increment t tor, within the above in- 
terval, y will have a certain finite increment v, and for all values of Sy 
less than <r, we shall have Sx <t. A similar argument holds if the in- 
crement of a: be negative. Hence we can find a positive quantity o such 
that, c being any assigned positive quantity, however small, 1 Sx , < c for 
all values of By such that 5,y ■ < <r. But this is the condition for the 
continuity of x regarded as a function of y (Art. 8). 

The same conclusion obviously holds if y steadily diminishes in 
the interval from x m a to x — b. 

If we do not limit ourselves to a range of x within which the 
function steadily increases, or steadily diminishes, then to any given 
value of y there may correspond more than one value of x ; the 
inverse function is then said to be ‘ many-valued.’ Again, it may 
(and in general will) happen that through some ranges of y there 
are no corresponding values of x, t e. the inverse function does not 
exist. 

If V «/(•) (1) 

the inverse functional relation is sometimes expressed by 


( 2 ) 
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We then have / {/"* (y)J =/(#) - y, (3) 


i.e. the functional symbols f and / -1 cancel one another. This is 
the reason of the notation (2). 

The graph of any inverse function is derived from that of the 
direct function by mere transposition of x and y. 

Ex. I. Let y = j s*. This is u continuous function of x, and, if jo be 
positive, continuously increases with x. Hence x, - Jy, is a continuous 
function of y. If x be unrestricted as to sign, we have two values of x 
for every positive value of y ; these are usually denoted by + Jy. If 
y be negative, the inverse function Jy does not exist. 

Ex. 2. The ‘ gonioiuetric ’ or ‘ inverse circular ’ functions 
sin* 1 x, cos -1 x, tan" 1 x, Ac. 

are many-valued. 

The functions sin -1 x, cos'* x exist for values of x ranging from — 1 
to + 1, but not for values outside these limits. 

The function ta,n~‘.e exists for all \ alues of x. It is many- valued, the 
v alues forming an arithmetical progression with the common difference ir. 

The curves for sin -1 x and taiT'.r are shewn in Figs. 21, 22, pp. 60, 

62. 


17. Upper or Lower Limit of an Assemblage. 

Before proceeding further with the theory of continuous 
functions it is convenient to extend the definitions of the terms 
‘upper’ and ‘lower’ limit, and ‘limiting value,’ given in Arts. 2 
and 4. 

Consider, in the first place, any assemblage of magnitudes, 
infinite in number, but all less than seme finite magnitude ft. 
The assemblage may be defined in any way ; all that is necessary 
is that there should be some criterion by which it can be deter- 
mined whether a given magnitude belongs to the assemblage or 
not. For instance, the assemblage may consist of the values 
which a given function (continuous or not) assumes as the inde- 
pendent variable ranges over any finite or infinite interval. 

In such an assemblage there may or may not be contained a 
‘ greatest ’ magnitude, i.e. one not exceeded by any of the rest ; 
but there will in any case be an ‘ upi»er limit’ to the magnitudes 
of the assemblage, i.e. there will exist a certain magnitude y, such 
that no magnitude in the assemblage exceeds y, whilst one (at 
least) can be found exceeding any magnitude whatever which is 
less than y.. And if y, be not itself one of the magnitudes of the 
assemblage, then an infinite number of these magnitudes can be 
found exceeding any magnitude which is less than y.. 



16-17] CONTINUITY 31 

The proof of these statements follows, as in Art. 2, by means 
of the geometrical representation. 

In the same way, if we have an infinite assemblage of magni- 
tudes, all greater than some finite quantity «, there may or may 
not be a ‘least ’ magnitude in the assemblage ; but there will in 
any case be a ‘lower limit’ v such that no magnitude in the 
assemblage falls below v, whilst one ( at least) can be found below 
any magnitude whatever which is greater than v. And if v be 
not itself one of the magnitudes of the assemblage, an infinite 
uumber of these magnitudes can be found less than any magnitude 
which is greater than v. 

Ad important example occurs in the definition of the ‘perimeter’ 
of a circle. 

If we have any number of points on the circumference of a given 
circle, then by joining them in order we obtain an inscribed polygon, 
and by drawing tangents at the jioints we obtain a circumscribed 
polygon. It is easily proved that the perimeter of any inscribed 
polygon formed in this way is less than that of any circumscribed 
polygon. Hence, considering the whole assemblage of possible inscribed 
polygons, their perimeters will have a definite upper limit. Similarly 
the perimeters of all possible circumscrilied jwlygons will have a lower 
limit. 

Moreover, these two limits must be identical. For, let PQ lie a 
side of one of the inscrilxxl polygons of the assemblage, ri' and QT 


p 



the tangents at P and Q ; let 0 be the centre, and let PQ meet OT 
in N. Then /*7’and QT will be portions of sides of a circumscribed 
polygon, and if 2 be a sign of summation extending round the polygons 
the ratio of the perimeters of the two polygons will lx* 

2 (PQ) 2 
2 {TP + TQ) ~ 2 {FT ) - 
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Hence, by a known theorem, the ratio in question will be intermediate 
in valne between the greatest and least of the ratios 

. py oy 

FT 0V OP' 

which would occur in the complete figure. But when the angles POQ 
are taken sufficiently small, the number of sides in the polygons being 
correspondingly increased, each of the ratios ONjOP can be made as 
nearly equal to unity as we please. Hence the upper and lower limits 
above mentioned must be the same. 

This definite limit to which the perimeter of an inscribed (or 
circumscribed) polygon tends, as the angles which the sides snbtend at 
the centre are indefinitely diminished, is adopted by definition as the 
‘ perimeter ’ of the circle. The proof that the ratio (wj which this limit 
hears to the diameter of the circle will be found in most books on 
Trigonometry. 

The length of any arc of a ciicle less than the whole perimeter 
may be defined, and shewn to lie unique, in a similar manner. 


V^8. 

Value. 


A Continuous Function has a Greatest and a Least 


An important property of a co ntinuous functio n is that in ap y 
ite range of the independent variable the function has both a 


More precisely, if y be a function which is continuous from 
x — a to inclusively, and if ^ be the upper limit of the 

values which y assumes in this range, there will be some value 
of x in the range for which y = /*. Similarly for the lower limit. 


The theorem is self-evident in the case of a function which 
steadily increases, or steadily decreases, throughout the range in 
question, greatest and least values obviously occurring at the 
extremities of the range. It is therefore true, further, when the 
function is such that the range can be divided into a finite number 
of intervals in each of which the function either steadily increases 
or steadily decreases. 


The functions ordinarily met with in the applications of the 
subject are, as a matter of fact, found to be all of this character, 
but the general tests by which in any given case we ascertain 
this are established by reasoning which assumes the truth of the 
theorem of the present Art. See Art. 48. It is therefore desirable 
as a matter of logic to have a proof which shall assume nothing 
concerning the function considered except that it is continuous, 
according to the definition of Art. 8. 
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The following is an outline of such a demonstration. In the 
geometrical representation, let OA = a, OB •= b. If at A the value of y 
is not equal to the upper limit y, it will be less than y. j let us denote it 
by y„. We ea^i form, in an infinite number of ways, an ascending 
sequence of magnitudes 

* y«> ■■■ 

whose upper limit is p. For example, we may take y, equal to the 
arithmetic mean of y 0 and p, y. t equal to the arithmetic mean of y, and 
fi, and so on. Since, within the range AB, the value of y varies from 
y„ to any quantity short of y, there will (Art. 9) be at least one value 
of * for which y assumes the intermediate value y,. Let x, denote 
this value, or (if there be more than one) the least of such values, of x. 



Similarly, let at, be the least value of x for which y =y Jt and so on. 
It is easily seen that the quantities 


•* 1 ) * 3 > * 3 : ••* 

(which are represented by the points J/„ ... in the figure*) 

must form an ascending sequence ; let .If represent the upper limit of 
this sequence. Since any range, however short, extending to the left 
of M contains points at which y differs from y. by less than any assign- 
able magnitude, it follows from the continuity of the function that the 
value of y at the point M itself cannot be other than y. 

* Tbe diagram is intended to be merely illustrative, and is not essential to the 
proof. It is of conrse evident that any function which can be adequately repre- 
sented by a graph is necessarily of the special character above referred to, for which 
the present demonstration 1 b superfluous. 

In the figure, OK=vl, Oli = y 0> — y, , 0-Vj=p s , . ; and, in the mode of 

forming the sequence 

Vo, y*. •• 

which te suggested (as a particular case) in the text, N i bisects HK, A’ 2 bisects 
tif bisects N t K, and so on. 


Ih 1.0. 
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To see that the above theorem is not generally true of discontinuous 
functions, consider a function defined as follows. For values of x other 
than 0 let the value of the function be {sin x)/x, and for x - 0 let the 
function have the value 0. This function has the upper limit 1, to 
which it can bo made to approach as closely as wo please by taking i x ; 
small enough ; but it never actually attains this limit. * 

19. Limiting Value of a Function. 

Consider the whole assemblage of values which a function y 
(continuous or not) assumes as the independent variable x ranges 
over some interval extending on one side of a fixed value Let 
us suppose that, as x approaches the value a*,, y approaches « 
certain fixed magnitude X in such a way that by taking x — j\ 
sufficiently small we can ensure that tor this and for all smaller 
values of . x — x, ! the value of y — X ' shall be less than a, where 
er may be any assigned magnitude however small. Under these 
conditions, X is said to be the ‘ limiting value ’ of y as x appoaehos 
the value x t from the side in question. 

The relation is often expressed thus : 

= X, 

but in strictness the side from which .<■ approaches (he value j\ 
should be specified. 

If we compare with the above the definition of Art. K we see 
that in the case of a continuous function we have 

lintj -^n<l> (•'■) = i> ( r i > (1) 

or the ‘limiting value’ of the function coincides with the value 
of the function itself, and that if .r, lie within the range of the 
independent variable this holds from whichever side ./• approaches 
.r,. If, on the other hand, coincides with either terminus of flu* 
range, ,r must be supposed 'to approach s, from within the range. 

Conversely, a function is not continuous unless the condition 
(1) be satisfied. 

Let us next take the case of a function the range of whose 
independent variable is unlimited on the side of ,v positive. If as 
x is continually increased, y tends to a fixed value X iu such a way 
that by taking x sufficiently great we can ensure that for this and 
for all greater values of x we shall have j y — X , less than a, where 
<r may be any assigned positive quantity, however small, then X is 
called the limiting value of y for x oo , and we write 

lim^^y = X. 

There is a similar definition of 

lim*_*_*y, 
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when it exists, in the case of an independent variable which is 
unlimited on the side of x negative. 


20. General Theorems relating to Limiting Values. 

1°. The limiting value of the sum of any finite number of 
functions is equal to the sum of the limiting values of the several 
functions, provided these limiting values l>e all finite. 

2°. The limiting value of the product of any finite number of 
functions is equal to the product of the limiting values of the 
several functions, provided these limiting values be all finite. 

3°. The limiting value of the quotient of two functions 
is equal to the quotient of the limiting values of the separate 
functions, provided these limiting values he finite, and that the 
limiting value of the divisor is not zero. 

The proof is by the same method as in Art. 12, the theorems of 
which are in fact particular cases of the above 

Thus, let ii, v he two functions of r, and let us suppose that as x 
approaches the value r,, these tend to the limiting values »<,, v u 
respectively, f f, then, we write 

ii - » , + «, c - r, i- /?. 

a and f3 will he functions of .<• whose limiting values are zero. Now' 

(n l r ) — (i'i + — a + 

ii r - »/,r, -- at\ -r fin, + a/?, 

II U, aV t --{5u, 

V r, r, (e, * fi) 

And, as in Art. 12, it appears that by making .<• sufficiently nearly 
equal to x, we can, under the conditions stated, make the right-hand 
sides less in absolute value than an}’ assigned magnitude however 
small. 


21. Illustrations. 

We have aeon in Art. 15* that the limiting value of a continuous 
function for any value x, of the independent variable x, for which 
the function exists, is simply the value of the function itself for 
ic — j\. It may, however, happen that for certain isolated or extreme 
values of the variable the function does not exist, or is undefined, 
whilst it is defined for values of x differing infinitely little from 
these. It is in such cases that the conception of a ‘ limiting value ’ 
becomes of special importance. 

Ex, 1. Take the function 

ar 2 


3—2 
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The algebraical operations here prescribed can all be performed for any 
value of x between + 1, except the value 0, which gives to the fraction 
the form 0/0. Now the definition of a quotient a/b is that it is a 
quantity which, multiplied by b, gives the result a. Since any finite 
quantity, when multiplied by 0, gives the result 0, it is evident that the 
quotient 0/0 may have any value whatever. It ib therefore said to be 
‘ indeterminate.’ 

We may, however, multiplying numerator and denominator of the 
given fraction by 1 + ^/(l - 3 ?), put the function in the equivalent form 

x* 

*»{1 + N /(1 - a *)}' 

and for all values of x between + 1 , other titan 0, this is equal to 

1 

i + V(i-*y 

Since this function is continuous, and exists for x - 0, its limiting value 
for *-*-0 is 

Ex. 2. Consider the function 

As x is continually increased this tends to assume the indeterminate 
form oo — ao . But, writing the expression in the equivalent form 

_ l 

1 + a?) + Jx ’ 

we see that its limiting value for is 0. 

Ex. 3. The period of oscillation of a given pendulum, regarded as 
a function of the amplitude a, has a definite value for all values of a 
between 0 and it, but it does not exist, in anj' strict sense, for the ex- 
treme values 0 and w. There is, however, a definite limiting \alue to 
which the period tends as a approaches the value zero. This limiting 
value is known in Dynamics as the ' time of oscillation in an infinitely 
small arc.’ 


22. Some Special Limiting Values. 

The following examples are of special importance in the Differ- 
ential Calculus. 

1°. To prove that 

x m — a m 

am,*, = ma™ -1 , 

x — a 

• 


for all rational values of m. 


( 1 ) 
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If m be a positive integer, we have 

/jjW __ rtW 

-- — - = lim**;, (* W ~ I + a x m ~*+ ... + a m_t a: + a” 1 - 1 ) (tl^ *.Jl 
= ma m ~\ 

since, the number (m) of terms being finite, the limiting value of 
the sum is equal to the sum of the limiting values of the several 
terms (Art. 20). 

If m be a rational fraction, =p/g, say, we put 

x — yi, a — hi, 

and therefore 

x m - a m y”"> — b m 'i yP—bP 
x — a yi — b q yt—lfl' 

This fraction is equal to 

yP-bP 



The limiting value of the numerator is pb p ~\ and that of the de- 
nominator is qb^ 1 , by the preceding case. Hence the required 
limit is 

P br-i =^a /1 = ma' n ~ l , 

w q q 

ns before. 

If m be negative, = — n, say, we have 

x m — a m tc~ n - (t~ H 1 x n — a“ 

x — a x — a x n a n ' x — a‘ 

If n be rational, the limiting value of this is 
— • * . na“~\ — - war" -1 , = ma m ~\ 

a tn 

by the preceding cases. 


2°. To prove that 


.. sin 6 , tan# , 

liui,* 0 - g- =1, hm,*, = I- 


* If we recall the definition of the ‘length’ of a circular arc 

(Art. 17) these statements are seen to be little more than truisms. 
If. in Fig. 17, p. 31, the angle POQ be 1/nth of four right angles. 
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then n . PQ will be the perimeter of an inscribed regular polygon 
of n sides, and n (TP + TQ) will be the perimeter of the corre- 
sponding circumscribed polygon. Now, if 

8 = Z. POA = irjn, 

we shall have 

chord PQ _ P2T _ sin 8 
arc PQ arc PA 8 ' 

, TP + TQ _ _PT_ tan 8 

aD arc PQ arc PA 8 

Hence the fractions 

sin 8 , tan 8 

~r aud - e 

denote the ratios which the perimeters of the above-mentioned 
polygons respectively hear to the perimeter of the circle. Hence, 
as n is continually increased, each fraction tends to the limituig 
value unity (Art. 17). 

In the above argument, it is assumed that 8 is a snbmultiple 
of 7 r. But, whatever the value of the angle POQ in the figure, 
we have 

chord PQ < arc PQ, and TP + TQ> arc PQ ; 

i.e. (sin 8)‘6 < 1 , and (tan 8)/8 > 1 . Hence these fractions must 
have respectively an upper and a lower limit ; and it follows from 
the preceding that neither of these limits cun be other than unity. 

The following numerical table illustrates the way in which the 
above functions approach their common limiting value as 8 is con- 
tinually diminished. 


— — ■ 

— 


— 

n 

0jlT 

| 

(sin $)/$ 

(tan 0)10 

4 

•25 

1 

•90032 

1-27324 ' 

5 

•20 

•93549 

1 -15633 

10 

•10 

•98363 

1 03425 1 

20 

•05 

■99589 

1-00831 1 

40 

•025 

■99897 

! 1-00206 ' 

0 0 

•0 

100000 

1 00000 1 


The third and fourth columns give the ratios which the perimeters 
of the inscribed and circumscribed regular polygons of n sides respec- 
tively bear to the perimeter of the circle. 
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23. Infinitesimals. 

A variable quantity which in any process tends to the limiting 
value zero is said ultimately to vanish, or to be * infinitely small.’ 

Two infinitely small quantities are said to be ultimately equal 
when the limiting value of the ratio of one to the other is unity. 
Thus, when 6 tends to the limit 0, sin 6 and 6 are ultimately 
equal, by Art. 22 (2). 

It is sometimes convenient to distinguish between different 
orders of infinitely small quantities. Thus if //, v are two quantities 
which tend simultaneously to the limit zero, and if the limit of 
the ratio rfu be finite and not zero, then v is said to be an 
infinitely small quantity of the same order as n. But, if the limit 
of the ratio vht be zero, then v is said to be an infinitely small 
quantity of a higher order than it. More pai tieularly, if the limit 
of vju m be finite and not zero, v is said to be an infinitesimal of 
the mth order, the standard being */. 


Ex. 1, When, in Fig. 17, p. 31, the angle PO(j is indefinitely 
diminished, NA and A T are ultimately equal. For, by similar triangles, 

OP OT 
OX ' OP' 


and therefore 


or 


OP - OX OT ■ OP 
OX ' ~OP ’ 

XA OX 

a r op ’ 


and the limiting value of the ratio OX OP is unity. 


Again, NT is an infinitesimal "of the second order, if the standard 
la* PX. For 


whence 


XT 

PX- 


PX- OX. XT, 

OX' 0*1 * n the limit. 


Ex. 2. 


We have 

l - cos 0 - 2 bin* 18 - 



( 1 ) 


When 6-p-O the limit of the first factor is unity. Hence 1 - cos 6 is 
an infinitesimal of the second order, the standard being 6. 


Again 


tan 6 - sin 8 - 


'sin cos {6 . 
„ £0 / ' cos 0 • * 


( 2 ) 
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When 6 -*-0, the first two fractions tend each to the limit 1. Hence 
tan $ - Bin 6 is an infinitesimal of the third order. This is equivalent 
to the statement that in the figure referred to PT - PN is ultimately 
of the third order, the standard being PN. 


The followin g principle nna hlea us to abbreviate many argu- 
ments, especially in the applications of the Calculus to Geometry 
and Mechanics : 

If a and ft be two infinitesimals of the same order, and if a' 
and ft' be other infinitesimals which arc ultimately equal to a and 
ft respectively, then 

lim Urn (?) (3) 


For 


ft' ~ a’ ft'' ft' 


( 4 ) 


and the limits of the first two fractions on the right-hand are 
unity, by hypothesis. The result follows by Art. 20*. 

A quantity which in any process finally exceeds any assigna ble 
ma gnitud e is said to be 'in finitelv g reat.’ And if one such quantity 
u be taken as a standard, any other v is said to be infinitely great 
of the with order when the limit of v,'u m i.s finite and not zero. 


EXAMPLES. I. 

(Algebraic Functions.) 

1. Draw on the SAme diagram the graphs of x* for the cases 

n — 1, 2, 3, 

for values of as ranging from 0 to 1 '2 1. 

2. Draw graphs of * 

(1) (as-l)(as-2), **-*+1. 

(2) x{\ -x)\ ^(1 -x)\ 

(3) x+\ as--. 

w as x 

* 

* A good example of tbe application of this principle will be found in Art. 68. 

t The curves should be drawn oarcfully to scale ; for this purpose paper ruled 
into small squares is useful. The numerical tables of squares, square-roots, end 
reciprocals, given in the Appendix (Tables A, II, C), will occasionally help to shorten 
the arithmetical work. 
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( 4 ) ^y 


( 5 ) 

(«) 

(7) 

(«) 


(* — 1) (* — 2) {* — !)(* — 3) 

* 

a 4 a 9 


x — 'l 


1 - a 3 ’ 1 + a 2 " 

1 —a + a 1 
1 +a + a J " 


1-*’ (I-*)*' 

3. Prove that the equation 

2.r a ■ f>x* 5x - 3 -- 0 

has a root between - oo and - 1 , another between — 1 and 0, and a 
third between 1 and 2. 


4 . Prove that the equation 

2** + T* 9 + 3.e - 5 - 0 

has three real roots, and find roughly their situations. 

5. Find roughly the situations of the roots of 

2x , ‘ — 3xr — 36a t- 10 = 0. 


■ 6. Prove that every algebraic equation of odd degree has at least 
one real root ; and that every equation of even degree, whose first and 
last coefficients have opposite signs, has at least two real roots, one 
positive and one negative. 


EXAMPLES. II. 
(Circular Functions.) 

1. Draw graphs of the following functions : 

(1 ) cosec x, cot x, cot x + tan x. 

(2) sin* a.-, cos 9 a-, tan 9 *. 

(3) sin x + sin 2x, sin * + cos 2x. 

(4) sin* 3 , sin Jx, sin . 

2 . Provo that the equation 

sin* — * cos* - 0 

has a root between t and 
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EXAMPLES, in. 

(Sequences.) 

1. Find the upper and lower limits of the magnitudes 

in 

n- + 1 ’ 

where it - 1, 2, 3, .. . 

2. If, in the sequence 

<t,, a., iij, 

^rt + 1 = 1- C, 

where 9* and <• are positive, and m - ], the sequence has the limit 
r (1 - m) whatever the value of 

3. The quantities 

Ji, J(i s s /2), J{2 + J(i >^>)J,.. , 
where - s /(2 «„), 

form an ascending sequence whose limit is 2. 

4. If «„ rl = N /(* + «„), 

where a, and k are positive, the sequence is ascending or descending, 
according as a, is less or greater than the positive root of r x + k, 
and has in either case this root as its limit. 

5. Examine the character of the sequence where 

k 

w »+i ~ i „ i 
i -rtt„ 

k being positive. Prove that if <i, lie positive it lias as a limit the 
positive root of jt + j-- k. 

6. Find a sequence of quantities approximating to the positive 
root of the equation 

ar‘ = sc + 1. 

7. Prove that the sequence formed according to the law 

•c.+ 1 -tan -1 *,, 

where as, lies between 1 and 2, has for its limit the least positive root 
of the equation tan r =• x. 

8. If a B+ i, are respectively the arithmetic and harmonic 
means between a n and 6,„ and a,, b t he positive, the sequences whose 
nth terms are a, and 6„ respectively have the common limit ,/(«, 6,). 
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®' ^ rt u+] ~ i ( a a + ^n)i — *J( a nbv)t 

and Oj, 6j are positive, the sequences whose nth terms are a„, b n con- 
verge to u common limit. 

(This limit is called the ‘ arithmo-geometric mean ’ between «, 
and by) 

EXAMPLES. IV. 

(Limiting Values of Functions.) 

1. Find the limiting values, for ./• 0, of 

sin oj- tail ax 

» • 

./’ * r 


2. Find the limiting values, for x 0, of 

siir l j' , tan -1 as 

— and 

x x 


3. 

4 . 

5. 


Truce the curves 




sin .»■ 

1 - cos ,r 



r > a 

. 7 “ 

Prove 

that 





lin*j-»-jir (sees - 

- tail j ) - 0 . 

Prove 

that 





lilllr-w, ' ^ + 



6. Provo that 

linij ^.x | s + ■>' + 1)- J'l - }■ 

7. Regular polygons are inscribed and circumscribed to a given 
circle. Prove that when u is large the difference between the areas of 
the in- and circumscribed polygons of 2u sides is one-fourth the differ- 
ence betweeu the areas of the in- and circumscribed polygons of « 
sides. 


8. A straight line AB moves so that the sum of its intercepts 
OA, OH on two fixed straight lines OX, 0¥ is constant. If P be the 
ultimate intersection of two conseeuti\e positions of AH, and Q the 
point where AH is met by the bisector of the angle XOY, then 
AP-=QB, 

8. Through a point .4 oil a circle a chord AP is drawn, and on 
the tangent at A a poiut T is taken such that AT - AP. If TP 
produced meet the diameter through A in Q, the limiting value of AQ 
when P moves up to -1 is double the diameter of the circle. 



44 INFINITESIMAL CALCULUS [CH. I 

10. A straight line AB moves so as to include with two fixed 
straight lines OX, OY a triangle A OB of constant area. Prove that 
the limiting position of the intersection of two consecutive positions of 
AB is the middle point of AB. 

11. A straight line AB of constant length moves with its ex- 
tremities on two fixed straight lines OX, OY which are at right angles 
to ono another. Prove that if P be the ultimate intersection of two 
consecutive positions of AB, and N the foot of the perpendicular from 
0 on AB, then AP = XB. 

12. Tangents are drawn to a circular arc at its middle point and 
at its extremities; prove that the area of the triangle contained by 
the three tangents is ultimately one-half that of the triangle whose 
vertices are the three points of contact. 

18. If POP' be any fixed diameter of an ellipse, and QV any 
ordinate to this diameter ; and if the tangent at Q meet CP produced 
in T, the limiting value of the ratio TP:PV, when PV is infinitely 
small, is unity. 
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DERIVED FUNCTIONS 

24. Introduction. Geometrical Illustrations. 

The Differential Calculus originated in the problem of finding 
the direction of the tangent-line to a given curve at any given 
point. 

Let P and Q be adjacent points on a continuous curve 

2 / = <£(*)> ( 1 ) 

and PM, QN their ordinates, and let PR be drawn parallel to 
OX. Let the chord PQ meet the axis of x in S. If the point P 



be fixed, whilst Q is made to approach P, this chord will, in the 
case of any ordinary geometrical curve, tend to assume, except 
possibly at one or more isolated points, a definite limiting position 
PT, which is adopted as the definition of the ' tangent- line’ at P. 

The direction of the tangent-line is determined by the angle 
which TP makes with OX, i.e. by the limiting value of the angle 
PSX in the figure. If we put 

OM=w , PM = y, ON — x + Bx, QN = y + By, 
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, p _PM _QR _&y / 2 \ 

tan PSX - m ~ p R ~ hx ' 

The problem is therefore to find the limiting value of the ratio 
Sy/Sx as Sx tends to the limit zero. This limiting value is 
denoted by 

f ( 8 ) 

ax 


t ^ This is to be regarded as a single symbol, the fractional appear- 
V ance being preserved merely in order to remind us how the limit 
, is approached. 

Analytically, the same thing is denoted by </>' (t), which is 
called the ‘ derived function ’ of </> (x). 

It is convenient to have a geometrical name to denote the 
property of a curve which is indicated by the symbol (3). We 
shall use the term ‘gradient’ in this sense. If from any point P 
on the curve we draw the tangent-line to the right, the gradient is 
the trigonometrical tangent of the angle which the direction of 
this line makes with the positive direction of the axis ot x. If 
this angle is negative, the gradient is negative; if the tangent- 
line is parallel to OX, the gradient vanishes. See Fig. 20. 

In most cases with which we have to deal the gradient is 
itself a continuous function of x, except that it may occasionally 
become infinite at isolated points, where the tangent is perpen- 
dicular to OX. The figure includes the case ot an isolated dis- 
continuity of finite amount in the gradient. 



26. General Definition of the Derived Function. 

As the notion of the derived function is important in almost 
all branches of Mathematics, we proceed to define it in a more 
formal manner, without special reference to Geometry. 
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Let y be a function which is continuous over a certain range 
of the independent variable x ; let bx be any increment of x such 
that x + Sx lies within the above range, and let by be the con- 
sequent increment of y. Then, x being regarded as fixed, the 
ratio 


by 

bx 


d) 


will be a function of bx. If as bx (and consequently also by) 
assumes any series of values having zero as its limit, this ratio 
tends to a definite and unique limiting value, the value thus 
arrived at is called the ‘drived function,’ or the ‘derivative,’ 
or the ‘differential coefficient,’ of y with respect to x, and is 
denoted by the symbol 


dy 

dx' 


( 2 ) 


More concisel} - , the derived function (when it exists) is the 
limiting value of the ratio of the increment of the function to the 
increment of the independent variable, when both increments are 
indefinitely diminished. 

It is to be carefully noticed that in the above definition we 
speak of the limiting value of a certain ratio, and not of the ratio 
of the limiting values of by, bx. The latter l.itio is indeter- 
minate, being of the form 0/0. 

When we say that the ratio by/bx tends to a unique limiting 
value, it is implied that (when x lies within the range of the 
independent variable) this value is the same whether bx approach 
the value 0 from the positive or from the negative side. It may 
happen that there is one limiting value when bx approaches 0 
from tin* positive, and another when bx approaches 0 from the 
negative side. In this case we may say that there is a ‘ right- 
derivative,’ and a ‘left-derivative,’ but no proper ‘derivative’ in 
the sense of the above definition. See Fig. 20. 

The question whether the ratio by/bx really has a determinate 
limiting value depends on the nature of the original function y. 
Functions for which the limit is determinate and unique (save 
for isolated values of x) are said to be ‘ differentiable.’ All other 
functions are excluded ab initio from the scope of the Differential 
Calculus. 

A differentiable function is necessarily continuous, but the 
converse statement is now known not to be correct. Functions 
which are continuous without being differentiable are, however, 
of very rare occurrence in Mathematics. 
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There axe various other notations for the derived _ function, 
in place of dyjdx. The derived function is often indicated by 
attaching an accent to the symbol denoting the original function. 
Thus if 

y -= <f> (?) (3) 


the derived function 
by tf>'(x). 

Since 


may be denoted by y' or, as already stated, 

By _<fi(x + Sx) — <f> (x) 

Sx Sx 


we have, writing h for Sx, 

fW-ii 


•(4) 


This formula is often used in the sequel. 

The operation of finding the differential coefficient of a given 
function is called ‘differentiating.’ If x be the independent 
variable, we may look upon d/dx as a symbol denoting this 
operation. It is often convenient to replfice this by the single 
letter D ; thus we may write, indifferently, 

dy d n 
di* dx y ’ Dif> 


for the differential coefficient of y with respect to x. 


26. Physical Illustrations. 

The importance of the derived function in the various appli- 
cations of the subject rests on the fact that it gives us a measure 
of the rate of increase of the original function, per unit increase 
of the independent variable. 

To illustrate this, we may consider, first, the rectilinear motion of 
a point. The distance a of the point from some fixed origin in the 
line of motion will be a function of the time t reckoned from some 
fixed epoch. The relation between those variables is often exhibited 
graphically by a ‘curve of positions,’ in which the abscissa) are pro- 
portional to t and the ordinates to a. If in the interval St the space 
8s is described, the ratio '8s /St is called the ‘mean velocity’ during the 
interval Si; i.e a point moving with a constant velocity equal to this 
would accomplish the same space Sa in the same time Si. In the limit, 
when St (and consequently also Sa) is indefinitely diminished, the 
limiting value to which this mean velocity tends is adopted, by de- 
finition, as the measure of the ‘velocity at the instant t.’ In the 
notation of the Calculus, therefore,' this velocity v is given by the 
formula 
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In the graphical representation aforesaid, v is the gradient of the 
curve of positions. 

Again, the velocity v is itself a function of t. The curve repre- 
senting this relation is called the ‘curve of velocities.’ If 8v be the 
increase of velocity in the interval 8t, then 8 vjSt is called the 1 mean 
rate of increase of velocity,’ or the ‘ mean acceleration’ in this interval. 
The limiting value to which the mean acceleration tends when 8t is 
indefinitely diminished is called the ‘acceleration at the instant t.’ 
If this acceleration be denoted by a, we have 


a - 


dv 
dt ' 


( 2 ) 


In the graphical representation, a is the gradient of the curve of 
velocities. 


In the case of a rigid body revolving about, a fixed axis, if 0 be 
the angle through which the body has revolved from some standard 
position, the ‘ mean angular velocity ’ in any interval 8 1 is denoted by 
80/8t, and the ‘ angular velocity at the instant t ’ by 

dd 
dt 


Again, if u> denote this angular velocity, the ‘ mean angular accele- 
ration’ in the interval 8t is denoted by 8o >/8t, and the ‘angular 
acceleration ’ at the instant t by 

du 
dt ' 

Again, the length of a bar of given material is a function of the 
temperature (6). If a; be the length at temperature 6 of a bar whose 
length at some standard temperature (say 0°) is unity, then 8x/80 
represents the mean coefficient of (linear) expansion from temperature 
6 to temperature 6 + 80, and dx/dB represents the coefficient of ex- 
pansion at temperature 0. 

As another example, suppose we have a fluid which is free to 
assume a series of states such that the pressure (p) is a definite 
function of the volume (v) of unit mass. If the volume change from 
v to v + 8v, the fraction - 8v/v measures the ratio of the diminution of 
volume to the original volume, and gives therefore what is called the 
‘ compression.’ The ratio of the increment of pressure 8 p required 
to produce this compression, to the compression, is — v8p/8v. The 
limiting value of this wheu 8v is infinitely small, viz. — vdpjdv, is 
defined to be the ‘elasticity of volume’ of the fluid under the given 
conditions. 


27. Differentiations ab initio. 

Before investigating general rules for calculating the derivatives 
of given analytical functions, we may discuss a few examples 
independently from first principles. 
l. i. c. 


4 
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Ex. 1. If y - sc. 

we have Sy = Sx, and therefore 



s^=l, whence 1. 

Sx ax 


Ex. 2. Let 

y=J 

(1) 

We have, writing h for Sx, 



Sy_(x + hy-x* =2x + fi 

Sx h 


Proceeding to the limit (A 0), we find 



<*y- o r 

dx ~ x 

(2) 

Ex. 3. Let 

i 

y= * 

(3) 

We have 

g _ 1 h 

* x + h x x (a ; + A)’ 


and therefore 

Sy _ 1 

8a: x (.<■ + h ) ’ 


Hence 

dy ,. 11 

dx *~*x(a>+h) x 2 

■(*> 

The negative sign is due to the fact that y diminishes as x increases. 

Ex. 4. If 



(5) 

we have Sy = 



and 

% 1 

Sx J(x + h)+Jx' 


Proceeding to the limit (A -» 0), we find 



dy _ 1 
dx 2Jx 

(6) 

28. Differentiation of Standard Functions. 


1°. If 

y = sd m , 

(1) 

we have 

Sy (x + Sx) m — x m 

Sx (x + Sx) — x 



It has been shewn in Art. 22, 1°, that, for all rational values of m, 
the limiting value of this fraction when Sx -*- 0 is ttuC" 1-1 . Hence 


= ( 2 ) 
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Ex. If m = 2, dyjdx - 2x ; if m-\, dyjdx = £x~ i. Cf. Art. 27. 

2°. If y = sin x, (3) 

we have, writing h for Sx, 

| _ .in <- + ^= ™ * = 9i ” Vt . ^ ( * + Jl,. e . 

If the angles be expressed in ‘ circular measure,’ wo have 
.. /sinAA\ _ 

'““—(-Ft)- 1 ' 

by Art. 22, 2°; and the limiting value of the second factor is 
cos x. Hence 

£ = cos * < 4 > 

The student should refer to the graph of sin x on p. 28, and 
notice how the gradient of the curve varies in accordance with 
this formula. 

3°. If y = cos x, (5) 

, Bu cos (x + h) — cos x 

we have ^ = ^ 

= p*-.sin(a + i/t), 

the limiting value of which is, on the same understanding as 
before, 

^ = — sin x (6) 

4°. If y = tan x (7) 

we have 

By _ tan (x + A) — tan x _ sin (x + h) cos x — cos (x + h) sin x 
S.x h h cos a; cos (x + h) 

_ sin h 1 ^ 

h ' cos x cos {x + lt)' 

Hence, in the limit, 

= sec a x. (8) 

ax cos 2 x ' 

This shews that the gradient of the curve y = tan x, between 
the points of discontinuity, is always positive; soe Fig. 15, p. 28. 

4—2 
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29. Rules for differentiating combinations of simple 
types. Differentiation of a Sum. 

1°. Let y = u+C, (1) 

where u is a known function of x, and G is a constant. We have 
y + By = u + Bn + C, 
and therefore By = Bu, 

By _ Bu 
Bx Sx ’ 


or, in the limit, 


dy _ du 
dx dj 


( 2 ) 


This fact, that an additive constant disappears on differ- 
entiation, obviout as it is, is very important. The geometrical 
meaning is that shifting a curve bodily parallel to the axis of y 
docs not alter the gradient. 

2°. Let y = u+t< (8) 

where a, v are given functions of x. As in Art. 12, we find 

By = Bn + 8w, 

and therefore r — • 

bx bx b.r 


Hence, since the limiting value of a sum is the sum of the limiting 
values of the several terms, 


Again, if 
we have 


dy _du dv 
dx~ dx' r dx' 
y = u+ o + w, 


dij d , \ . dw 

dx ~ dx M + V + dx 
_du + dv ^dw 
~dx dx dx ’ 


.(4) 

(5) 

( 6 ) 


by a double application of the preceding result. In this way we 
can prove, step by step, that the derived function of the sum 
of any finite number of given functions is the sum of the derivatives 
of the separate functions. 


Ex. The derived function of 


A„x m + Ajx” 1 - 1 + ... +A m .,x + A m 
mAftX™- 1 + (m- \)A^x m ~ i + ... + A m ^. 


is 



DERIVED FUNCTIONS 


53 


30. Differentiation of a Product. 

1°. If y=Cu 

where C is a constant, and u a function of x, we have 


•a) 



y + By = C(u + Bu), 

and therefore 

By - CBu. 

Hence 

By ~Bu 
Sx~ V Sx’ 

and, proceeding to the limit, 


dy ^du 
dx dx 


■( 2 ) 


Hence a constant factor remains attached after the differentiation. 

The geometrical meaning of this result is that if all the 
ordinates of a curve be altered in a given ratio, the gradient is 
altered in the same ratio. Cf' Fig. 27, p. 84. 


2°. Let y - uv, 

where u, v are both functions of a-. As m Art. 12, 
By — (it + Bn) (v + Bv) — uv 
= vSm + uBv + BuBv, 


.(3) 


and therefore 


By t x Bv 

sfr v & +( " +s “>5- 


Hence, proceeding to the limit, and making use of the principle 
that the limit of a product is the product of the limits, we have 

do 

W 


dy dn 


If we divide both sides of this equation by y, = uv, we obtain 
the form 

1 dy 1 du . 1 dv 
y dx ' 


u dx ^ v dx' 


This result is easily extended; thus if y = uvw, we have, writing 
y = zw, where z = uv, 
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by a double application of the preceding result. And so on for 
any finite number of factors. 

If we multiply both sides by y, = uvw . . the generalized form 
of the last result becomes 


dy 

dx 


■vw. 


du 

. J + UW. 

as 


dv 
' dx 


+ uv. 


dw 
' dx 


.( 6 ) 


or, m words : 


The derived function of a product is found by differentiating 
with respect to x so far as it is involved in each factor separately, 
the other factors being treated as constants, and adding the 
results. 


Ex. 1. 
we have 

whence 


If y = n . u . n tom factors = u'“ (7) 


1 dy _ 1 du 1 dii 
y dx n dx n dx 


± m du 

to m terms r- , 

u rir 


dy 

dx 


dv 
dx ' 


(«) 


A general proof of this result, free from the restriction that m is 
a positive integer, is given in Art. 32. 


Ex. 2. If y - sin x cos x, 

we have ^ = cos r — (sin x) + sin * ~ (cos a ) 

= cos x . cob x — bin x . sin x 




- cos 2 x - sin 2 x = cos 2,r 

(10) 

Ex. 3. 

if 

y = a? sin x 

(11) 

we have 


2 = *" i ( sina! ) + ^ *£ r {**) 




— k 2 cos x + 2x sin ,r. 

(12) 

31. 

Differentiation of a Quotient. 


Let 


il 



(1) 


where u, v are given functions of x. As in Art. 1 2, wc find 

kv — M d- Su _u _ v8u — u8v 
y ~ v + 8v v~ v (v + 8v) ’ 

8u 8v 
8y v 8~x~ u Jx 
lx v(v + 8v) 


whence 



30-51 J 

Hence, in the limit, 
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du dv 
dy_ V dx U dx 
dx v* 


( 2 ) 


In words: To find the derived function of a quotient, from the 
product of the denominator into the derived function of the 
numerator subtract the product of the numerator into the derived 
function of the denominator, and divide the result by the square 
of the denominator. 


The particular ca.se 



( 3 ) 


is worthy of separate notice. We then have 


s 1 1 

v + Sv v 

Bv 

By _ Bx 
Bx v(v + Sr) ’ 

dy _ 1 dv 

dx v* dx 




(4) 


This might of course have been deduced by putting m = 1 , dnjdx = 0 
in the general formula (2). 


„ . T . ]+j' + a^ 

Ex.h If *-!_*—* 

, du dv , 

we have ■=- - 1 + 2x, + 2x, 

dx dx 

, dy (1 + 2x) (1 — x t- .«?) + (1 — 2*) (1 + x + x x 

whence ^ (1 -x + .Hp ' 

(i-x + u?) 1 

Xx.2. If = 


..(5) 


V v -> 

( 7 ) 


where m is a positive integer, we have 


dy _ 1' 

dx w 2 ” 


mu' 


du 

dx 


du 
dx ’ 


see A.i't. 32. 
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The formula of this Art. may also he deduced from Art. 30 (4). 
If y=ujv, we have v = vy, and therefore 


1 du _ 1 dv 1 dy 
u dx v ch» y dx ' ' 

1 dy _ 1 du 1 
y dc u dx v dx’ 

this is equivalent to (2) above. 

The following examples are important : 


whence 


...( 9 ) 

.( 10 ) 


1°. If 


y — tan x — 
d 


sin :r 
cos x 1 


.( 11 ) 


we find 


dy^ 

dx 


cos x ^ (sin x) — sin x ^ (cos ,r) 


cos* x 


cos' 1 x + sm 1 x 


cos* x 

This agrees with Art. 28, 4°. 

y = cot x, 


= sec- x. 


Similarly, if 
we find 

2°. If 

we have 

Similarly, if 
we find 


.( 12 ) 


.(13) 


dy 

dx cosec* x (14) 

1 


y = sec x = 
1 d 


cos ./• 


•(15) 


dy _ * « f v mu it 

d.r cos 3 x dx °° S — cotfT/ (^®) 

(If) 


y ~ cosec x, 
dy cos x 


dx 


Sill 3 X ’ 


.( 18 ) 


If, as explained in Art. 25, we employ the symbol D to denote 
the operation of differentiating with respect to x, the results of 
Arts. 29 — 31 may be summed up as follows : 

D(u+v) = Du + Dv 

D(uv) = vDu + uDo, 

— v ^ u ~ u ^ v 

W - — ’ 


(19) 

( 20 ) 

( 21 ) 



DERIVED FUNCTIONS 


57 


31-32] 

32. Differentiation of a Fnnction of a Function. 

If y = F (u) 

where u = f(x) 

the symbols F, f denoting given functions, then 




(I) 

.( 2 ) 

( 3 ) 


For, if Sx, Sy, Su be simultaneous increments, we have 

By _ By Su 
Sx Su ' S# ’ 

identically ; and therefore, since the limit of a product is the product 
of the limits, 

dy _ dy du 
dx du’ dx' 


A useful application of the formula (3) occurs in the theory of recti- 
linear motion. Thus if, as in Art. 2G, we denote by v and a the velocity 
and the acceleration, respectively, of a moving point, we have 


v 


_ d* 

~dl’ 



(4) 


Hence if v be regarded as a function of the space described (»), we have 


dv ds dv 

a— , 

ds at ds 


.(5) 


Similarly, in the case of a rigid body rotating about an axis, the 
angular acceleration, when the angular velocity is regarded as a function 
of 6, will be given by 


do) dO dm 

dO dt’ OT *dd’ 


( 6 ) 


The following deductions from (3) are important: 

1°. If y = F{x+a) (7) 

then, putting u = x + a, dujdx = 1, the formula (3) gives 

£-■*>+«>• <«> 


The geometrical meaning of this is that shifting a curve bodily 
parallel to the axis of x does not alter the gradient. 
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2°. If y = F(kx), (9) 

we have, putting u = kx , du/dx — k, 

j- = kF' (for), (10) 

cix 

3°. If y=u m , (11) 

where m is any rational quantity, we have 

. F(u) = u M , F' (u) = mw*"-’, 

and therefore ^ = m u"~‘ (12) 

* ax ax 

' In particular, in the cases m—\, m == — ^ , we find 

d . _ 1 du ) 
da; M 2 da; ’ 

* 

dx \/ u 2(42 da ’ ' 

respectively. 

We add a few examples on the above rules. 

Ex. 1. If y = sin"'a^ (14) 

that is, y — u", where u — sin x, 

we liave Dy - mu’“~ 1 »» sin' 11-1 jb cos x (15) 

Ex. 2. If !/=J(a?-i?) (16) 

we have By = Z) (a* - x*)^ = | (a- - 3 s ) ~ ^ . D (a s - x‘) 

■" JW’-S) <17) 

* xS - »-^35 < 1B > 

If we put 44 - v = 0a 2 - x 2 ), 

we have Zh4 = 1, and Bv= -r— , * 

7 («-^) 

by the preceding Ex. The rule for differentiating a fraction then gives 

a? 

j j _ vDw - wDr _ \/( a - ^) + ^ a a _ ^j5> 

a ! 

~ (a*-® 8 )! •' 


(19) 
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\/^3 


33. Differen tiation of Inverse Functions. 

If y be a continuous function of x, then under a certain con- 
dition (see Art. 16), which is fulfilled in the case of most ordinary 
mathematical functions, x will be a continuous function of y. 

If Sx, Sy be corresponding increments of x and y, we have 

Sy Sx_ , 

Sx'Sy V/ 

identically. Hence, since the limit of the product is equal to the 
product of the limits, 

£•£-> <•> 


Hence, it being presupposed that y is a differentiable function of x, 
it follows that x is in general a differentiable function of y, and that 
the two derived functions are reciprocals. 

The geometrical moaning of this is that (ho tangent to a curve 
makes complimentary angles with the axes of x and y. 


The following cases are important : 


1°. If 

y= sin -1 j, 


(2) 

we have 

dsc 

x = sin y , = cos y. 



Hence 

dy i + i 

dx cos y \/(l — X s ) ' 

vS- 

( 3 ) 

2°. If 

y — cos -1 x, 


(*) 

we have 

dx 

y = cos y, iiy~~ Sln y, 



and therefore 

dy_ 1 __ 1 

dx sin y T \/(l — & s ) ' 

V 

( 5 ) 


The ambi guity of sign in these results is to be ac count ed for 
as follows. We have seen that if y = sin -1 x, then y is a many- 
, i valued function of x ; viz. for any assigned value of x (between 
ifthe limits ±1) there is a series of values of y. For some of these 

( dyjdx is positive' for others negative ; see Fig. 21 (p. 60). Similarly 
for cos -1 x. 

If, in accordance with a usual convention, we agree to under- 
stand by sin -1 jc.the angle be {ween — fwand %ir whose sine is x, 
we must write 


u- 


( 6 ) 
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Fig. 21. 
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Similarly if cos -, jb_ be restricted to lie between 0 and it, we have 


3°. If 


we have 


d 1 

-T-COS '« = — , /n 

^(1— 4T 2 ) 


y = tan -1 a;, 


a; = tan y, , = sec 5 y, 


and therefore 


dy _ 1 1 

da? see 5 y 1 + a? * 


There is here_no ambiguity of sign. For each value of x there is an 
infinite series of values of y, but the value of <ly '< h • is the same for all, 
the tangent lines at the corresponding points of the curve y = tun~ t x 
being parallel. See Fig. 22, p. 62. 


Ex. 1. Let 


y — sin~* 


Vd+a 2 )’ 


We have 


We easily find 


y = sin~'if, where u = j^ + ^ ■ 

dy dy du I du 

dx ~ du d.e ~ N /(l - a 2 ) dx ' 


whence 


//I _ du _ l 

dy _ _1 

dx 1 + x i 


It is easily proved (putting x = tan 6) that 


sin-‘ jr. - — - tan ' 1 x, y ■■ 
V(l+x-) ^ t * 

so that the above result is in accordance with (9) above. 


Ex. 2. Let 


If we write 


,1+i + a? 

■u- tan -1 -; r . 

v 1 - x + a; 3 

1 + x + 

n 

1 -x + ar 

dy _ 1 du 

dx 1 + u 1 dx ' 


we have 



62 


INFINITESIMAL CALCULUS 


[CH. II 


We find 
whence 


a _ 2 (1 + 3j^+ **) du_ 2(lj-of)_ 

+ M - (1— a 6 + a?)* ’ dx (1 — us + ar*) 3 ’ 

dy = J-s* ( 13 ) 

dr 1 + Saj 3 + x t ' 



Fig. 22. 

34. Functions of two or more independent variables. 
Partial Derivatives. 

Although in this treatise we are primarily concerned with 
functions of a single independent jariableTTE will occasionally be 
useful, even at an early stage, to haveTat our command ideas an d 
not ation s borrowed from the more general theory. 
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33 - 34 ] 

One quantity u is said to be a function of two or more inde- 
pendent variables x, y, ..., when its value is determined by those 
of the latter, which may be assigned arbitrarily, and independently, 
within (in each case) a certain range. Thus if P be any point of 
a given surface, and a perpendicular PN be drawn to any fixed 
horizontal plane, the altitude PN is a function of the coordinates 
(so, y) of the point N. 



So again, in Physics, the pressure of a gas is a function of two 
independent variables, viz. the volume (per unit mass) and the 
temperature. 

THe functional relation is expressed by an equation of the form 

u=<f>(x, y, ...) (1) 

In particular, in the aforesaid case of a surlace, if we denote the 
altitude PN by z, we have 

z = <f>(x,y). (2) 

The definition of continuity given in Art. 8 may be extended 

to the present case as’ follows. A function <f> (x, y, ...) is said to be 

continuous for a particular set x,y, ... of values of the independent 

varyiELss if a quantity, e, different from zero, can always be found 

suchfliat <f» (x + 8x, y + hy, ...) shall differ in absolute value from 

<f> (x, y, ,..) by a quantity less than any prescribed magnitude <r, 

however small, for all values of the increments 8r, By, ... which are 

less in absolute value than e. 

«» 
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Thus, in the case of two independent variables, illustrated by 
the figure, it is implied that a rectangle can be drawn in the plane 
xy, about N, such that the ordinates at all points within this rect- 
angle shall differ from PN by less than a, however small <r may be. 

Let us now suppose, the function 

u = <j>(x, y, ...) (8) 

being continuous, that all the independent variable's save one («) 
Are kept constant. Then u being assumed to be a differentiable 
function of x, its derived function with respect to x is called the 
‘ partial differential coefficient ’ or ‘ partial derivative ’ of u with 
respect to x, and is denoted by du/dx. Thus 


rti 

dx = hro*r-*o 


<f> (x + Sx, I/, 


..)-<}} (x, y, ...) 
Sx 


■(*> 


In like manner 


du 

dy 


lim 4 ,-*„ 


< t > fa. V + %. ■■■)- fa . !/, ••■) 


(5) 


In the case of the surface (2) it is plain that the partial deri- 
vatives 

dz dz 
dx ’ dy 

arc the gradients of the sections (UK, LM, in the figure) of the 
surface by planes parallel to the planes ZOX, ZOY respectively. 


Ex. 1. If 


we have 


z - x m y". 


dz 

dx 


mx‘"~ 2 y a , 


dz „ 

— =vx m i/ n \ 

«y J 


•(«) 

( 7 ) 


Ex. 2. Assuming that in a gas the pressure (p), volume (v), and 
temperature (6) are connected by the relation 


we have 


dp 

do 


R6 


R6 dp />' 

v 2 ’ 86 ~ v 



V35. Implicit Functions. 

An equation of the type 

<#>fa. y) = o (l) 

in general determines y as a function of x ; for if we assign any 
arbitrary value to x, the resulting equation in y has in general one 
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34 - 36 ] 

or more definite roots. These roots may be real or imaginary, but 
we shall only contemplate cases where, for all values of x within a 
certain range, one value (at least) of y is real. The term ‘ implicit ’ 
is applied to functions determined in this manner, by way of con- 
trast with cases where y is given ‘ explicitly ’ in the form 


V =/(*) (2) 

If we regard s~<f>(x,y) (3) 


as the equation of a surface, then (1) is the equation of the section of 
this surface by the plane * = 0 If the plane xy be regarded as hori- 
zontal, the sections a — C, where C may have different constant values, 
are the 1 contour-li nes.’ 

If we require to different i ate an implicit func tion, we may seek, 
first, to so lve the equ ation (1) with respect to y, so as to bring it 
int o the form (2 ). It is useful, h oweve r, to have ja rule to meet 
cases where this process would be inconvenient or impracticable. 
It will be sufficient, for the prese nt, to consider t he case where 
6(x. v) is a_ ratj onal integral function of x and v. i. e. it is the sum 
oT a finite series of terms of tHe type A, Kin x m y n , where m, n may 
have the' values 0, 1, 2, 3 , .... Since, by hypothesis, <f>(x, y) is con- 
stantly zero, its derived function with respect to x will be zero. 


Now by Arts. 28, 30, 32, we have 

(x m y n ) — m.r' n ~ l y" + nx'"y u ~ ! . 

Hence, if <f> (x, y) = (4) 

we have ^ = 0 (5) 


In the notation of Art. 34, this may be written 


or 


cty> ,9<My = () 
dx " r dy dx ’ 


d<f> 


dy _ Px 
dx 3 <j)' 




.( 6 ) 

( 7 ) 


. It will be shewn in Chapter iv that th e results (61 and (7) are not 
limited to the above special form of <j> (x, y ) ; but the present case 
is sufficient for most geometrical applications. 


u i. c. 


5 
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EXAMPLES. V. 


(Differentiations ab initio.) 


1. 

2. 

3 . 

4 . 

5 . 

6 . 


Find, from first principles, the derived functions of 


Also of 


Also of 



1 

J x ' 


1 _ 
x + a ’ 


x + <i 
x - a ' 


1 


v /(.*“ 4 a-). 


, 1 s -n~' 

1 

J(x* + «“) ’ 


Also of cot x, see x, cosec .*•. 

Also of sill' 2 x, cos 2 x, sin 2 r, cos 2,r. 
If, in the rectilinear motion of a point, 


.4 - lit + 1 at 2 , 

where u, a are constants, prove that (lie velocity at time t is ?/ + uf, 
and that the acceleration is constant. 


7. If the pressure and the volume of a gas kept at constant 
temperature be connected by the relation 

/iv - const., 

the cubical elasticity is equal to />. 

8. If the radius of a circle be increasing at the rate of one foot 
per second, find the rate of increase of the area, in square feet per 
second, at the instant when the radius is 10 feet. 

9. If the area of a circle increase at a uniform rate, the rate of 
increase of the perimeter varies inversely as the radius. 

10 . A is a fixed point on the circumference of a circle whose 
centre is 0 and radius one foot. A point P, starting from A, describes 
the circumference uniformly in one second. Find the rates of increase 
(1) of the arc AP, (2) of the chord AP, (3) of the sectoiial area AOP, 
(4) of the triangular area AOP, at the instant when the angle AOP 
is 60°. 


11 . If the volume of a gramme of water varies as 


1 + 


(6-4Y 

144000’ 


where 6 is the temperature centigrade, find the coefficients of cubical 
expansion for 6 = 0° and 0 = 20''. 
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EXAMPLES. VI. 


(Products and Quotients.) 

Verify tlie following differentiations : 

1. 

!/ = ■'■( l~x), 

Dy = 1 — 2 r. 

2. 

y—.r (1 - a*) 3 , 

2)y--( 1 — jb)(1-3ss). 

3. 

i/—x‘“ (1 - a 1 )", 

Dy - x"'- 1 ( 1 - a')“ _1 {»« - ( w » + «) a:] . 

4. 

y = (,•-!)(■>■ ~2) (.*-'3), 

= 3ar* - 1 2,« + 11. 

5. 

y = ,r(l +x)\ 

2>y^(l-a-)(l4 r) a (l + 3r)(l-2.r). 

a 

y-(l + ar)(l-2r.*). 

IT 

<£l 

1 

II 

5*. 

< 

7. 


')(>-, !)• 

8. 

X 

"‘"a --»>*• 

9. 

y i + ’ 


10. 

1 + 4J 

*■-'1-0,’ 


11. 

U (1 -x)"’ 


12. 

U = x‘ sin i , 

/>(/ sin c + ./; cos a 1 . 

13. 

// ,< 2 COS ./*, 

/>// - 2 1 ’ cos x — ,«r sin . . 

14. 

// - siir x cos r, 

Jhj - 2 sin a’ - 3 sin ‘a 

15. 

sin x 

y - i--' 

, £ cos x — sin ,r 

Dy- - t - . 

16. 

.< 

~r- , 

sin x 

~ sin -c — j; cos x 

Dy- .— 

sin - x 

17. 

tan x 
a- ’ 

.. x — sin ,r cos a* 

- . 3 
,r cos' >■ 

18. 

y = tan 2 ,r. 

Dy - 2 tan x sec 2 x. 

19. 

1 / ?= sec J cc, 

Dy 2 tan x see 2 x. 

20. 

sin ,*• 

y 1 + tan ,c ’ 

n cos 2 x - sin ' x 

y (sin x + cos xf ' 

21. 

1 + sin ,r 
y 1 - sin x ’ 

.. 2eos.r 

^-(1-sin^f 

22. 

1 — cos X 
y 1 + cos x ’ 

n 2 sin a; 

y ( 1 + cos a') 2 ' 



-2 
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1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


8. 


9. 

10 . 


11 . 


12 . 

13. 

14. 

15. 


16. 


17. 

18. 


EXAMPLES. VII. 
(Functions of Functions.) 


y - (x + n)’“ (* + b)”, 


y 

V 

y 
y 

y=( i— ®) 7(1+-^). 

l 

y 


= (i +*)»’ 

V(l+*), 

= n/!(*+ 1)^ + 2)}, 

= (l+.r) v /(l- J ), 




VO-* 2 )’ 

* 


?/= 

y = 

y~ 
y = 


VG3- 

i 

V(1 + **) + *’ 

X 

^/(l +x‘)+x’ 

J /\ + x + a^\ 
V VI -X+ 3 ?)' 

sin 2 (as - a), 
sin 2 2.r, 

J( 1 + sin x), 

tan 2 a, 


= sec 2 x, 


Dy- 

Dy- 
Dy = 
Dy = 
l)y = 
By-. 
Dy = 

By- 

Dy = 

By — 

% = 
By = 

By 

By = 
Zty = 
% = 
Dy=- 

Dy = 


(jr + «)" -1 (* + &)* -1 

{(m + «) x + mb + naj. 

nx”^ 1 
(1 + *)" +1 ‘ 

2 + 3* 

2 ^(1 + x) ' 

2x + 3 


2 7K* + ])(* + 2)}' 
1-3* 

2;/(i-*>- 

( 1 — * + 2a?) 

s/0~+>) • 

X 

(I-* 2 )-' 

J_ 

(1 + . c 2 ) 5 ' 

_ _ 1 

x 2 J(\ + a?) ‘ 

1 

-as 2 )' 

* 


1. 


- 2 *. 


W + V 

_l + 2* 2 

V(i+* 2 )' 

1 — as 2 

(1 + x + x 2 ) 4 (1 - * + as 2 ) * 
2 cos 2 (* — a). 

2 sin 4*. 

W(1 ~ sinx). 

2 sin * 
cos 3 * 

2 sin * 
cos 3 * 
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19. 

y = tan* a, 

_ 3 sin* a: 

Dy-. t — . 

cos* a: 

20. 

y = sin* x + cos 3 x, 

Dy ~ 3 sin x cos x (sin x - cos x). 

21. 

y -■ sin x - | sin 3 x, 

Dy = cos 3 x. 

22. 

y = tan x + Jtari' a;, 

Dy = sec* a;. 

23. 

sin 3 x 
«* ’ 

_ 2 sin x . . . 

Z/// = - -- (x cos a: — Rin x). 
ar ' 

24. 

y = sin w# sin wr. 

Z)y = « sin m.x cos nx 



+ m cos mx sin nx. 

25. 

2/ = >/(a sin 2 a + /? cos 2 a*), 

n 1/ a\ sin2 * 

2/ j ( n P \f(fl sin 3 .* + /8 cos 3 a;) ‘ 


EXAMPLES. VIII. 


(Inverse Functions.) 

1. 

y = sin-' (1 - x), 

D ’ J -~ 

2. 

y = ,r sin -1 as. 


3. 

y =. cot~‘ X, 


4. 

y - sec -1 .<■, 


5. 

y = cosec -1 x, 

D& X ^(x 1 ~ 1 ) ' 

6. 

y = sin -1 a: 

Dy = 0. 


+ sin -1 s /( 1 -ar), 


V. 

V = tan" 1 a; + tan -1 - , 

X 

Dy=0. 

8. 

y = sin" 1 {2a; N /(l - ar){, 

ri 2 

9. 

, 2* 

V “ ^n 

Dy= 2 . 

y 1 +ar 

10. 

_ 1 -ar 
^ = C0S iTx 3 ’ 


11. 

l tan a sin a; 

Dy = — 

y — tan ■ ■ - j 

l + sec a cos x 

* sec a + cos a; 
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12. y tair • 1 { + 1) - *J, ^3/ = ~ 2 ^ • 

13. y = sin -1 ( cos r), Dy ~ - 1 . 


EXAMPLES. IX. 

1. What is the geometrical meaning of the theorem 

I <f> (kx) = kefi' (ks) ? 

2. If y — tan -1 - , 

r 

, vJJii — uDv 
prove that JJy - .... 

1 u- + 1 - 

1 _ x n+l 

3. Assuming that , -—1 u + ^'t 

1 — x 

deduce, by differentiation, the sum of the series 
1 + 2x + 3.*? + ... + iu i" -1 , 
and test the result by putting x= 1. 

Hence shew that, if | x ] < l, 

1 + 2x + .V* + 4ar‘ ... to c o - (1 - x) ". 

4. If, in the rectilinear motion of a point, c‘ be a linear function 
of u, the acceleration is constant. 

5. If v 2 be a quadratic function of #, the acceleration varies as 
the distance from a fixed point in the line of motion. 

6. If the time be a quadratic function of the space described, the 
acceleration varies as the cube of the velocity. 

7. If « 3 = d+-, 

8 

the acceleration varies inversely as the square of the distance from a 
fixed point in the line of motion. 

8. If s 3 be a quadratic function of t, the acceleration varies 
as 1/s 3 . 

9. If the pressure and the volume of a gas be connected by the 
relation 

pvv - const., 


the cubical elasticity is yp. 
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EXAMPLES. X. 


(Partial Differentiation.) 


1 . Sketch the contour-lines of the surface 

az - a? + y 3 , 

and describe the general form of the surface. 

2 . Also of the surface az = .ry. 

3 . If 6 -f(x + y), 

. <h Bz 

})!•(>' e that ?x -~, 

and give the geometrical interpretation of this result. 


4. If 

prove that 


»'= J(xr + if), 


rV hr 



5 . If 


z-a tan -1 


.</ 


prove that 

6. If 
pro\e tliat 

7. If 

prove that 

8. If 
prove that 


Bz ay <z ar 

r.r ~ ' By ~ ar + y- ’ 


Bz 


B.r ’ r y 


= !/■ 


o- 


<‘z Bz 

r +1/7 - 0 . 

Bx ry 

d.i J + 2/»a 7/ + by 1 J- 2 gx + 2 fy + c = 0, 


dy ax t- hy e g 
<h- hr + by + f ’ 



CHAPTER III 


THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


^ 36. The Exponential Function. 

The functions now to be considered may be defined in various 
ways, but from the point of view of the Calculus, as well as of 
most applications, their fundamental property is that they satisfy 
equations of the type 

2 -* (,) 


where k is a (positive or negative) constant. That is, the rate of . 
increase bears always a constant ratio to the instantaneous value* 
oTtEe function. 

The generalized ‘ exponential ’ function as thus defined*, may 
be contrasted with the ‘linear’ function 


y = a + bx, (2) 

so called because its graph is a straight line. It has in fact the 
same relation to the linear function which the law of compound 
bears to that of .simple interest, provided we imagine the interest 
to accrue continually instead of at fixed intervals. 

The general linear function involves two constants, vi^. the 
gradient 6, and the initial value a. If the matter were not already 
sufficiently simple, we might adopt as the standard linear function 
the one whose gradient and initial value are each — 1, so that 

y = l + a (3) 

The general linear function may be derived from this by suitable 
alterations of the scales of a: and y. 

The general exponential function involves in like manner two 
constants, viz. the constant & in (1), and the initial value C, 
say. It will appear presently that these two constants completely 
determine the ranction. We choose as our standard function of 
this type the one for which k — 1, and whose initial value is unity. 

* It will be seen later that it is necessarily of the form Ca * if x is rational, 
whence the came, since the variable x appears as an index or ‘exponent.’ 
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In other words wo define the exponential function par excellence 
as being that solution of the equation 


dy 

dx 


/ 

= y, ••!... 


(4) 


which is equal to unity when x = 0. 


The Exponential Series. 

We have to shew in the first place that such a function exists, 
and also to find if possible a means of calculating it, to any desired 
degree of approximation, for any assigned value of ,r. 

Let us assume, tentatively, that the equation 

= '/ ( 1 ) 


dy 

dx 


can be satisfied by the sum of a power-series, say 

y = 1 + AtX 4- A,x , ‘ + A, a-' + ... + d + .... (2) 

where the first term has been fixed by the condition that y = l for 
x =0. On the hypot hesis that this \alyeo£ y can be differentiated 
by "the same rule which applies (Art. 29) to a finite series of terms, 
we should have 


= A, + 2 A*x + 3 A + ... + iiA n x n ~ 1 + ( 3 ) 

ft./’ 

and the equation (1) would therefore be satisfied, provided 

1, 2A> — A ,, 3d = d_,,..., hA i, — A „_i . ... (4) 

This requires 

.4,-1, = = d.= 1 d,= 3 

and, generally, 

A n = l (5) 

n 

' We are thus led to study the series 


/jp2 rjA jdi 

l + 2! + 3! + - + «! + 


(G) 


Thj§_ is convergent, and has therefore a definite ‘ sum/ fqr_ any 
g iven value of x . ^ For the ratio of the (« + l)th term to the nth, 
viz, xjn, can be made as small as we please (in absolute value) by 
taking n great enough. Hence a point in the series can always 
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be found after which the successive terms will diminish more 
rapidly than those of any geometrical progression whatever. The 
series is therefore convergent, by Art. 5; it is moreover ‘absolutely’ 
convergent. We denote its sum by E (pc). 

We proceed to shew that the function E (x) as thus defined is 
continuous and differentiable, and that it does in fact satisfy (1 ). 
We” write 

C(x)=\ [E (x) + E (—«■)! 


x - j * a ." 5 ’ 1 

-l+o, + a. + - + ( -2a)! 4 


2! 4! 

8(x) = ${E(x)-E(- 


•(7) 


jr .r 1 


= * + ,,, + - . + ■ • • 
8 ! o ! 




<2» + i): 


. + 


.(S) 


! so that 


E (./■) = (!(., ) + 8 (x), E (- x) = V (x) - H ( x ) (!) ) 


1 We note that the terms of 0 (pc) are all positive, whilst those of 
• 8 (x) are of uniform sign^the same as that of x ; this' simplifies the 
1 subsequent discussion. 

If and x be two values of the variable, which we will suppose 
to luxe the same sign, we have 


C(x,)-U(u) = 


•ly* — x i 
2 : 



- , 


4! + " 

+ (2m) 

f... 

x. + x x.' 1 

4- j (-x + :i 

, X L + J? 

2 1 + 

'4: 

+ ... 

-t ,rp n ~ i x + 

... + j '®* -1 

+ ...J, ...(10) 

(2«): 



the equalities resulting from the theorems l” and 2" of Art. 5. 
Let f be a positive quantity equal to the absolute value of .r, or x, 
whichever is the greater. We have, then, 

1 a?, 211-1 + x t -"~ , x + ... +x M ~ l l <2n £**-', (II; 

and the series in [ ) is therefore less in absolute value than 

fcl £2)1-1 

^(2n — 1)T ’ 

i.e, less than S (g), which is finite. Hence 


lim^ jC (x , ) - C (a?)} = 0. 


( 12 ) 
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Th e function C(x) is the refore continuous for all values of x. In 
the sajpe wav we may shew that 8 (sc) is continuous.'- The con- 
tinuity of E (sc) then follows from (9). 

Again, from (10), 

C(s,)~ C (x) _ ./■, + x j\' d + .?,*.!■ + x, a? + j* 

rr _ •) 1 "■ I ~ + ••• 


+ 


( 2 «)! 


+ x- n ~ 


(13) 


Th<‘ terms on the right-hand side are of uniform sign, whether 
that of x and x t be positive or negative. The numerator of the 
term last written therefore lies between 2 n.r"~‘ and 2nx l !n ~ 1 , and 
the sum of the series accordingly lies between S(x) and S(x t ). 
Since 8 ( x ) is continuous, it follows that 


1 X x — ,r 


or 


C' (s) = S(x). 


It may be shewn, in the same way, that 

. ^W=C(.r) 

Hence E‘ (./•) = ^ { C (.»•) + 8 (x)) = C (x) + S' (x) 


(14) 

(15) 

(lb) 


~S(s) + C(x)=E(x) (17) 

so that (1) is satisfied by <J ■= E (/•), for all values of x. 

Finally, we can shew that the solution of ( 1 ) thus obtained is 
unique, under the condition that y = 1 for x = 0. For if u, r denote 
^wo such solutions, we have 



du dv 

dx~“’ dx~ V 

(18) 

and therefore 

8 ^ 8 - 

i 

8 * 18 * 

ii 

o 

(19) 

or 

£©- 

(20) 


The ratio vju is therefore cons tant *, jyyj if «= l, v = 1 for j; = 0, 
the co nstant, must, be unity , whence v = v. 


* This assumes by anticipation an almost obvious theorem of which a formal 
proof is given in Art, 66. ‘ 
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^8. Addition Theorem. Graph of E (x). 

The more general equation 

l-*» <» 

may be written d(icr) = (2) 

and its solution, under the condition that y = 1 for x = 0, is there- 
fore 

y = E (kx). (3) 

Now let u — E (ax) . E (hi). (4) 

We have 

~ - aE' (ax) . E (bx) + bE' (hr ) . E(ax) 

= (a + b)E (ax ) . E(bx) = (« + b) u (5) 

Also the initial value of u is unity. Hence 


u = E {(a + &)./) ((>) 

;or E(a).E(b) = E(a + b) (7) 

j x. „ ,, - 


for all value* of a and b. This constitutes tine ‘ addition theorem ’ 
of the exponential function. 

In particular we have 


or 


E(x).E(- a) = £(<)) = !, 



.( 8 ) 

( 9 ) 


We have s,een that the function E (x) is continuous. Moreover, 
when x is positive, every _torrn of the series for E (x) continually 
increases with x, and becomes infinite for #-»- + oc. The same 
holds a fortiori for the sum. Also, in virtue of (9), it appears that 
if ff.be positive E(—x) is positive and continually diminishes in 
absolute value as x increases, and vanishes for x-*-oc. Hence 
• as x increases from — oo to + x , the function E (x) continually 
increases from 0 to + x , and* assumes once, and only once, every 
I intermediate value. 


The accompanying figure shews the curve 

y — E (x). 
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A column of numerical values of the function E (a.) is given in 
Table E at the end of the book. 



E (a ) . E(b) .E(c) = E(a + b) . E (c) = E(a + b+ c), (1) 
and so*on for any number of factors. 

If we form the product of n fkctors,_e»Qh equal to E (1), we 
have ■*"*’’** 

{•E(l)}'‘ = E{\ + 1 + ... to n terms) = E (n) (2) 
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It is usual to denote the quantity E(l), or 

1 + l + ^! + 3! + 
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( 3 ) 


Jby the_symbol e. Its value to seven places of decimals is 

e = 2-7182818. 

With this notation we have, if n be a positive integer, 

E (a) = e" (4) 

Again, if m/n be an arithmetical fraction (in its lowest terms), 
we have 


.(5) 


E 

II 

+ 

+ 

, . to n terms ) 

V n 

\J) \n n 

/ 


and therefore 


7/ f 111 \ 

7i {-„) = **■ 


Hende.if .r be any positive rational quantity, integral or fractional, 
we ha\ e 

E'(x) = e J 1 (({) 

It follows, from Art. 38 (9), that 

* so that the formula (6) holds for all rational values of ./■, whether 
| positive or negative. 

It is to be noticed that the symbol e% when x is irrational, is 
(so far) undefined. We may now define it as merely another symbol 
lor the sum of the series E (r). The advantage of this definition 
is that the notation serves to remind us of the algebraical laws to 
which the function is subject. Thus we have 

. e* . e 11 — E(x) x E(y) = E(,r + y) = e* +v , 
whether x and y be rational or irrational. 

The actual calculation of e is very simple. The first 1 3 terms of 
the series (3) "are as follows : ” 


1 + 1-2 

1 _ 
2 ! 


^ - -166 666 667 


1 

4! 


•041 666 667 
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1 

5 ! 

- -008 333 333 

1 

9! ' 

•000 002 736 

1 

6 ! 

- -001 388 889 

1 

10 ! " 

000 000 270 

1 

7! 

•000 198 413 

1 

11 r 

•000 000 023 

1 

8 ! 

- -000 024 802 

1 

12 ! ' 

•000 000 002 


The sum of these numbers is 2-718281830. The error involved in 
neglecting the remaining terms is 

i_ _L L 

13 ! + 14 ! + I.*) ' 

which is less than 

J_/ 1 1 1 \ 1 

13 ! \ + 13 + 13 3 + I3 ,t '“/ ’ ° r 12.12!’ 

and therefore does not affect the ninth place of decimals. Hence, 
allowing for the errors of the last figures in the above table, we may 
say with confidence that the result just found represents the value of e 
correctly to seven decimal places. 

\s4o. The Hyperbolic Functions. 

There are certain combinations of exponential functions whose 
properties have" a close formal analogy with those of the ordinary 
trigonometrical functions. They are caller] the hyberbolic sine, 
cosine, tangent, &c.*, and are defined and denoted as follows : 


sinh ./■ = i (e c - e~ x ) = x + + £ , + . . . , j 

cosh x = $(e* +e~ x ) = l +^ + 4 . + •••>) 


tanh x = 


sinh x 
cosh x ’ 


soch x = 


cosh x ’ 


, . cosh x 
coth it = — , 

sinh x 


cosech 


sinh x ' 1 



Wo notice that cosh x, like cos x, is an ‘ even ’ function of x p i.e. it 
is unaltered by writing - ./; For x, whilst sinh x, like sin x, is an 

* They have in some respects the same relation to the rectangular hyperbola 
that the oiroular functions have to the circle. See Art. 100, Ex. 2. 

t These functions have already appeared, under a slightly different notation, in 
Art. 37. 
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together with the curves 

y = cosh x, y = sinh x, 

which are derived from them by taking half the sum, and half the 
difference, of the ordinates, respectively*. 

Since sinh x and cosh x arc continuous, whilst cosh x never 
vanishes, it follows that tanh x is continuous for all values of x. 
B*ig. 26 shews the curve 

y = tanh x. 

This has the lines y = ± 1 as asymptotes +. 



we have, by multiplication, 

cosh 2 x — sinh 2 .r = 1 (4) 

From this we derive, dividing by cosh 2 x and sinh* x, respectively, 
sech 2 x = 1 — tanh 2 x, 

• vj 

cosech 2 x = co th 2 x — J J 


Again, we have 

cosh (x + y) — \ (e* . e y 4- e~ x . e~ v ) 

= \ ((cosh x + sinh x) (cosh y + sinh y) 

+ (cosh x - sinh x) (cosh y — sinh y)} 

= cosh x cosh y + sinh x sinh y, (6) 

* The curve » =oosh x is known iu Statics as the * catenary,’ from its being the 
form aBsumeil'Fy a chain of uniform density hanging freely under gravity. 

t The numerical values (to three places) of the fuDctionB cosh x, sinh x, tanh x, 
for valnes of x ranging from 0 to 2 'S at intervals of 0-1, are given in the Appendix, 
.Table E. 


L.I.O. 


0 
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and similarly 

sinh (x + y) = sinh x cosh y + cosh x sinh y (7) 

As particular cases 


cosh 2x = cosh 3 x + sinh 5 sinh 'lx = 2 sinh x cosh x. . . .(8) 
The formula; (4) and (5) correspond to the trigonometrical formulae 

cos 3 x + sin 5 x = 1, (9) 

sec 5 ,r - l + tan 5 x, 

coser 5 x - cot 3 x + 1. 

Similarly the formula; (8) are the analogues of 

cos 2a; - cos 3 a- - sin 5 .r, sin — 2 sin x cos ./•. (11) 

• 41. Differentiation of the Hyperbolic Functions. 

1°. If y = sinh ./• ( 1 ) 

wo have = D ( e = £ {Be 1 — Be~ r ) 


= % (e* + e~ x ) - cosh x 

...(2) 

Similarly, if 

y — cosh .»• 

-(3) 

we find 

- sinh ./• 

dx 

...(4) 

2“ If 

) — tan It ,r 

■■■(«) 

we have 



dy q sinh x _ 
dx cosh x 

cosh x D sinh x — sinh x D cosh x 
cosh 5 x 


cosh 5 x — sinh 3 x , , 

.. - =sech 5 a; 

cosh* x 


by Art. 40 (4). 



Similarly, if 

y = coth x, 


we find 

= — cosech 3 x 

dx 

,...(8) 

3°. If 

y = sech x , 

...(0) 

we have, by Art. 31 (4), 



dy = 

dx 

q / l \ — D cosh x 

\cosh x) ~ cosh 3 x 



sinh m 
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Similarly, if 

y = cosech x, 

(11) 


* dii cosh x 


we find 

dx sinh 2 x 

(12) 


\jb&. The Logarithmic Function. 

The ‘logarithmic’ function is defined as the inverse of the 
exponential function. Thus if 

x = e v , 

we have y = log.r (1) 

It was seen in Art. 3H that as y ranges irom — so through 0 to 
+ x> , e v steadily increases from 0 through 1 to + cc . Hence for 
every positive value of x there is one and mil}' one value of log x ; 
moreover this value will be positive or negative, according as x £ 1. 
Also for x = 0 we have y = — x , and for x = + oc , y = + cc . For 
negative values of x the logarithmic function does not exist. 

The ordinary properties of the logarithmic function follow from 
the above definition in the usual manner. 

The full line in Fig. 27 (jj. 84) shews the graph of log sr. It 
1 is of course the same as that of e‘ (Fig. 24, p. 77) with x and y 
interchanged *. 

We can now define the symbol u r . where a w positive, for the 
ease of x irrational. Since 

,i = 6 > k «, 


we have, if x be rational, a x = e xl ‘ >lt ", (2) 

and the latter form may be adopted as the definition of a x when x 
is irrationalf. 

Hence if y — </ r , (3) 

we have ^ = a* log a (4) 


The logarithm of .r, as above defined, is sometimes denoted by 
log,® to distinguish it from the common or ' Briggian’ logarithm 
log,,, x. The latter may be regarded as defined by the statementthat 

y = logi„®, if l O' = x, or e' J 10 = x. (5) 

* The {auction log x is tabulated in the Appendix, Table F. 
f The more usual algebraic definition is that if ij, . . be any sequence 

of rational quantities having the irrational .r as its limit, u* is the limit of the 
sequence 

a*', a x >, a Xj , .... 

A proof is then required that the limit is definite, and is moreover a continuous 
funotion of £ 


6—2 
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Hence y log, ] 0 = log, x, or log 10 x — fi log, x (6) 

where ' - - = -43429., (7) 

r log, 10 { - 


The mode of calculating fi will be indicated in Chapter XIV. 

u Hence the graph of the function log, 0 x is obtained from that of 
flog,# by diminishing the ordinates in the constant ratio fi. See 
If the dotted lino in the figure. 



In this book we shall always use the symbol log x in the sense 
of log, x. 


, 43. Some Limiting Values. 

There are certain limiting values connected with the exponential 
&nd logarithmic functions which are of importance, 

1°. To find lim,.*, 

The function assumes the indeterminate form oo x 0. 

?- 1 /G +i+ ? : + *+-)• 

we see that the limit in question is^Q. 


( 1 ) 

But since 
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In the same way we can prove that 

lim/,*, x m e~ x = 0, (2) 


where m is any rational quantity. This shews that as x increases 
indefinitely, e® becomes infinite in comparison with any power of 
x, however high. 

Again, if a be positive and < 1, wo have 

Iuujtm na n = 0 (8) 

For if k — log(l/a), and is therefore positive, we have 

na n = ue ~ tn . 

2°. If in (1) wo put z — e*, and therefore ,/ — log z, we infer 
that 

lim.^ x - rtg ^=0 (4) 

z 


Hence as x increases indefinitely, log x, though ultimately 
infinite, is infinitely small compared with s. 

3". Again, if in (1 ) we put z —e~ z , and therefore x = — log z, 
we have 

lim.-Mi z log z = 0 (5) 

4". We have 

til = i + J ' + * + ... 

x 2! + 3! + 


= l + ix(l + |+~ + ...), 


The series within brackets is convergent and therefore has a finite 
sum. Hence 

lim *-** 6 —- 1 * 1 ( 6 ) 

If we write kx for x, we have 

lim,^) - — - — k (7) 

JC 


or, putting k — log a , where a is any positive quantity, 

a* — l , 


lim^-M) = log a. 

z 


Another form of this result is obtained by putting x — 1/n. 
Thus 

i 

liuw® » (« n — 1 ) = fog a 


( 9 ) 
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6°. If in (6) we put x = log (1 + z), and therefore e® = 1 + z, we 
deduce 

lin W o 1 ° B -^ ± - Z) = l (10) 

z 

6°. if (ii) 

we have log a = n log ^ 1 + . 

Putting x = nz, we have 

lim„_» x log ii = a. lim e -»«^ 0g ^ + — x, (12) 

by (10). Hence 

lim„.* T ^ 1 + = e T (13) 

The limit on the left hand is sometimes adopted, in Algebra, os 
the definition of the exponential function. 


44. Differentiation of a Logarithm. 


1°. If 

,'/ = K r -''. 

(1) 

we have 

II 

% 

ii 

>§ -r 

Tfc 

11 


and therefore 

a. 

II 

(2) 


This diminishes as x increases, so that the representative curve 
becomes less and less inclined to the' axis of r. See Fig. 27, p. 84. 


2°. If 

y — log« x , 

(S) 

we have x — a v , 

^*« r -l0|!.« = , »'.log < «, 


whence 

dy = l 1 

ds log, u s 

(*) 

For instance, if 

V = log,,, x 

(5) 

we have 

=4-.3 

II 

(6) 

where fi = '43429... as 

in Art 42. 


3°. If 

y = log u, 

(7) 


where u is a given function of x, we have, by Art. 32, 
dy _dy du _ 1 du 
dx dudx udx, 


( 8 ) 
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Ex. 1. 

If 

y - log sin x, 

(9) 

we have 


. D sin sc = cot x 

ax sin x 

.. ..(10) 

Similarly, if 

y - log sec x = — log cos *, 

(11) 

we find 


dy 

/ =- tan x 

dx 

(12) 

Ex. 2. 

If 

y - log tan lx, 

(13) 

we have 

dy 

dx 

- - ~ — . D tan A x = — ^ . sec* \x . I 

tan i .c 2 tanjas 2 2 




1 

sin x 

....(14) 

Similarly, if 

(J - log tan (}ir t\x) 

(15) 

we should find 

dy 2 

dx cos •> 

. ..(10) 

Ex. 3. 

Let 

ii 1 + J ' 




- J log (1 + .«•)- J, log(l 

• (17) 

Hence 


dy 11 11 1 

dx 2 l + a: + 2 1 — .e = 1 - .c* 

(18) 

Ex. 4. 

Let 

y l°g { r + n/(^± 1)1 

(19) 

We have 


£-777P±T) i>! '*^ ±,)l 

1 (, + * 1 
~x+j(x*± 1) 1 J(E± 1)J 




1 

(20) 



V(-'~ ± i) 



45. Logarithmic Differentiation. 

In the case of a functiou consisting of a number of factors it is 
sometimes convenient to take the logarithm before differentiating. 
Thus if 

( 1 ) 

we have 

log«=log« I + logtf a + logU J + ... - logl',— logVo-logVj- (2) 


l°gy == l 0 g w i + l 0 g"a + )°g w *+...-log!'i— logt*j— logfy— . 



88 INFINITESIMAL CALCULUS [CH. in 

and therefore, by Art. 44, 3°, 

1 ty. — .1 - 1 + * 4 . I + 

y dx m, dx da: «, dx 

1 dv i 1 dv 3 1 dv 3 (3) 

t>i dor, v 2 dor v 3 da: 

This is a generalization of the rosults of Arts. 30, 31. 

The same method can be applied to the differentiation of 


We have 


Hence 


>/ = u” 

W 

log y = V log u 

• ■ (5) 

1 du dv . v du 

j 

( 6 ) 

dy , do . „ , du 

, = u’ , log « 4 - vu v ' . 

dx dx * dx 

0) 


That is, we differentiate as if each of the functions u, v, in turn, 
were constant, and add the results. 


v= /[(«+ ■'•)(' > + ■'•)] 

' V l(" — .»•> (6 — r)J ’ 


Ex. 1. If 

we have 

1< >gy = ^log(a +x)+ 1 log (6 , x)- | log (a - x) - £ log (b - x). 

tt 1 dy 1 ( 1 1 1 11 

Hence - “ n 1 • z. + "* l r 

y (Lr y (a + r b + .r a—x o — x) 

a b (a + 6) (ab — 1 ?) 

■*' a* - t* + 6 ~ (a 3 -^(P-x 3 )’ 

(a + b) (ab - at?) 


dy 

dx (a-xfl (b - r)* (a + «)4 (6 + x)^ 


Ex. 2. If 

we find 


y^af, 

| = ^(1 + log*). 


46. The Inverse Hyperbolic Functions. 

The inverse hyperbolic functions 

sinh -1 x, cosh -1 x, tanh -1 x, &c. 
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are defined on the principle explained in Art. 16 ; thus the meaning 
of y = sinh -1 x is that 

x = sinh y, ...: (1) 

and so on. 

These functions can all be expressed in terms of the logarithmic 
function. Thus if 

x = sinh y — b (e» — (2) 

we have e w — 2xe'> —1 = 0 (3) 

Solving this quadratic in e v , we find 

e* = a ± s/U* + 1) (4) 

If y is to be real, e v must be positive, and the upper sign must be 
taken. Hence 

sinh" 1 a = log {a 4- + 1 )\ (5) 

In a similar manner we should find that, if x > 1, 

cosh" 1 ./■ = log 'x ± — 1)] (6) 

Either sign is here admissible ; the quantities a- ± s/{x“ — 1) are 
reciprocals, and their logarithms differ simply in sign. It appears 
on sketching the graph of cosh"' x that for every value of x which 
is > 1 there are two values of y espial in magnitude, but opposite 
in sign. 


Again, if 

e v _ g-y 

jc = tauh y = * 

■' e v + e~" 

(?) 

we have 

gy __ 1 + # 

1 — x 

(8) 

Hence 

tanh' ' x = .1 log 

(9) 

This is real only if | x 

<1. 


Similarly, we find 

coth" 1 x = £ log ^ x 

(10) 


which is real only if , x ! > 1 . 


47. Differentiation of the Inverse Hyperbolic Functions. 

1°. If y = sinh -1 x (1) 
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and therefore 2"V(1 + ^) <2) 

There is no ambiguity of sign, for cosh y is essentially positive. 

2°. Tf y = cosh -1 .r (3) 

dj ; 

we have x — cosh y, ^ ' = sinh y = 4 \/(.-r - ] ). 

whence y = ± ,, } ( 4 ) 

d.r \/(.i 1) 

For any given value of x, greater thau unity, there are two 
values of y, and for these dyjd.c has opjxjsite signs. [Cf. Fig. 25, 
p. 80, interchanging .»• and //.] 

3°. If y = tanh -1 ,r (5) 

we have x = tanh y, = sech* // = 1 — 

dy 

and therefore = , * (fi) 

< lx 1 — 

This agrees with Art. 44, Ex. 3. It is to he noticed that y is real 
only when x* < ]. See Fig. 20, p. 81. 

Similarly, if y - coth -1 x, (7) 

we find y =-J-j W 

d.r a?— 1 

x 1 being necessarily > 1, if y is real. 

EXAMPLES. XI. 

1. Provo by calculation from the scries for e* that 

1/e = •3(57879, cosh 1 -- 1-5430806, sinh 1 - H 75201 2. 

2. Prove that 

Je 1 -6487213, 1 fje-- '6065307, 
cosh £ = 1 1276260, sinh \ = -5210953. 

3. Prove that if | a | < | b j the equation 

a cosh x+ b sinh x -= 0, 
has one, and only one, real root. 
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4 . Draw the graphs of 

cosech x, coth .r, coth ,r — tanli ./ . 

5. Shew that the function tanli ( 1 'x) is discontinuous for x = 0. 
Draw a graph of the function. 

8. If a and b be positive, and a h , the function 

tv' + bf~ J 
< ' + <r* 


has the upper limit a and the lower limit (>. 
Prove the following formula* : 

7. cosh i.c - 2 cosh- 1 j" — 1 — 1 -r 2 sinh 2 u. 


8 . 


... 2 tanh ,r 

sinli 2x -r— — , „ 

1 - tanh- . 


, , 1 + tanh- ,r 

Codl - - i r ’ 


tanh 2.c = 


2 tanh x 


10 . 


11 . 


12 . 


13 . 


14 . 


1 + tiinlr r " 

cosh 2 j ■ cos 2 .<• + shili 2 ./• sin- ,i- 1 ( cosh 2 r + cos 2x), 

cosh 2 .r sin-x + sinlrxcos-.c •=. }, (cosh 2x - cos 2x). 

cosh 2 x cos 2 x - sinh 2 x sin 2 ,r ill- cosh 2x cos 2x), 
cosli' 2 .r sin 2 j — sinh 2 ,r cos 2 x -1(1 -cosh 2 j’cos 2x). 

cosh 2 u + sinh 2 »• - sinli-' u + cosli 2 r -■ cosh (u + r) cosh (u — v), 
cosh 2 n — cosh-' v sinli 2 u — sinh-’ r — sinh (it + »•) sinli ( « - 1 >). 

sinh u + sinh r - 2 sinh A (« ■*- cl cosh 1 (it — r), 
sinh m - sinh r = 2 cosh i (« + r) sinh .! (tt — c), 
cosh u + cosh r 2 cosh 1 (it s »•) cosh 1 (?t — r). 
cosh it - cosh r 2 sinh ( (it + e) sinh £ (u - v). 

. . sinh u cosh u - I 
tanli >, it - — , . - . , 

cosh u + 1 smh n 


//cosh w - 1\ 
V \cosh Mil'' 


sinh 3 m -- 4 sinh 2 it r 3 sinh it, 
cosh 3tt - 4 cosli 3 u — 3 cosh it. 

1+2 cosh it + 2 eosh 2u + 2 cosh 3 m + 

sinh (« + £) w 
sinli 


2 cosli MM 


15 . 



92 INFINITESIMAL CALCULUS [CH. I U 


EXAMPLES. XII. 

Verify the following differentiations : 


1. 

y = < 

Dy -- 2x8*. 

2. 

** 

y= x’ 


3. 

y = f> lnT , 

Dy = cos x r ,ln *. 

4. 

y=e*"'", 

Dy - sin 2xf‘ ln *\ 

5. 

y - e** sin fix, 

Dy = c u (a sin fix + fi cos fix). 

6. 

y = t°* cos fix, 

Dy - {a cos fix — fi sin fix). 

7. 

y = xr*, 

Dy — (<*• + 1)**'. 

8. 

y = xa-*, 

Dy - (1 -x)e~ r . 

9. 

y = x'V, 

Dy - (x f rtt)x'" _1 r'. 

10. 

y = r' sin as, 

Z>y - e' (sin x + cos x). 

11. 

y - e* cos a:, 

Dy = ^ (cos x - sin x) 

12. 

e* — 1 

* = 

Dy ~(r* + \y 

13. 

y = sinh 2 x, 

Dy — sinh 2x. 

14. 

y = cosh 1 * j\ 

Dy sinh 2x, 

15. 

y - tanh 2 ,»•, 

2 sinh x 

Dy ~ cosh’x * 

16. 

y = sinh x + \ siuh 1 x, 

Dy - cosh 1 x. 

17. 

y — tanh as - J tanh 2 x, 

Dy = sech* x. 

18. 

y - cosh x cos x 

+ sinh x sin x, 

Dy = 2 sinh x cos x. 

19. 

y = cosh x sin x 

+ sinh x cos x, 

Dy = 2 coshjr cos x. 

20. 

cosh x — cos x 
y ~ sinh x + sin x ’ 

_ 2 sin x sinh x 

X/V “ - 

(sinh x + sin x)* ’ 

21 

sinh a sin x 

P V r 8inho 

<!&• 

y n 1 + cosh a cos x’ 

* 1+coshaoosx 



EXAMPLES 


93 


EXAMPLES. XIII. 

Verify the following differentiations 


1. 

y -x log x, 

Dy - l + log j 

2. 

y = v m log.t, 

l>y = a;" -1 (1 + /u log x) 

3. 

V log sin -r, 

Dy - cot x. 

4. 

y — log cos x, 

Dy = - tana. 

5. 

y = log tan x, 

Dy = 2 cosec 2x. 

6. 

y - log sinli j, 

Dy - coth x. 

7. 

y - log cosh x, 

Dy tanh e. 

8. 

y = log tanh x, 

Dy- ‘2 cosech 2j 

9. 

V lo g] ^, 

Dil " ' (T- 1 *) ' 

10. 

1 -X 

/ / - 1 °g nrr , 

rA 

11 


* .Ad 

12. 

i 

l + 

vv 


13. 

y — log !>/(‘ e + 1) 

+ V(*-D}, 

D *~2~n*-ir 

14. 


/> 1 1 
"" . + vt--D 

15. 

2t — 1 

y = log (ac — 1) - (t _ 1}i , 

n X*+l 

J D-D 5 ’ 

18. 

, 1 + r + »■* 

y = l0g l-^ + x-” 

v 1 + >- + a 4 

17 

* v/G-i)' 

Dy 2% ‘ 

' (l+x^l-rO* 

18. 

y +a, s ) + a’ 

— 2 

D>J +x 1 j{ t J(l+a?) + 

19. 

J( 1 +af> t- ^(1 -x) 
*~J{ l + 0-s/(l'-*)’ 

D 1 1 

* x»j(l~x‘) *?■ 

20. 

„ va+^+^i-^) 
y - + 

D 2 2 

’ V J?‘ 

21. 

. J(<r s +1)-1 

° g ^ + 1) + !’ 

Dy - xj(x*+\ y 
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EXAMPLES. XIV. 


1. Draw the graphs of !og lu sin x and log, 0 tan x from x = 0 
to x = IT. 

2. Prove that if ./’(.r) he any rational integral function of x, 

lini. ■ , 'W- 




0 . 


3. Prove that if a be positive 

" « 1 . 

4. Prove that 

Provo tiie formula - : 

5. sinh' 1 x cosh -1 J(jt~ + 1 ), cosh 1 x - sinh '' J{j" - l). 

sech a - - tog 1 1.V1L- J ' J) , eosech 1 ,■ - log - ^ . 

6. Prove that tanh " 1 J - ~ * log x. 

i? *• 1 *■ 


7. Prove that the equation 

. CO-sir 1 x -r cosli -1 y— in 
represents a hyperbola ; and find its asymptotes. 

['/ M m , y-xe-".] 

Verify the following differentiations : 


8. 

y — sech -1 x, 

,hJ r VO -<> 

9. 

10. 

y - eosech' 1 x, 

y - sin' 1 (tanh x), 

Dy ~xj{l ;*»)' 
Dy - sech x. 

11. 

y = tan -1 (sinh x ), 

Dy secli :r. 

12.' 

y - tan _1 (tanh J*), 

Dy - ^ sech x. 

13. 

y = tanh' 1 (tan |x), 

Zb/ - £ see x. 

14. 

y = tanh 1 - 

1 +ax ’ 

Dy _ 1 - . 

y 1 -X* 



CHAPTER IV 


A PPLICATIONS OF TH E DERIVED FUNCT ION 

<48. Inferences from the sign of the Derived Function. 

If ;/ = <p (./), and if <v-, £;/ Ik* simultaneous increments of x and 
y, the limiting value of the ratio fy/S-r when <v is indefinitely 
diminished is, by definition, <£'(.//. Henet, before the limit, we 
may write 

^ = (j)' (x) + a .( 1 ) 

o,t‘ 

where a is an ultimately vanishing (jauntily. 

A numerical example of the manner injvhieli the ratio 8y/&> approxi- 
mates to_ its limiting, value may be of interest. We take the ease of 
y =- log,, x, for the neighbourhood of a = 1. The limiting value is here 

dy _ y 
tix x 

The numbers in the second column are taken from the printed tables. 


6 1 

Sy 

Sii/Sx 

•1000 I 

i 

•011393 

•41393 

0500 

•021189 

•42379 

■0100 

0043211 

•43211 

•0050 

•0021 06 1 

•43321 

0010 

•00043408 

•43408 

•0005 

• O 00217 U 9 

•43119 

•0001 

•000043427 

•43127 


7*-=.0 


Let us first suppose that 

f (a)> 0. 

Since the limiting value of a is zero, we can by taking Sx small 
enough ensure that 

<f> (.«) + <r > 0. 
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That is, by (1), By will have the same sign as Bx for all admissible 
values of Sx whidTare^es^in absolute value than a(cer tainjmag- 
nitijj ^^ (, t.-f 

In the same way, if 

<f>'(x)< 0, 

By will have the opposite sign to Sx for all admissible values of Sx 
which are'^egtf'in absolute value than a certain quantity 

^_If the independent variable be r epresented geometricall y as in 
Fig. 1, Art. 1, and if x = 0M , where m is a point within the r ange 
^Considered, we may say that i f d>'(x) be positi ve t here is a certain 
intervaLto the right of A1 lor every p oint, of which the value of the 
function <£(x) is greater than its value at M, and a certain interval 
to the left of M at every point of which the value of the function 
js less than its value at M. If d>' lx) be negative, the words ‘ greater ’ 
and ‘ less must be interchanged in this statement. When J/js at 
the beginning or end of the range of x, the intervals referred to lie 
»f course'to’the right or left of M, respectively. J 

ft. It follo ws that if 'dj'Jx^JjjiJjusitive over an y finite range, the 
value of <f> (a) will ste&dily increase with x throughout the range ; 
i.e. if x, and x a be any tw o values of r belonging to the range, such 
that, x 2 >x u then ’ 

<#> (■'•>)• 

Fj^^xj^being by hypothesis ditferentiabl o. and therefore con- 
ymuQ ua. must have ^Art. 18) a greatest and a least value in the 
in terval from~x t to x. (inclusive) . And the preceding argument 
shews that the greatest val ue cannot occur at the beginning of the 
interval, or in the interior; it mu st ther efore o ccur at the end. 
Similaily the le ust value of $(x)~inust occur at thebegmwng of 
the interval. 

it\/In the sa me w ay it appears tha t if <ft' (x) be negative over any 
finite range, then 4> ( x ) will steadily decrease as xi ncrfe ahe3. through- 
out this range ; i.e. if x, and x s be any two values of x belonging to 
the range, 'such that x* >x u then 

X/ , s , O.) < 4> fa)- 

The geom e trical meaning of these results is ‘obvious. When 
'the gradient of a, curve is. positive the ordinates increase with x; 
when the**gradient is negative the ordinates decrease as x increases. 
The graphs of various functions given in Chapter I will serve as 
illustrations. 

The converse statements that if <f> (x) steadily increases with x 
tthroughoiit any range, tf>' (x) cannot be negative for any value of « 
belonging to this range, and that, if <f>(x) steadily decreases as x 
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increases, $ (x) cannot be positive, follow immediately from th e 
d efinition of <t> ' (.*)• ^ / 

Again, even i f 6' (x) vanish at a fipite number of isolated poin ts. 



where x. x > a-, . The least value of <fi (a-) cannot then occur within 
this interval, or at the upper extremity (x — ® a ). It must therefore 
occur at the lower extremity (x = x^). Hence Q 

<f> (r 2 ) > <f> (a 1 ,)- 

The same conchision is arrived at if <f>' (x) is positive from x = x t 
(o x — x 3 , where it vanishes. 


i 



. Pip. as. 

("/in the same way, if vanish at a finite number of isolated 
noints, but is otherwise nega tive. $(x) will steadily decrease. 

Jsx. 1. If y - cos x- (1 — 1 0 s ), 


1 

i*e have 


dy 

~ x - sin a 1 ,. 


vhich is positive for positive values of x. Since y is an even function, 
nd vanishes for x 0, it follows that 


Again if 
ve have 


1 > cos x > 1 - J .r*. 
y-ainx-(x-lx s ), 

d y 


rfa -cos.c-(l- 

vhioli has been seen to be positive. Hence, since y = 0 f fl 
*jfx > sm r > a — ^.r 3 , 

or positive values of x . If a? is negative the order of magnitude is 
eversed. 


1. t. a 
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Ex. 2. If 


we have 


y = tan x-x, 

x = sec* x - 1 = tan* x. 
ax 


Hence dyjdx is positive, except for x — 0, v, 2ir, . . . Hence y steadily 
increases with x throug hout any range which does not in clude one of 
the points of discontinuity (.«- {tt, !| ir, ...). (b . . 

It easily follows that the equation 

• „ < tau .r - x — 0 

**« Tjm-0 

has n o root betwee n 0 and Jir, one, and only one, root between J it and 
jjr; arnTso on. — 

These results maj' be ve rified by a g r aphical cons truction. If we 
d raw th e lines * 

" y — tau .i , i/ = x, 

their intersections will determine the values of j which make 


tan r—T. 

/ 49. The Derivative vanishes in the interval between two 
equal values oY the Function. 

If 4>(a) vanish for x = a and x = b, and if <f>'(a) be finite for all 
va lues of x between a tujd b, then (£' (j ) will vanish for some value 
of x between a and b. ' <Vv ' 

For, either <f> (,/■) is constantly zero throughout the interval 
from a to b, or it will have (Art 18) a greatest or a least value for 
some value (.r,) of x within this interval. In the former ease we 
shall have <f>' (x) = 0 throughout the interval; in the latter case 
<f>' (x t ) cannot be either positive or negative (Art. 48) and must 
therefore vanish, since it is by hypothesis finite. 

The g eom etrical statement of this theorem is that if a curve 
meets the axis of x at two points, and if the gradient is everywhere 
finite, there must be at least one* intervening point at which thfe 
tangent is parallel to tHe” axis of x. See, for example, the grapn 
of sin x on p. 28 ; also Fig. 9, p. 21. 

It is to be c ftpffnllv n oticed that, in the above argument, the 
Conditions J ihat < f>(&) and <%> (x) should each have a definit e (and 
thereiorefinite) value thr oughout the interval from x~a to x=*b 
are essential. The annexed figures exhibit various cases where the 

A K - A\ 
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conclusion does not hold, owing to the violation of one or other of 
these conditions, 

A slightly m ore general form of the theojeni of this Art. is that 
if (x) has the frame value (ft) for x = a and x — b, then under the 
same conditions as to the continuity and finitenesb of <t> (a) and 
the derived function cf>' (x) will vanish for some intermediate 
value of x. This follows by the same argument, applied now to the 
function (f> (x) — /3. 

Ex. 1. If (■'') — (x — a) (x - b), 

we have <f> (x) - 2x — (a + 6). 

Hence <£' (,<,) vanishes for .<■ \{a h), which lies between a and b. 

Ex. 2. If *(•'■) = ^ 


we have 


<t>' (■'■)- 


X COS X - bill X 


— t / x . hta,*.] 

X* '• 


Here <ji (x) = 0 for x ■ ir and .»• _ 2x , lienee <f> (x) must vanish for some 
intermediate value of x. '1 his is in agreement with Art. 48, Ex. 2, where 
it was shewn that/the equation x tan x has a root between *ir find jjir. 

✓ * 1 v<Um 4 ** L n,vr%) ^ ^ " 

50. Application to the Theory of Equations. ’ "I 1 Yl 

If *(•'■) be a rational integral function of x, then <f>{x) and its 
derivative <f>' (x) die both of them continuous (and finite) for all 
finite values of x. Hence at jeash one real root of the equation 

<t>' (x) = 0 ( 1 ) 

will lie between any tw o real ro ots of ►-*« f 

= » ^ 2 ) 

This result, which is known as ‘ Rolle’s Theorem,’ is important in 
the Theory of Equations. It is a n im mediate consequence that at 
mos t one real root of (2) lies between any two consecutive roots of 
(1). That is, the roots of (1) separate those of (2). ^ 

\jfix. 1. If <f> (x) — 4 x? - 21x* r 18x + 20, 
we have <f>' (x) - \2& — 42x + 18 = 6 (2x— 1) (x — 3). 

Hence t he real toots of <j> (x) = 0, if any, will lie in the intervals betwee n 
- ao a nd 4, j and 3, 3 and + ao , respectively. Now, for 

x = - co , l, 3, +oo, 
the signs of <f>(x) are +, — , +, 

respectively, so that <j> (x) must in fact vanish once (by Art. 9) in each 
of the above intervals. Hence there are three real roots. The figure 
ou the next page shews the graph of <f> (x). 

7—2 
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If by co ntinuous modification of the form of <f> (x), for example 
by the ad dition or subtraction of a constant, t w o roots are made to 
coalesce, the root of <f> (x) = 0 which lies between must coalesce with 
them. Hence a double root of <f>(x) = 0 is also a root of <j>' (x) = 0. 



ThiB suggests, a met hod of ascertaining the multiple roots, i f 
a ny, of a proposed algebraic equation ! If a Ki* 'ail /wold root of 
i p (x), we have 

<f>(x)=(x-a) r X {x), ( 3 ) 

where ^(j) is a rational integral function. Hence 

<f>' (x) = 0- a) r ~‘ {r x (r) + (x - a) x (■'')! J (4) 

i.e. (x — af~ l will be a common factor of </> {j.) and <j>' (x). And it 
is easily seen that (x - a) r_1 will not 1 m* a common factor unless 
(x) is divisible by (x - a) r . Hence the multiple roots of d> (x ). 
if 'any , are to be detgstmi by finding tii e" common facTors of <f> (x ) 
a rid <t>' (x) by the usual algebraical process. 

4ex. 2. If (ir)= + 4*+ 12, 

we have <j> (x) =■ 4a? — 18x+4. 

The usual test leads to the conclusion tha t a — 2 is a common fac tor 
of A tel and 6' (x) ; whence we infer that (x - 2)’ is a factor of <fr(z) . 
The remaining facto rs are then easily ascertained : thus we nna 1 f 

4> (*) = (* -2)* (*+!)(* + 3). 
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Ex. 3. 


To find the condition that the cubic 


should have a double root. 


a? + qx + r = 0 


( 5 ) 


The double root, if it exists, must satisfy 

Zx? + q = 0 or x = ± v /(- J- q ) (6) 

Substituting in (5), wo find 

r = ± l J(~ s? 3 ). or r 2 = - J r q\ (7) 

which is the required condition. 


/51. 


Maxima and Minima. 


f* 

w It 


1 v . 


A ‘ maximum ’ value of a continuous function is one which is 
greater, and a * minimum ’ value is one which is less, than the values 
in the immediate n eighbourhood, on cither side . 

More precisel y, the function <f> (.r) i b a maximum for x — x, . if 
tw o positive quantities,- e and e', can be foun d such that <f> (x 1 ) is 
greater than the value which cj>(j L ) assumes for a ny other value of 
x in the interval from x = x . — e to ,c = x t + e\ Similarly for a 
minimum. 


Since the comparison is made with values of the function in 
the im mediate neighbourhood only of x, , a maximum is not nec es- 
sa rily tKo greates t, nov a minimum the least, of all the values of 
the function. See Fig. 30. 

We will limit ourselves for the present t o the case, which 
includes all the more important applications, where <t>(x) has a 
determinate and finite derivative at all points of the range con - 
s idered . The argument of Art. 48 then sheivs that if <t> (x,) be a 
maximum or minimum, <f> (.r,) cannot differ from zero. For if it 
he either positive or negative, there will be points in the immediate 
neighbourhood of a\ for which <p (.r) will be greater, and others for 
which it will be less, thau <£(#,). Hence, in the case supposed, a 
f hgt condition for a maximum or minimum value of <b(x) is tha t 
< £’(&■) should vanish . 

This condition is necessary, but it is not sufficient . To in- 
vestigate the matter further, we will suppose t hat on each side of 
the point x . thni-A in, a certain interva l throughout which d>'(x ) 18 
altogether positive or altogether negative*. Now if <p~(x) be 
positive for all values of x between x x — e and x u <j> ( x ) will (Art. 48) 

steadily increase throughout the interval thus defined; and if 

* 

* That is, we extiudg. eases where <t> tr) changes sign an infinite number of 
t imes ‘with in any jhg Fvsl inoloclmg x^. h owever shor t. Tfie po int J — u in tne 
faoctlQnj^ptq Vs is an instan ce. “ 
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4> ( x ) be negative for all values of x between a?i and a;, + e, <f> (x) 
will steadily decrease throughout the corresponding interval. Hence 
if both these conditions hold, <fi («,) is a maximum. And it is 
evident that if the signs be otherwise, <f> (a\) cannot be the greatest 
value which the function assumes within the interval extending 
from — e to ,r, + s'. 

We may express this shortly by saying that t he necessary a nd 
s ufficient condition in order that <f> («,) may be a maximu m value 
of <j> (x) is that fijx) should change si tin from + to — as x increases 
t hrough the valu e x t . “ 

In the same way we find that the necessary and sufficient con- 
dition in order that <f> (x x ) may be a minimum val ue of <f> (,r) is that 
< b' (x) sho uld cha nge sign from — t^r^uTi c increases through the 
vahma?!. 

In ge ometrical langua ge, when the ordinate of a curve is a 
maximum ine gradient must change f rom p ositive to negative ; 
when the ordinate is a minimum the gradient must change from 
negative to positive. This is abundantly illusl rated in our diagrams; 
see, for example, Figs. 9, 13, 14, 30. 

+ Whenever the d erived function <fr ; (.r) vanishe s, the rate of 
increase (Art. 26) of the original function <j>( a) is momentarily 
zero, and the value of <b(x) is said to be already 

stated, a stationary value is not necessarily' a maximum or m ini- 
mum. for c ases may _of course o ccur in which tf>' (x) vanishes with- 
o ut changing sig n. 

At# In most cases of interes t, the derived function & (cr) is con - 
ti nuous as well as determinate (and finite ). It c an then only chiMfc e 
sign by passi ng throug h the va kiezura: and it is further evident 
from Art. 9 that the changes (if there are m ore than on e) will take 
| place from + to — . and from — to +. alternately . Th e maxima and 
| minima will therefore occur alternat ely! See Fig. 14, p. 28. 

Ex. 1. The d istance («), from an arbitrary origin, of a point movin g 
in a straight line is a maximum when the v elocity ( cin/dt) changes from 
posi tive to nega tive, and is a minimum when the velocity changes from 
negative to positive. 

Thus, in the case of a particle moving upwards under gravity, we 
have 

d* 

8 = ut — ^gt*, = u — gt. *T 

Hence cUjdt changes from positive to negative as t increases through the 
value u/g. The altitude (») is therefore then a maximum. 
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2. To find the rectangle o£ greatest area having a given peri- 
meter. 

Denoting the perimeter by 2a, tho lengths of two adjacent sides 
may be taken to be x and a-x; henco we have to find the maximum 
value of the function 

x(a-x ) (1) 

The derivative of this is a — 2s, which ch anges sign from 4 to — as x 
increases through the value \ a. The rectangle of greatest area is there 
fore a square. 

t/ex. 3. To find the maxima and minima of the function 

2? 

4>(x)~ 4 ^- 21 ^+ 18 *+ 20 ( 2 ) 

We have <f>' (r) = 12 (x- J) (x - 3) (3) 


This can only change sign when x passes through the values ’ and 3. 
Now when x is a little less than }, , the signs of the second and third 
factors arc — , — ; whilst when x is a little greater than J they are +, — . 
Hence as .<• increases through the value * , <f> (r) changes sign from + 
to — . In a similar manner we find that as x increases through the value 
3, <f>' (x) changes sign from - to +. Hence <j> (x) is a maximum when 
x = * , and a minimum when x - 3. If we substitute in (2) we find that 
the maximum value is 2-fJ, and the minimum value - 7. See Fig. 30, 

p. 100. 




<A' (•'•) = 


2 ( 1 -.^) 
(i + xj 


(i) 

( 5 ) 


This can only change sign for x ~ ± 1. As x increases (algebraically) 
through the value - 1, 1 - xr changes sign from -- to +. As x increases 
through +1, 1 — a? changes sign from + to -. Hence for x= - 1 we 
have a minimum value — 1 of <£ (x), and for x- 1 a maximum value 1. 
See Fig. 13, p. 27. 

v4r. 5. If HO-- (6) 


we have # (x) - (?) 

Here <f>' (x) is always positive, and t he function <b (aOhas no finite maxim a 
o r minim a. See Fig. 11, p. 26. 

Ex. 6. To find the right circular cylinder of least surface for a given 
v olume . 17 “ 

If x denote the radius and y the altitude, the surface is 
2ir.r a + 2w xy. 
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and if the given volume be 2r ro 8 . we have 

x ?y - 2 a 8 . 

Hence, eliminating y , th e expression to be made a minimum is 

X 

the derived function of which is 

3 (*“?)• 

This changes sign as x increases through the value a, and the change is 
from — to +. Hence * - a makes the surface a minimum ; and since y 
then — 2a, th e height of the cvlindor is equal to its diamete r. 

The reader may verify that wi th these proportions the surface i s 
1-1447... of that of a sphere of equal volum e. 

Vex. 7. To find the stationary values of the function 

Aa?+2IIx + Ji ... 

M aas* + 'Ihr + b ^ 

We have (ax 1 + 2 hr + 6) it = Ajt + 2 llx -t ll (9) 

Differentiating, and putting da dr 0, we have 

(ax + h) u = Ax+ II. (10) 

Multiplying this by x, and subtracting from (9), 

(hx + b)u = llx + Ji (11) 

Eliminating u between (10) and (11), the req uired values of r a re given 
by the roots of the quadratic 

(all - Ah) ** + (afl - A b) x + (h/l~ f/b) = 0 (12) 

If, on the other hand, we eliminate x, the stationa ry val ues of u are 
given by the quadratic ^ "* ' — - 

(ab-lt*) u*-(uB + bA- 2h//)n , AB-IP - 0 (13) 

V§x. 8. The simplest instance of a stationary value which is not a 
m Aximugh-or minimum is furnished by the tunction 

4 ... +(*)** (14) 

This majees <f> (x) - 3a?, which Spanish es , but does not chsnge sign , as a ; 
i ncreases thr ough the value 0. Hence^ai(j)7 though ‘stationary,’ is not 
a maximum or minimum for x - 0. Fig. 3 1 shews the graph of a?. 

It may occasionally happen that <j>' (x), though generally con- 
tinuous, becomes disconti nuous for some isolated value of m ; and 
ilHEKe disqontinuity be accompanied by a change of sign as x 
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increases through the value in question, wo shall have a maximum 
or minimum, by the same argument as before 



As* increases tin ougli the \ alue 0, this changes fiom — =x to + vo . Hence 
<t>(y) is a minim um for x - 0. See Fig 32. - ’ * 
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)2. Algebraical Methods. 

It is to bo noticed that some important problems of maxima 
and minima can be solved by ele mentary algebraical methods , with- 
out recourse to the Calculus. This is especially the case with 
questions involvin g Quadratic expressions. These are all easily 
treated by the method of ‘ c ompleting the squar e.’ 

Again, the solution can often In* made to depend upon identities 
such as 

{ \( x + i/Y - (x -j/ Y J i. (1) 


Thus: 


(x +y)==(.r-y) J -+ -kry 

& + if = l If* + i/Y + (.c - y)\. 


•( 2 ) 

.(3) 


. ^h e product (xy) of two p ositive mugnftu des. whose sum (x + y) 
is given, is greatest when they are equal ; 

'''The sum of two positive magnitudes whose pro duct is given is 
least when thev arc equal : 

* n x 1 3 

The sum of the sq uares of two magnitudes whose s um is given 
is least when they are equal. 


1. Thus, in the problem of Ex. 2, Art, .51, we have 
x (a — x) p<- — (x - lay. 

Since the last term c annot fall below zero , this expression has its greatest 
value (|« s ) when x - vt . 

Vkx. 2. The expression ij~ - 3x + 2, 
may be put in the form 

2« -> + 0-2 (x 

Hence the expression has the minimum value 1 , corresponding to x 

y&x. 3. To find the greatest rectangle which can be inscribed in a 
given circle 

If 2x, 2y be the sides, we have to make xy a maximum subject to 
the condition that x* + y J — a 1 , where a is the radius of the circle. Now 

2 xy = x 2 + y i -(x~ yf = d * - (x - yf, 

which is obviously greatest when x-y. Hence the greatest inscribed 
rectangle is a square. 

vKx. 4. To find the minimum value of 

a cot 6 + b tan 0, — 

for values of 6 between 0 and jy. 
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The product of a cot 6 and b tan 8 is constant, hence their sum is 
least when they are equal, i.e. when 

tan 6 - ( ajb )i. 

The minimum value of the sum is therefore 2«ibi. 

5. To find the greatest cylinder which can be inscribed in a 
frustum of a paraboloid of revolution cut off by a plane perpendicular 
to the axis. 


Supposing the paraboloid to be generated by the revolution of the 
curve 

?/“ = 4 one, (4) 

about the axis of x, then if h be, the length of the axis, and * the abscissa 
of the end of the cylinder nearest the origin, the volume of the cylinder 
is 

*y>(h x) = rtif (/* - £) (5) 

Now the su m of the quantities </ and 4 nJi - y 2 is constant ; t heir product 
is therefore greatest when they are equal, l_e. when 

// = 2 ah, or .<• = .! h (6) 

The height of the cylinder is therefore one-half that of the fmM um. 

V^3. Maxima and Minima of Functions of several Variables. 


We give a few indications concerning the ext ension of som e 
of the preceding^ re sults to functions of two or more independent 
vaTiables. 

In the first place let us seek for the maxima and minima of a 
function 

u- <f>(x,y) (1) 

A first condition is that we must have simultaneously 


d<f> 

d.v 


= 0 , 



( 2 ) 


where the differential coefficients are ‘ partial,’ as in Art. 34. For if 
u be greater (or less) than any other value of the function obtained 
by varying x, y within certain limits, u will <1 fortiori be a 
maximum (or minimum 1 when v is~kcpt consta nt and x alone is 
varied. This requires in general (Art. 51) that d<$]dx = 0. Similarly, 
« must be a maximum (or mini mum) when x is kept constant and 
y alone varies ; this requires that d(f>/dy = 0. 

As before, these conditions, tho ugh necessary, are not sufficie nt. 
The further examination of the question, in its general form, is 
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.postponed till Ch apter xv i ; but it often happens that the existence 
of maxima and minima can be inferred, and the d iscriminati on 
between them effected, b y independent consideration s! The con- 
ditions (2) then supply all that is analytically necessary. 

Vffx. To find the rectangular parallelepiped of least surfaee_for a 
given volume. 

Let x, y, z be the edges, and a 1 the given volume. Since 


xyz = a\ 


the function to be made a minimum is 
n = xy + yz + zjc 

The conditions h( : ?x = 0, dn/?y = 0 give 


,ry+ - + — . 
< x y 


(3) 

W 


x\= a a , xtf = rt J , 


the only real solution of which is x = y = a, whence, also, s- a. 

It appears from (4) that, x and y being essentially positi ve in this 
problem, there is a lower limitTIo the surface of the parallelepi ped. 
IjAnd the above investigation shews that this limit is not attaine d 
Ijun lgss the figure be a cube . 

As in Art. 52, the solutions of various problems can be deduced 
from known algebraical identities, such as 

a? + if + # - ^ {(a? + y+jY + (y ~ z)' + (z- xf + (x - yf], . . .(5) 

y z + zx + xy = x i + y i + z" - £ {(y - zf + (z - xf + (ar - y) a }. . . .(6) 
Thu^: 

. v If a straight line be divided into thr ee segments, the sum of the 
(squares o n these is lea st when the seg ments are equaTJ 

'■'’The sur face of a parallelepipe d inscribed in a given sphere 
(i? + y* + 2 ? — a*) is greatest when the figu re is a cube . 

Notation of Differentials. 

We return to the equation 


a> 


= *'<*) + a 

..a x i-l- 

of Art. 48. This is equivalent to 

8y = <f>' (#) 8x ■+ a&r. 

As 8x approaches the value 0, the second term on the right hand 
becomes more and more insignificant compared with the first, 


.( 2 ) 
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since the limiting value of <r is zero. Hence it b ecomes more a nd 
mo re nearly true th at 

B y — tf> (jr) B x (3) 

ngt-in the sense th at both sides ultimately, van ish, but in the 
sSise” that the ratio of the two sides approaches the value unity . 
In this artifi cial sens e, the last efi nation is often written in the 
form * 

* (4) 

The van ishing quantities dx. dy ar e called 1 differentials. ' * 

The student need not take exception to the above mode of 
e xpressio n, which is p urely conventional. Its U£g_ is simply to 
express Hie fact that in calculations involving tin- Quantities 8x 
a nd By. which are afterwards ma de to a pproach the limit zero, v ve 
may at any sta ge re place By b y <f>'(. i )Bx, whenever it is_plain~tKat 
the omi ssion olouantities of the secon d order will make no differ- 
ence to the accuracy of the final result. 

#5. Calculation of Small Corrections. 

The equation 8y = <f>' (x) Sj (1) 

may, mo reover, be cmnlov ed as an n p pt uxim ate formula to find 
-Ithe effect ~dh~ tho~valuo of a functi on of a small change, in the 
-ind ependent v ariable ' since (as we liav'e seen) the outstanding 
error will be merely a small fraction of provided be 

su fficiently sm all. An imp ortant practical app lication is to find 
the er ror, or the uncertainty , m a numerical result deduced from 
given data, owing to g iven emus m- uncertainties in the data . 

The above method is d efective m one resp ect, in that there is 
n o. indication of the magnitude of the erro r involved in the 
approximatio n. This is s upplied , however, by a theorem to be 
proved in Ar t. 5U . It is there shewn that b.nz.(to) 

8y = <p' {x + flSx) &r, "(2) 

where $ is some quantity between 0 and 1. Hence if A and B be 
the greatest and least \alues which the derived function assumes 
in the interval from x to ,r+ 8x, the error committed m (1) cannot 
be greater than \{A—Ji)8x . ” 

+ ' — 

w Ax, 1. To calculate the d ifferenc e for one min ute in a t able of 
logjMges. <~fV) fw bjx. 

If y - log l0 s in we hm o dyjdx = y cot x, 

and — ' 8y - ycotsBx, 

* It is on ftcooun; of the poaitio 
received the name * differential — 


.itionAbich it 
ooejnoient.' 


ooeupies in the formula (4) t hat H lx ) 





55-58] APPLICATIONS OF THE DERIVED FUNCTION ""1 1 1 

Vb£. Mean-Value Theorem. C onsequence s. 

The following very important theorem is an extension of that 
given in Art. 49. u*. AL* ; 

If a function <f>(.r) be continuous, and have a determinate 
derivative, throughout the interval from a — a to s = ft, then 

4>(b)-4>(a ) , 

- r _ a = (I) 

where uc , is some value ol' ,r between a and b. 

Consider the function 

rjt! t~-- *<?>(,-„)! ,2 




This is/ uMer tJie^OTmUtions ^tate^, continuous from a = a t 
,r = b, and it obviously vanishes for each of these values of 
Hence its derived function ~ 


T b — a 


•<3) 


must vanish for some 'value (a-,, say) of x between a and b This 
proves the statement (1). 

The mea ning of this resu lt, and the na ture of the proo f, should be 
studied. The geo metrical interpretatio n is as follows IiT the annexed 
figure, w e has e 

OA = n, OB = ft, 

/‘A = <f>(a), QB - <ft (6), 


and 


tan QFN-- -1 




l‘X 


<f> (b)_- <ft («) 
ft - n 


(4) 



Fig. 34. 
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The equation of the chord /’Qjub 






* 

as is easily verified, and the g 
difference between the ordinate- 


w 


sion (2) therefore measures the 

... ....... ... lie curve and that of-thajcijprd. 

This difference v anishes at £*sjhT 5. so "that there must"Be one "point 
at least between P and Q at which it is a maximum or a minimu m. 

vL. 


If 


we hav e 


' <b(x)^ a?, 

which is equal to the value of <f> (x) for x = fa -t b). 

This is equivalent to the statement that any chord of a paranoia is 
[p arallel to th e ta ngent at the extremity of that diameter winch bisect s 


P* 

An 


ie chord . 

The fraction 


<t>(,b)-<f> (a) 
b-a ’ 


•«*) 


that is, the ratio of the increment of the function to that of the 
independent variable, measures what may be called thc Mnean 
rate of incr ease ’ of t.he function in the interval b — a. HenciTthe 
theorem “expresses that, unde#~fcl\e conditions stated, the mean 
r ate of increase?! A Any interval is equal to the actual rate o f 
i ncrease at some point within the inte rval. 

For instance, the mean velocity of a moving point in any 
interval of time is equal to the actual velocity at some instant 
within the interval. 


Some other modes of stating the result (’ll are to be noticed. 
The fact that 7^ lies betwee n cymiL fr may be expressed by putting 

x, = a + & (b - a), (7) 

where 6 stands for * some quantity between 0 and 1.’ The precise 
value of 6 will i n general depend on the values of a and b. If we 
further write a + k for b, we get the very useVui lorm 

+(.+*)-*MI_ t . ((i + (w ' (W 

•r S ffi+%, PffiA'/fcPeit (9) 

Again, if we write x for a, and 8x for h, we havi 

B<f>(ar) = if> (x + 0Sx).Bx. -c a 

A very im portant' deduction fr om the preceding theorem it 
that if """ 

f (<c)«0 (11) 
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•f or all values of x within a certain range, then 4> (x) must be 
constant throughout that range. 


For if <f> (x) vary, let a and b be two values of x for which it 
has unequal values. The fraction 

( 12 ) 

will then be different from zero, and there will therefore be some 
intermediate value of ,r for which <j >' (./■) will differ from zero, 
contrary to the hypothesis. 

Moreover, j|^two fu nctions <j> (x) and (x) have e q ual derivat ives 
>for all values of ^"wil Inn a certain range. the\ can only differ’ bv a 
[constant. For, by hypothesis, 

<j>'(x) -yfr' (.(.) = 0 (13) 


or r !<£ (j ) - yjr (x)) - 0 (14) 

Hence <f> (,r) — ^ (.» ) = const (15) 

by the preceding ease. 

If in place of (2) we consider t he more general function 

</>(•*) -*("> ■ (1H) 

we infer that u nder analogous conditions its derived function 
, , , <h (l>) - d> («) ... 

*<'> ,)*<& < 17 > 

will van ish (or soinc value of .rj) ctwecn a a nd The result may be 
written ~ ” \. n *& ~-4r * 

<M«_t /() </>(«) <f>’ (n-i Ok) f 

x j/ (a + h) - if/ (a) if/ 1 (a + t)U ) ' ' 


Hence if 


we have' 


4 >(«) 0 , ■A(u)- 0, (19) 

tf>(it+h) .. tf>' (a + h) 

,,n * xb(a + h) ~ llni * ** xb' ( “ 0) 


This is sometimes useful in evaluating the 1 indetermina te form . 
V^7. Total Variation of a Function of several Variabl es. 

Let a = <£(.',//) (1) 

be a continuous function of x and y, and further let us suppose 
that the partial derivatives 

?? (9 \ 

dx‘ dy { ' 

are also continuous functions of x and y. 


8 
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Let Bu be the increment of u due to increments Bx and By of 
the independent variables ; i.e. 

Su = <f> (x + Bx, y + By) - <f>(x, y) (3) 

S n the geometrical r epresenta tion (Art. 34), Su is. the difference of 
ude of the two points of a surface which correspond to the two points 
( Tj y) and (x + Sx, y + Su) of the horizontal plane xvD 

Now if x alone were varied, the corresponding increment of u 
would, by Art. 56 (10), be of the form 

PSx, (4) 

where P is a certain function of x, y, and Sx. And it appears from 
the same Art., and from the meaning of a partial derivative, that 
the li miting value of P when Sx is indefini tel y di minished is 

< 5 > 

Similarly, if y alone were varied, the increment of u would be 

QBy (6) 

where the limiting value of Q, when By is indefinitely diminished, is 

Qo r& (7) 

Let us now s uppos e that the actual variatio n from x, y to 
x + Sx, y + By is made in two successive step s, in The first of which 
x alone, and in the second of which y alone is varied. T he total 
i ncrement of m will then b e 

Bu = PBx + Q'Sy, (8) 

Uwhere O ' differs from (.L owing to.. the fact that -the starting print 
lof the second variation is now (x + Bj, y) instea d of 

To find the d orm which (81 assumes when S x and By te nd 
| simultane ously to the value 0, preserving any assigned ra tio to one 
f another, we put 

Sx = ae, 8y = J3e, (9) 

where «, are constants, and e is infinitely small. We have, then, 

e,6» + «.% e.»+«js 

In virtue of the assumed continuity of the derivatives (2), P 
and Q’ tend, when e-*-0, to the limits P„ and Q„, respectively. 
Hence, the smaller S x and Bv are taken, the more nearly does ft 
1 become true that 
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. i n t he sense that the ratio of the two aides is ultimately one of 
i equality. Tins result is often expressed in the lottn ' 


, 2m , 3m , 
du — „ dtr + ^r- dn. 
3 x ay J 


.( 12 ) 


The symbols dx, dy, du a rc then called 1 differentia ls, ' and du is 
called t he < total differentia! 7 of w . 

The above re asoning may be amplifie d by writing down explicit 
\ all ies for the quantities which we have denoted by V and Q . If we 
wiif£ 

g“ = fa (.r, y), g” = fa (•'•> y\ • ( 13 ) 

we have 

r-+£j£ *,(*+«,&,„>, ^ -(W)‘ 

&r 

Q , m + {x + &r, y + OM „ (15) 

by Art. 56, where 0„ 0, are some quantities lying between 0_and 1 

J ‘ ^ 8m -(<£, + 03 y) &r \-fa(r + lx,y + 6 By) 8y. . . (16) 

Since fa, <£„ are assumed to be continuous according to the definition 
of Alt. 34, the limiting form of this equation is 

& n + sMy , (10 

which is the same as (11). 

The eouation fill shews that in the neigh bourhood of a maximu m or 
mi nimum, the variation of u isof the se cond (or higher) ord er of . sro a i l 
q uanti ties, Bi nce vve then have 

(18) 




£-»■ 


Oy 


by Art. 53 Thus, at a point .of maximum or a jnir ^m altitude on 
fa gprface tho t angent plane is in ...general hogzontal. ^ As aF&srfy 
{indicated, the con verse is not necessarily true. See Art Jl. 

The preceding theorem can be readily extended to the case of 
any number of independent variables, x , y, z\7T, Wc nave 

(19) 


. du du s 3 m j 

Su = a - Sx + ~ By + z-oz + 
ox oi j az 


ultimately* 

yf>8. A pplication to Bmall Corrections . 

The theorem of the preceding ArtTcan be applied after the 
n^anner -af Art. 55 to the calculation of small corrections. 


A— 9 
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/Ex. 1. In the case of Art. 55, Ex. 2, the total error in c, due to 
errors 8a, 8b, 8G in the observed values of the two sides and the 
included angle, is to be found from 

3 ( 0 ; 


8(^) = -g-Sn+ a - r 34+ 0{7 8C, 


(i) 

OTt A W PU 

which gives 

cSc - ( a *— b cos C) 8« + (8 - a cos C) 86 -i n6 sin CSC 1 , 

8c = cos flSri 4- cos A 8b + a sin /j8C (2) t 


or 


Ex. 2. If A be the area of a triangle, as determined from a measure- 
ment of two sides a, b, and the included angle C, we have 


A = \ab sin C, 


whence log A — log ^ + log a + log b 1 log sin C 

Hence, differentiating, 


y8\ 8<i 8b 

A a b 


cot C8(' 


..(3) 

( 4 ) 

( 5 ) 


This gives the ‘ proportional erro r,’ i.e. the ratio of the error (8A) t o 
the whole quantity (A ) whose value is s ough t. In all measurements it 
is the p roportion a l err or, r ather than, the actual magnitude, of the error, 
which is of importance. 


An i mportant poin t brought out by the investigation of Art. 57 
is that the small variations of a quantity duo to indepentlp nl: 
c auses are superposed . This follows from the li nearity of the 
expression f or Bit in term s of &r, 8y, 8 z 

Thus, in determining the weight of a body by the balance, the 
co rrections, for the buo y a ncy of tin; s ir, and for the in emialitv of the 
arm s of the b ain nee, may be calcu li) ted sepa rately, and the (al gebraic ! 
sum of the r esults tak en. The error involved in this process will be 
of the second order. 

7 - 

v 59. Differentiation of a Function of Functions, and of 
Implicit Functions. 


Another important application of the formula (11) of Art. 57 is 
to the di fferent i ation of a f unction o f functions, and of implicit 
fun ctions . ~ " 

Thus if » = <f>(r, ;/) , ( 1 ) 

where x, y are gi>tcn fimetiona of a variable, t-we have, ultimatel y, 
8u d<f> So; 
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This m ay be applied to reproduce various result s obtained in 
C hapte r ir. To conform to previous notation we may write 

V <i> («> v), 

where u, v are given functions of as j the formula (3) then takes the 
shape 



dy d<f> du d<f> dr 
dx du dx re dx 

(4) 

Thus, if 

$ ( u , v) = uv, 

(5) 

we have 

(tftjdu — r, dtf>/d v- u, 


and therefore 

d (uv) dn dv 

dx dx ^ U dx' 

(6) 

in agreement with 

Art. 30. 


Again, if 

<M m > r)^n', 

(7) 


wo have dtfr/du vu 1 ' ', dtfuco' — »' . log v, 

by Arts. 28, 42. Hence 

d . , ,dn do 

dj”)- + ( 8 > 

in agreement with Art. to (7). ^ g g 

^2°. Again, if >/ he an implicit functi on of ./• defined by the 
equation f fclj . 

<f> {.r , //) = 0 ( 9 ) 

then differentiating this equation with respect to ,/•, we have 

vcb dx ?$> dtj _ - 
* f‘j' d,r^~ fi y dx 

or £ + 0 w 

do ?;/ ox 

This is an ex tension of a result given in Art. 8 5. ' 65" 

^ 0 . G eometrical Applicatio ns of the Derived Functions. 
Ca rtesian doordina tes. 

We have seen (Art. 24) that if \fr denotes the angle which the 
tangent, drawn to_the right, at any point of the curve 

y = <\>(x\ ( 1 ") 

makes with the positive direction of the axis of x, then 


dy _ 


dx 


= tail yfr. 


■(•■*> 
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Al tile tail^CUv ttUU uuu uwi mui evu i/u'. |a/imv -• uiwv «uv haa» 

x in T and G, respectively, and if M be the foot of the ordinate, 
then TM is called the ‘subtangent’ and MG the ‘subnormal.’ 
Hence we find 

subtangeut = TM — MP cot = y -s- (3) 

subnormal = MG = MP tan y l f ” s y < ^ r > (4) 

tangent = TP = MP cosec yfr 

normal - PG _ MP sec ^ . y |l + (JVj 4 (6) 

Again, the intercepts of the tangent on the coordinate axes are 
OT - OM - TM - j 

dje 


dy 


■(T) 


0 V — TO tan yfr = y — x ^ r 

V *Ex. 1. Iu the parabola y* - 4 ax, (8) 

,we have, differentiating both sides with resjioct to sr, and dividing by 2, 

y%= 2a < 9 > 

which shews that the s ubnormal is constant a nd equal to 2a. 
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dx 2a 


2x , 


...( 10 ) 


and is therefore d ouble the abs cissa ; in other words, the origin 0 
bisects TM. ~® 


Sx. 2. In t he hyperbola 

Tnf 

we have * x^+y = 0. **'.!?'. T (12) 

_ x ' - 2*- > d 

Hence the formula) (7) for the intercepts of the tangent on the cc 
ordinate axes give 2 .r, 2 y as the value* of these intercepts, respectively 
Hence M_ bisects OT. a nd therefoie P bisects Til t i.tt. the portion o f 
th e tangent includedSjpetween the co ord i nate axes is bisected at th e 
point of contact. ' - ■*- • v - 



I''i(j. 36. 


Again, the product of these intercepts is equal to 4 xy, or 4 k*. 
Hence the area of the triangle OTU is constant and equal to W. 

dix. 3. M ore generally , in the cun e 

aPy" - const ., (13) 

we find, taking logarithms of both sides and then differentiating, 




0T = 




x ydx 
idy 


(14) 


n 

-> - X 4 — X = X. • ^ 

cue tn m * * ft 


m + n 


This makes 

Hence UP : PT=OM : UT -- * : n x = m: n (15) 
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that is, the tangent UT is divided in a constant ratio at the point of 
conta ct. 

This includes the tw o on-ceding cases In the par abol a (Ex. 1) we 
had m = — 1. n = 2 ; in the hyperbola (Ex. 2) v »j- l a n - I. 

An important physical example is that of t he ‘adiabatic* relatio n 
liet ween the pressure and the v olume of a gas, \u . 

h y n ,Y — cons t. (1C) 

"XT ' “ 

If a cune be constructed with r as abscissa and p as ordinate, the 
tangent divided at the point of contact m the ratio y I. 

Alls 4 . Ill the ellipse 

■»* ir , 


wc tind, on differentiating. 


w hence 


o 2 b ■ dr ’ 


d 'J 

dr 


b-J- 

a-,/ 


( 1 ") 


.(Id) 


The inter! opt made by the tangent on the axis of a is 

/,/n /'('/ rr i/ a-/. <r 

0T-=j -y, /=■ »•+ •/, r - 1 ,) 

i </i ,i Ir .< \ a-) j 

whence 0.1/ . UT a-. ,. (1<1) 

The lntei >.ept made by the normal is 

? G ~ J ' + y dr (* ~ !-■) x ( V’3r (20) 

where t is the eccentricity. 

M. C oordinates d etermined by a Sing le Va riabl e. 

A curve is sometimes defined by means of two equations of the 
type 

J y = x (f > (1) 

giving the com di nates m terms of a sub sidia ry v nim ble t. 

tor example, in Dynamics the coordinates of a moving particle 
may be given as functions of the time. 

If we take any convenient series of values of t, we can calcu- 
late the corresponding values of u- and y, ant so plot out as many 
points as we please on the eui ve. 

If St r, Sy, St be simultaneous increments of a, //, 1, we hav e 

\/ Sy Sy ^ Bx 

Sx St St ’ 
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. 

and therefore in the limit, when St is indefinitely diminished, 

, dy dv dx 

*»+-&-*** <» 

\/§x. 1. In th e ellipse 

x = n cos <£, y b sin <j>, (3) 

fly / dx b 

we have tan£- ^ j ^ - - - cot » (4) 

%^£r. 2. In the case of a pr ojectile mo \ ing unde r gravity , we liave 

* = a + u„K y -b 4 r 0 i - ‘yf-, (5) 

i A t dy I fa v — y f 

whence tan \p - / - * . 

at j af t / 0 

v/e2. Equations of the Tangent and Normal at any point 
of a Curve. 

If (a",?/) and (./• + &/•, y + Sy) !«• the coordinates of two 
points P and Q on a curve 

0 ) 

the coordinates of any other point on the line PQ sa tisfy the 
relation ” 

£-a ,,-y _ 

&r $y ’ 

or < 3 > 

see Fig. IS), p. 45. In the limit, when Q approaches P indefinitely, 
this takes the form 

v- y = l, JjSZ~- r) ^ 

which is the equati on of the laugent-Iine at P. 

Since the gradient oftlie n orm al is th e negati v e reniprucal of 
the gradient of the tangent, the equation of the normal is 

(? - .r) + (j? - i/) ^ = 0. (5) 

^2". If the coordinates are expressed in the fonn 

* = 4> (<). y = X (0, (fi) 

we have, from (2), at points on the secant PQ 
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The equation of the tangent at P is therefore 

= 48L 

dx dy 

dt dt 

It easily follows that the equation of the normal is 

(f-O* + <„-y>$-0. (9) 

3 U . If the equation of the curve is given in the form 

<f> (x, y) = 0, (10) 

we have, by Arts. 35, 59, 

dy _ to /to n i v 

dx ~ ~ dx/ dy v ; 

The equation of the tangent is therefore 

(t .(«> 

This follows also immediately from the fact that for an infinitesim al 
dis placement of P alone the curve we have £<j> = 0, o r 

a*) 

Since, from (2), 

B .r : By = ^ — x : n — u. (14) 

the form (12) results. 

The equation of the normal is 

t<j> d<f> 

dx dy 

Ex. 1. In the parabola 

y“=4(w (16) 

we have dy 2a. 

dx y ' ’ 

The equation of the tangent is therefore 

= it-*), ( 18 ) 

which r educes, by (16), to the usual form 

yy = 2ft + *) (19) 
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Ex. 2. If the coordinates be given in the forms 

x = at?, y = 2 at (20) 

the formula (8) for the tan gent gi ves 

~ = ^ (21) 

8 V yC 

which reduces to ' 

vf = — + xt 7 (22) 

t — 

The equation of the normal is 

( £ — x)t+ i) - y = 0, (23) 

or t( + i] = a t 3 + 2 at. (24) 

Since this is of the third degree in t, thre e real or imaginary norma ls 
can be drawn from any arbitrary point ((, rfc ' ~ 

\JBfx. 3. The eqnation of the tang ent ul any point of the central 
conic 

A x* + 'ilJj-y + B,,* r-. 1 (25) 

is, by (12), 

(( - x) (Ax + II y) + (y-y) (Hx ^ By) =0, (2«) 

or (A x + Ify) £ + (1 1 x + By) it ~ 1. 12 7) 

\^3 . P olar Coordinates. 

Let P . P be two neighbouring points on a curve, and let r, 0 
be the polar coordinates of P, and r + Sr, 0 + SO those of P'. If 
we join PP', and draw PjV perpendicular to OP', we have 

PN = OP sin POX = r sin S0, 
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When §0 is indefinitely dim inished, the ratio of B in 80 to 80 tend s 
to the limiting value unity, and 1 - cos 80, = 2 sin* jSff, iB a small 
quantity of the second or der. Hence we may wri te 

tan = p ,jr = + *,- L (1) 

where a is a quantity whose limiting value is zero. Hence ulti- 
mately, when /^coincides with P, we have, if <f> denotes the ang le 
w hich the tangent to the cu rve at P, drawn on the side of 0 
in creasing, makes with the positiv e di r ection of the ra di us vec tor, 

l Um * " \lr < 2 >* 

Here 6 is regarded as a function of r. If r be regarded as a 
function of 6, the formula is 

. , 1 dr 

/ 4 ' , ,!f <» 

Ex. I. In the circle r - in sin 0 (4) 

we ha\ e log r = log in s log sin 6, 

1 dr 

and therefore -cot 6, 

r ilt) 

whence cot <f> — col 6, or tf> 6 (5) 



* The argume nt, which is an application of a princinle stated jnArt 9,a mft y 
be amplified as follows, we bavo, exactly, 


tan PP'O . 


r sin 49 . 
4 m 2rsm 2 J49 


49 sin 49 

r s7‘ ~iJ~‘ 


and the limiting valttp'ttf this i» evidently rd0fdr. 


t r 50 bid A80 . . ’ 

1+ 47- jw,- 8in j M 
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y /v_' ffa) 

YTSx. 2. When the radius vector of a curve is a maximum or a 
minimum, it is m general normal to the curve. 

For if dr/dO = 0, we have cot - 0, or tft - **-. 

^Sx. 3. If the normals to a curve all pass through a fixed point, 
the curve must be a circl e. A- = t cmS* - 

For, by hypothesis, if the fix ed point be ta ken as_pole, we have 
= ^ir, and thei efore d rjdO - (I, for all values of 6. Hence r - const. 

T* r/ 0 = ^ ^ 

n * C EXAMPLES. XV. 

1 Veiify the theorem of Ait. 4'J in the following cases 
(1) <j>(x) (x — rt)’“ (j - Ij)", 


(2) </>(a)^log 


jtr + oh 


(3) </>(a) - 


° (a + b) i ’ 
- It) 


2. Prove that the cuives 

y , 9t- - 4 1 — 12, 

and i/ ~.i 4 -a'-3»- i on -2, 

touch the axis of x , and find wheie they out it Tiace the cuives 

/3 Prove that when i uu leases thiough a loot of d>(i.) -0, 
and <f>' (x) will have opposite signs just lieioie, and the same sign just 
after, the passage Does this hold m the case of a double loot 2 

/ 4 Tf, for o'- j 0, <j> (r) ' a, 


and, for x > a, <f> (x) = a - . 

whilht for x - a, - 0, 

prove that <f> (x) and <£’(») aip continuous fioni a _ 0 to x = x> Trace 
the curve y 

✓5- Examine whether the equation 

■r 1 - 12 1 +16 0 

has double roots. Diaw the giaph of the function on the left-hand 
side. 

6. Shew that the curve 

y - 8a 1 - 44 jc“ + 7Sx — 45 
touches the axis of x ; and find where it cuts it. 
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Also find tho points where the tangent is parallel to the straight 

line 

2je + y = 0. 

Sketch the curve. 

7. Determine the coefficients A, Ji, C, D so that the curve 
y Aj? + Bj? + C'a;+ D 

may pass through the point (- 2, 8), touch the axis of as at the point 
(2, 0), and have its tangent parallel to the axis of a! at the point for 
which x = - 1 . 

✓8. Prove that the expression . 

(js — 1) «■* -i 1 

is positive for all positive values of a-. 

*/9. Prove that sin j lies between 

x-lar' and -r - Jar' + , J 0 x\ 

Alsi, that cos* lies between 


1 - 1 X s and 1 - 1 jr -t ^ a*. 
^.0. Pton« that, if a- 1 < \ , Uvg (L + s) lies. VveWefevv 
y x - 1 x" and x - * .c* + J a.- 3 . 

11. Prove that, if a 3 < 1, tan*' x lies between 
.r- Jar* and x- J.c'-t Jar’. 


EXAMPLES. XVI. 

(Maxima and Minima .) 

1- Prove that in the rectilinear motion of a point, the velocity is 
a maximum or a minimum when the acceleration changes sign. 

Illustrate this from tiie simple-harmonic motion 
k -- a cos nt. 

2. Find the maxima or minima of the function 

* 4 -8r 8 + 22r*-2 he+ 12. 

3. Prove that the function 

h? - 3ar - 36as + 10 

is a maximum when x -= — 2, and a minimum when x * 3. 

4. The function - 18*® + 27*- 7 

has no maxima or minima, 

5. Find the stationary points of tho function 

a* -5s*+ 5®*+ 1, 
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and examine for which of them the function is a maximum or 
minimum. 

6. Prove that the function 

lOa* -12^ + 15 x 4 - 20ar* + 20 

-has a minimum value when x = 1, and no other maxima or minima. 

7. Examine whether the equation 

aP-xt — ljp-Zx — S-i) 

has a multiple root. Find the stationary points of the function on the. 
left-hand side, and sketch its graph. 


8. Prove that the curve 

y-X 4 — 2 x' — 3.c- e lx + 4 

touches the axis of x at two points ; and find its maximum ordinate. 
Sketch the curve. 


9. Prove that the function 

x y! (a.c - X s ) 

is a maximum when x = Jo. 

10. Prove that the function 

(x — 1 )- 

(* + 1 Y 

has a maximum value .f-, and a minimum value 0. 

11. Prove that the expression 

1 + x + 

1 - x + ar 1 

has a maximum value 3, and a minimum value 


12. The function 


.r(x*+l) 

** — **+ 1 

has a maximum value 2, and a minimum value 


13. The function 


x (x* — 1 ) 
a* 4 - a? + 1 


has two maxima, each ~ J, and two minima, each = — \ - 
14. Find the stationary points of the function 
as 4 + 22j j + 9 

and draw its graph. [The stationary points are given by x? = 1, 3, 9] 
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15. Find the stationary points of 

5jr — 18x + 45 

\r-9 

and sketch the graph. 

18. The function , '* . 

(<i + x) (ft + x) 

is a maximum when x- s /(«ft), and a minimum when x- — J(ab). 

17. Prove that the function 

wij (x-- j-,)- + hi., (x - x,f x . . + m„ ( x - .«•„)* 
is a minimum when 

»>»,»•, + m.j.r, + . . s 

irt, +»!»+.. + «i„ 

18. Tlie velocity of waves of length A on deep water is pro- 
portional to 

s/(M)- 

where n is a certain linear magnitude ; prove that the velocity is a 
minimum when A = a. 

19. If the power required to propel a steamer through the water 
vary as the cube of the speed, the most economical rate of steaming 
against a current will be at a speed equal to 1 \ times that of the 
current. 

20. A copper wire is required to carry a given current from 
one electiieul station to another. Prove that the most economical 
diameter of the wire is that which makes the inteiest on the cost 
equal to the value of the energy lost in heating the wiie. (The rate 
of loss of energy varies inversely as the cross-section ) 

21. The daily expenses of a steamer consist of wages, interest, on 
capital, and coal. If the rate of coal consumption vary as the culm of 
the sjmed, show that if a voyage be performed at the most economical 
speed, tlie cost of coal will bo half the amount of wages and interest. 

22. Two ships are steaming, one directly towards, tlie ether 
directly from, the same port, on courses making an angle of 00“ wdth 
one another; and their speeds are as 2 : 1. Prove that at the instant 
when they are nearest one another their distances from the port are as 
4:5. 

23. The force exerted by a circular electric current of radius a on 
a small magnet whose axis coincides with the axis of the eirelej 
varies as 

x 

{a* + x?) % - ' 

where x is the distance of the magnet from the plane of the circle. 
Hence prove that the force is a maximum when x = £o. 


1 *-- 1 , 9 ] 



EXAMPLES 


129 


*24. Prove that the expression 

a cos 0 + b sin 0 

has the extreme values + J(a 2 + i a ). 

25. Prove that sin (0 — a) cos (6 - /3) 
is a maximum or a minimum when 

0 = l (a + fi) + jir + \inr, 
according as n is even or odd. 

26. The inclination of a pendulum to the vertical, when the re- 
sistance of the air is taken into account, is given by the formula 

0 ae~ u cos ( ill i e) ; 

prove that the greatest elongations occur at equal intervals irjn of 
time, and that they fotiu a series diminishing in geometrical pro- 
gression. 

27. Find the maximum oidinate of the curve 

// - u>- , 

Trace the curve. 

28. The curve >j = .» log r 
has a minimum ordinate •M78.... 

Trace the cui v e. 

29. Prove that the ratio tit' the loganthm of a number (x) to the 
numbei itself is greatest when .i = <•. 

30. Prove that if a b the expression 

a cosh ,c + h sinh .<• 

has the minimum value s '{«~ - 6 J ), but that if a - b it has neither a 
maximum nor a minimum. 

31. Prove that the function 

cosh x + cos x 

has a minimum value when x- 0, but no other maxima or minima. 

32. Prove that the function 

* cosh x cos x 

has a maximum value when x - 0, a minimum value when ,x = Jir 
(nearly), and a series of alternate maxima and minima covresponding 
to x -nir + Jir, approximately, where n— I, 2, 3 ... 

33. Find the maxima and minima of the functiou 

cosh x + cos x 
1 + cosh* cos*' 


L. 1. C. 
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EXAMPLES. XVII. 

(Geometrical Problems.) 

1. The rectangle of least perimeter for a given area is a square. 

2. The rectangle of given perimeter which has the shortest 
diagonal is a square. 

3. The greatest rectangle which can lie inscribed in a given 
triangle has one-liaif the area of the triangle. 

4. A rectangle is inscribed in a right-angled triangle, so as 1 o have 
one angle coincident with the right angle ; prove that its area is a 
maximum wheu the opposite corner bisects the hypothenuse. 

.Shew also that under the same circumstances the perimeter of the 
rectangle has neither a maximum nor a minimum value. 

5. Find the rectangle of greatest or least perimeter which can be 
inscribed in a given circle. 

6. If through a given point A within a circle a chord PA Q lx* 
drawn, the sum of the squares of the segments PA, A(J is least when 
the chord is perpendicular to the diameter through A, and greatest 
when the chord coincides with the diameter. 

7. Given a fixed straight line, and two fixed points A, li outside 
it, it is required to find a point P in the straight line such that 
AP' + PH 1 shall lie a minimum 

8. Find the square of least area which can be inscribed in a given 
square ; and the square of greatest area which can be circumscribed to 
a given square. 

9. A quadrilateral APQB is inscribed in a segment of a circle, 
AB being the base of the segment. Prove that when the area is a 
maximum 

AP — PQ = ()B. 

10. A straight line drawn through a point (a, l) meets the (rect- 
angular) coordinate axes in P and Q, respectively ; prove that the 
minimum value of OP + OQ is 

a + 2 J(ab) + b. 

11. A straight line is drawn through a fixed point (a, b) ; prove 
that the minimum length intercepted between the coordinate axes 
(supposed jrectaugular) is 


( a l + &S)i 
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12. A rectangular sheet of metal has four equal square portions 
removed at the corners, and the. sides are then turned up so as to form 
an open rectangular box. Shew that when the volume contained in 
the box is a maximum, the depth will be 

l {a t b - J(n--ab + 6% 

where a, b are the sides of the original rectangle. 

13. At what distance from the wall of a house must a man whose 
eye is 5 feet from the ground station himself in order that a window 
5 feet high, whose sill is 20 feet from the ground, may subtend the 
greatest vertical angle ? 

14 It is required to cut front a cylindrical tree-trunk a beam of 
rectangular section of maximum flexural rigidity; prove that the 
breadth of the section must be ' the diameter, and its depth -866 of the 
diameter. (Assume that the flexural rigidity varies as the breadth and 
as the cube of the depth.) 

15. A straight road runs along the edge of a common, and a 
person on the common at a distance of one mile from the nearest point 
(J) of the road wishes to go to a distant place on the road in the least 
time possible. If his rates of walking on the common and on the road 
he 1 and 5 miles an hour, respectively, shew that he must strike the 
road at a point distant 1?, miles from A. 

16. Find at what height on the wall of a room a source of light 
must he placed in order to produce the greatest brightness at a point 
on the floor at a given distance a from the wall. (Assume that the 
brightness of a surface varies inversely as the square of the distance 
from the source, and directly as the cosine of the angle which the rays 
make with the normal to the surface.) 

17. Two particles P, Q describe fixed straight lines intersecting in 
O, with constant velocities it, r. Prove that if .1, /> bo simultaneous 
positions of the particles, and if OA - a, Oli- b, _ A OB - u>, the dis- 
tance PQ will he least after a time 

an + hv — (nr ■*- bu) cos u> 

« J — 2«e cos to + (■-' ’ 

and that the least distance will be 

(nr ~ bu) sin u> 

^/(« a - '2itv cos ci> + i’ 2 ) ' 

18. Provo that the greatest rectangle which can be inscribed in a 
segment of a parabola hounded by a chord perpendicular to the axis 
has a length equal to rj that of the segment. 

19. The greatest rectangle which can be inscribed in a given 
ellipse has its diagonals along the equi-conjugate diameters. 


9—2 
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20. If the length of a tangent to an ellipse intercepted between 
the axes be a minimum, the tangent is divided ut the point of contact 
into two portions equal to the semi-axes of the ellipse, respectively. 

21. If a tangent to an ellipse includes with the principal axes 
(produced) a triangle of minimum area, it is parallel to one of the equi- 
conjugate diameter**. 

22. A circular sector has a given perimeter ; prove that the area 
is a maximum when the angle of the sector i.s 2 radians, and that the 
area is then equal to the square on the radius. 

23. If a triangle have a given base, and if the sum of the other 
two sides be given, the area is greatest when these two sides are equal. 

24. A quadrilateral has its four sides of given lengths, in a given 
older ; prove that its area is greatest When it can be inscribed in a 
circle. 


EXAMPLES. XVIII. 


[The following results may l>e assumed : 

(1) The c urved surface of a r ight circular cylinder of height A 

and radius a is 2-nlJT; + £7T»> 

(2) The volume of the same cylinder is mi J /i ; 

(3) The curved surface of a right circular cone of height h, 
base-radius a, and slant side / i** irn! ; 

(4) The volume of the same rone is \n cfh . 

(5) The surface of a sphere of radius a i.s 4m** ; 

(6) The volume of the same sphere is Jiro’.J 

1. The cylinder of greatest volume which ran be inscribed in' a 
given sphere has a volume equal to '5773 of that of the sphere. 

2. The cylinder of greatest superficial area which can be inscribed 
in a given sphere has a surface equal to 8090 of that of the sphere. 

3. The cylinder of greatest volume for a given superficial area has 
its height equ.d to the diameter of the base, and its volume is '8165 of 
that of a sphere having the given superficial area. 

4. Find the cylinder of least surface for a given volume ; and 
prove that the ratio of its surface to that of a sphere of equal volume 
is 1145. 


5. Find the proportions of a thin open cylindrical vessel in order 
that the amount of material required may be the least possible for a 
given volume. 

[The height must equal the radius of the base.] 
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8. A cylinder is inscribed in a right circular cone : prove that its 
volume is a maximum when its altitude is J that of the cone, and that 
its volume is then J that of the cone. 

7. If a cylinder be inscribed in a right circular cone the curved 
surface is a maximum when the altitude of the cylinder is J that of the 
cone. 

.Shew also that the total surface of the cylinder cannot have a 
maximum value if the semi-angle of the cone exceeds 26° 34' [=tan -1 i], 

8. The cone of greatest volume which can be inscribed in a given 
sphere has an altitude equal to j the diameter of the sphere. 

Prove also, that the curved surface of the cone is a maximum for 
the same value of the altitude. 

9. If a right circular cone lie circumscribed to a given sphere, its 
volume will he a minimum when the altitude is double the diameter of 
the sphere. Shew also that the semi vertical angle will he 19° 28' 
[= sin- 1 

10. The right circular cone of greatest surface for a given volume 
has an altitude equal to Ji times the diameter of the hase. 

II From a given circular sheet of metal it is required to cut out 
a sector so that the remainder can be formed into a conical v essel of 
maximum capacity; prove that the angle of the seet-n removed must 
be about 66". 

12. An open lectangular tank is to contain a given volume of 
water, find what must lie its proportions m order that the cost of 
lining it with lead may be a minimum. 

[The length and breadth must each he double the depth.] 

13. Given the sum of three concurrent edges of a rectangular 
parallelepiped, find its form in order that the surface may lie a 
maximum. 

14. Prove that the parallelepiped of greatest volume which can be 
inscribed in a given sphere is a cube. 

15. Prove that the rectangular parallelepiped of greatest volume 
for a given surface is a cube. 

18. If a triangle of maximum area be inscribed in any closed oval 
curve the tangents at the vortices are respectively parallel to the 
opposite sides. 

17. If a triangle of minimum area he circumscribed to a closed 
oval curve, the aides are bisected at the points of contact. 

18, The triangle of maximum area inscribed in a given circle is 
equilateral ; and the triangle of minimum area circumscribed to the 
circle is also equilateral. 
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19 . A polygon of maximum area, and of a given number (n) of 
sides, inscril>ed in a given circle is regular; and a polygon of minimum 
area, of n sides, circumscribed to the circle is also regular. 

20 . Assuming that the rectangle of greatest area for a given 
perimeter is a square, explain how it follows immediately that the 
rectangle of least perimeter for a given area is a square. 

What inferences can be drawn in like manner from the results of 
Examples 1 3 and 1 5, above 1 

21 . The polygon of n sides, which has maximum area for a given 
perimeter, or minimum perimeter for a given area, is regular. (Assume 
the result of Example 24, p. 1 32.) 

Hence shew that the figure of maximum area for n given perimeter, 
or of minimum perimeter for a given area, is a circle. 

• 22 . By the regulations of the parcel post, n parcel must uot 
exceed six feet in length and girtji combined ; prove that the most 
voluminous parcel which can be sent is a cylinder 2 feet long and 
4 feet in girth, and that its volume is 2-516 cubic feet. 


EXAMPLES. XIX. 

(Small Variations.) 

1. Prove that in a table of logarithmic tangents to base 1(1 the 

difference for one minute in the neighbourhood of 00° will be -00029, 
approximately. * 

2. The height h of a tower is deduced from an oWr\ ation of the 
angular elevation (a) at u distance a from the foot; pro\e that the 
error due to an error 8a in the observed elevation is 

8 h — a sec 3 a 8«. 

If <z= 100 feet, <i 30°, and the error in the angle be 1', prose th it 
8/i = • 47 inch. 

3. Find the cube root of 101, having given that the cube root of 

100 is 4-6416. |4-G570.] 

4 . Having given log, 10 - 2-3020 find an approximate value of 

log, 101. (4 6151.]- 

5. In a table of anti-logarithms (// = 1 O') the entry opposite -4 is 
2-511886; find the anti-logarithm of ■4000.’) (/i - -134294). 

(2-512176.] 

6. An angle is to he found from its log-tangent. Find in seconds 

of arc the error in the angle due to an error of -0001 in the calculated 
log tangent, the angle being in the neighbourhood of 30°. [20*6".] 
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7. Prove that in a table of log-secants to base 10 the difference for 
one minute in the neighbourhood of 30° is ‘00007, nearly. 

8. Having given cosh 5 = 74 ‘2099, calculate the value of cosh 5 ‘001. 

[74-2841.] 

9. Having given tanh *5 - -4G212, find tanli ‘501. [‘46291.] 

10. Prove that if <f> (x) be continuous and differentiable, except 
for x—x lt when it becomes infinite, then <f>‘ (a 1 ,) is also infinite. 

11. 1 n a tangent galvanometer the tangent of the deflexion of 
the needle is proportional to the current; prove that the proportional 
error in the inferred value of the current, due to a given error of 
reading is least when the deflexion is 45°. 

12. The distances (x, x) of a point on the axis of a lens, and of 
its image, from the lens, are connected by the relation 

1 4- I- 1 • 
x x ~f ’ 

prove that the longitudinal magnification of a small object is (,c x)\ 

13. A crank OP revolves about 0 with angular velocity <u, and a 
connecting rod PQ is hinged to it at P, whilst Q is constrained to 
move in a fixed groove OX. Piove that the velocity of Q is o>. OR, 
where 11 is the point in which the line QP (produced if necessary) 
meets a perpendicular to OX drawn through 0. 

14. If the deusity (#) of a body be inferred from its weights 
(If, 11") in air and in water respecth ely, the proportional error due to 
errors 8 IV, 8 If" in these weighings is 

&< 11" sir _8JT * 

7~‘ ir- ir - ir + ir- ir • 

15. The radius r of a splieie is found by weighing it in air and in 
water. Prove that the proportional error, due to small errors in these 
weighings, is 

s, jnr.-jsir, 

r 3 (IT, - 117)’ 

where Iff,, If], are the weights in air and water, respectively. 

16. The error in the area (S) of an ellipse due to small errors in 
the lengths of the semi-axes a, b is giion by 

8S 8a 8b 

S <t + b 
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18. If the area (A) of a triangle be computed from measurements 
of one side (o) and the adjacent angles (B, 0), shew that the pro- 
portional error in the area, due to small errors in the measurements, is 
given by 

84 > r 8# b SC 
A a a srn B a sin (' 

Also, verify this result geometrically. 

19. The area A of a triangle is calculated from the lengths of the 
sides a, b, e. If a be diminished, and b increased, by the same small 
amount a, prove that the consequent change in the area is given by 

SA '2 (a- b) a 
A <" - (ti - by ' 


20. The altitude of a triangle is computed from measurements of 
the base a and the base-angles B, C. if small errors SB, SC he made 
in the angles, the consequent propot tional error in the altitude is 


sin t' sin B 

, - . ., bb 4 . , . 

sin A sin B sin A sin ( 


21. Tf a tiiangle ABC lie slightly varied, hut so as to remain 
inscribed in the same circle, prove that 

Set hb &* . 

cos .1 cos B cost 


22. If A BCD be a defoimahlu plane quadrilateral of jointed rods, 
mid if x, i/ be the lengths of the diagonals AC, BD, the infinitesimal 
variations of these lengths are connected by the relation 

sin A sin C . x&j + sin B sin /) . y6y = 0. 


EXAMPLES. XX. 

(Geometrical Applications.) 

1. Prove that the condition that the tangent to a curve should 
pass through the origin is 

y_dy 

x dr' 

2. Prove that the straight line y- 2# - 1 is a tangent to the 
curve 

y — 3? — * + 1 . 

3. Prove that the straight lino y - 2x - 1 touches the curve 

y - x* 4 - 2 r 2 3 - 3 or - ‘2x 4- 3 


at two distinct points. 
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4. Prove that the curve 

y- a? - -t 1 Saf* - 1 la- e 4 

touches the straight line y = x twice ; and find the abscissae of the 
points of contact of the remaining tangents from the origin. 

5. Find the points on the curve 

y — x? — (5 jr' + 1 3^ — lOv + 5 

where the tangent is parallel to y-‘2x; and prove that two of these 
points have the same tangent. 

6. Find the equations of the tangents which can be drawn from 
the origin to the curve 

y = 4ar* — 1 2 -c* + 9 ,/ 1 - 'It. 

Also find where the tangent is paiallel to the axis of j (live a 
figure. 

7. Prove that the perpendicular drawn from the foot of the 
ordinate to the tangent of a curve is 



lienee shew that in the catenary y <• cosh x c this perpendicular is 
constant. 

8. Prove that the perpendicular from the oiigm on the tangent is 

(»-*£)- {‘-O')'} 1 ' 

Verify that in the circle 

y ± J{»- - <“) 

this perpendicular is constant, and that in the rectangulai hyperbola 

. . , 'IP 

it is equal to 

«./(•' + ir) 

9. *In the exponential curve (Fig. 21, p. 77) 

y b> r ", 

the subtangent is constant, and the subnormal is y* a. 

10. In the catenary y-c eosli x jc, 

the subtangent is c cotli arc, the subnormal is \e sinh 2.v c, and the 
normal is y*/c. 

11. The subtangent of the curve 

y n = a n ~ t r 

is nx. 
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12. Prove that the curve 



touches the straight line 



at the point ( n , b), whatever the value of n. 


13. In the curve of sines 

y=b sin , 

the subtangent is ata,nx/n, the subnormal is \lr a . sin 2,r a , and the 
normal is 

, . !(, b " 1 „X\ 

a v \ n- ii/ 

14. Prose that the curses 

y - >•-“* sin fix, y - e -oje 

touch at the points for which fix '2vir + 'it, where n is integral. 
Sketch the curves. 


15. Prose that a pair ot straight lines can be ill assn tlnough the 
origin, each of which touches all the curses obtained bv giving r 
different values in the equation 

y - c cosh . 


16. If a curve he constructed with the velocity ( r) of a moving 
point as ordiuate, and the space deserilx-d (-.) as abscissa, the accele- 
ration will be represented by the subnormal. 


17. Tf a curs'o be constructed svith the kinetic energy ( 1 mr 1 ) of a 
particle as ordinate, and the spate * as abscissa, the force ssill in; 
represented by the gradient of the curve. 


18 Prove that the equations of the tangents to the curves 


X y n 

.!/"= (l „ + f jH 1 

may he put in the forms 

VUi = W-' J (" - 1) *.}. = h 

respectively, 

19. Tangents are drawn to a conic < f> (x, y)— 0 parallel to y - mr c ; 
prove that the equation of the line joining their points of contact is 

9< ^ . o 
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20. Chords of a closed oval carve of finite curvature are drawn 
parallel to a fixed direction ; prove that there is at least one chord of 
the system such that the tangents at its extremities are parallel. 


21. Prove that in the ellipse 

x = a cos (6 + a), y = b cos (0 + /?) 

the tangent at the point (9, will he parallel to the radius drawn to the 
point if 0 1 - = ± \ir. 

2?. Find the values of 6 corresponding to the principal axes 
of the ellipse 

x - a cos 0 + a sin 0, y-b cos 6 + 1>' sin fi. 


L « > ft- — a - — b - J 


23. Prove that the condition that the normal to the curve 

<t> (•'■> !/) = 0 

should pass through the origin is 

dd> 

x * - y ' r - ». 

3 .y J S.r 

Deduce the equation of the principal axes of the conic 
Jar + 'illxy + fly- - 1. 

24. Prove that if b> ia three real normals can he drawn fio in the 
origin to the parabola 

jr = In (y + ft). 

25. Find the intercepts made on the coordinate axes by the 
normal at any point of the rectangular hyperbola 

/- - y 2 -- u - ; 

and prove that the difference of their squares is constant. 


26. Prove that the equation of the tangent to the hyperbola 

x — kt, y — k t 

is x + fly = -kt. 

27. If t n t + y t -n l . prove that x* - </* is a maximum when x — ±y. 
Trace the curve ; and prove that its greatest radial deviation from the 
circle .fl ■+ y- = a," is ’189a. 


28. Prove that in the parabola 

r< 

' sin 2 hO ' 

the focus being pole, 

and hence shew that the tangent makes equal angles with the focal 
distance and the axis. 
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29. Two adjacent points P, P on a curve being taken, Btr&igbt 
lines PJi, PR are drawn at right angles to the radii ; prove that the 
limiting value of PJI, when P coincides with /', is drjdQ. 


30. If <f> be the angle which the tangent to a curve makes with 
the radius vector drawn from the origin, prove that 


tan - 


r 


dy 

(La 


-y 


x + y 


dy' 

dx 


31. Prove that in the rectangular hyperbola 

r- cos 26 a" 


the lines bisecting the angles between the radius and the tangent are 
constant in direction. 


32. Pro\ e that the equation of the tangent to a curve 

l -/<«) 

at the point. 6 a is 

- -./"(a) cos (6 a) i-y'(a) sin (6- a). 

Ilcnce prove that the equation of the tangent to the eonic 

l 


1 + e cos 6 



CHAPTER Y 

DERIVATIVES OF HIGHER ORDERS 


64. Definition, and Notations. 

If y be a function of x, the derived function dynh will in general 
be itself a differentiable function of x. The result of differentiating 
dyjdx is called the ‘ second differential coefficient,’ or 1 second 
derivative.’ If this, again, admits of differentiation, the result is 
called the ‘ third differential coefficient,’ or ‘ third derivative ’ ; and 
so on. 


If we look upon djdx as a symbol of operation, the first, second, 
third, ..., nth derivatives may be denoted by 


d 

dx 


(£)’•»• C?J" Oaf- 


> 1 , 


respectively. The more usual forms are 

dy d*// d'y d“y 
dx’ d.i~ ’ dx* ’ ”’ dx H ’ 


which may be regarded as contractions of the preceding, although 
(historically) they arose in a different manner. 

Again, writing 1) for djdx, as in Art. -5, we have the forms 
Dy, Wy, D s y D"y. 

If y=<f>(x), 

the successive derivatives are also denoted by 

*». fw. <T(4 4> {m (•*')• 

Occasionally it is convenient to adopt the briefer notation 

a', y'\ jr.-r- 

There are a few cases in which a general expression for the nth 
derivative of a function can be found. The more important of 
these are given in the following examples. 
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Ex. 1. If 

y- A 0 + A,r+ A. 1 ai l + A,** + ... +A„x v> , 

we 1 ih\ e 

Dy — A, +2A a .r+ 3 A s j? + ... + tnA m j’ m ~', 

D*y- 2 . 1A S + 3 . 2Aj i ... + »i (nt — 1) 

D"y -m (to — 1) (m — ’2) ... 2 . 1-1*, 
and therefore D m ^y = 0, H m ' -y - 0, Wc 


•(») 


■■■(*) 


.(3) 


Hence tlie with derivative of a rational integral function of the /«th 
degree is a constant, and all the higher derivatives vanish. 


Ex. 2. If y -- > u 

we have Dy-ke lc , D-y - A-V*-', ..., 

and, generally, D“ y - k" c* ' 

Hence, putting k — log a, we have 

D n a* (log a)" a 1 

Ex. 3. if y - sin fix, 

we hat e Dy - ji cos />V, D-y . — (2~ sin fix. 

D'y - — fi" cos fix, D*y fi* sin fix, 

aud so on. 

Otherwise, we have 

Dy - (3 sin ( fix + 1 ir), 

and therefore D'-y - fS i sin {fix + ’ rr -> ir), 

and, generally, D"y - f3" niu(fix -I ( nir) 


Ex. 4. If 


y cos fix. 


we have 

and so on. 

Or, 

whence 

and, generally, 


Dy - — 1 3 sin fix, D‘y - - fi 1 cos fix, 
IPy — /3 s sin fix, D*y - fi* cos fix, 


Dy - fi cos (fix + .1 ir), 

D*y - /?• cos ( fix + 1 ir t - 1 ir), 
D" y - fi" cos (fix + * n ir). 


Ex. 0. If y = fi ° z cos fix, 

Dy = e°* (a cos fix-fi sin fix), 
jjiy _ gax j ( a 3 _ ^) cos y 3 x _ 2a/J sin /ic) . 


( 4 ) 

■CO 

■( 7 ) 

■(«) 


.(9) 

( 10 ) 

(U) 


( 12 ) 

(13) 

( 14 ) 


we find 
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Similarly, if 
we have 


y = e ax sin fix, 

Dy = e** (a sin fix + /3 cos fix), 

D 2 y - e** {(a 3 — fi 1 ) sin fix + 2a fi cos fix}. 


..(15) 

..(16) 


General formulas may be obtained, in these cases, by putting 

a-rcosO, fi = r bin 0 (17) 

This makes D . e** cos fix - e°* (a cos fix — fi sin fix) 


= re** cos (fix + 6), 

and by repeated application of this result we find 

D" . e“*cos fix _r*r" cob(fix + nO) .. . . . (18) 

Similarly D" . <■** sin fix - r‘‘ < ** sin (fix + nti) (lit) 

Ex. C. If ;/=loga: (20) 

we have Dy =- x~\ D-y = — x ~, D'y- — 1 . — ..., 


and, generally, D n y = - 1 . - 2 . - 3 ... ( « — 1 ) x' n 


65. Successive Derivatives of a Product. Leibnitz’ 
Theorem. 

If it, v be functions of x, we have by Art. 31 (20), 

D(uv) = Du .r + u . Dv (1) 

If we differentiate this again, we have 

D- (uv) = D (Du .r)+D(u. Dv). 

Now, by. the rule referred to, we have 

D (Du . r) = D 3 !! . v + Du . Dv, 

D(u . Dv) = Du .Dv+u. D-v, 

whence D % (uv) = D^u .v + iDu . Dv + a . D-v. (2) 

The general formula for the nth derivative of a product is 

D" (uv) = D" u.v + n D n ~ 1 u. Dv + n y- x - ^ D ,l-S « . D* v + . . . 

+ n Du. D n ~ l v + u . /)" r, (3) 

the coefficients being the same as in the Binomial Theorem. This 
formula is due to Leibnitz. 
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To see the truth of (3), consider the process of formation of the first 
few derivatives of uv. Using the accent notation, we have 

D ( uv ) — u'v + uv' ( 4 ) 

Differentiating this again, 

D 2 (uv) - u"v + mV 

4 u o' + uv" 

- n"r + 2 u'v + uv 1 ' (5) 

The next differentiation gi\es 

D 1 (Hr) - ii " e + 2hV + u'v" 

4 n" v' + 2 h'v' 4 uv" ( 0 ) 

where in the first line we have differentiated the first variable factor in 
each term of (ft), and in the second line the second variable factor. The 
result is 

/>' ( «»’) - n"'v 4 3 it"r + 3 u'v" + uv"' (7) 

It appears that the numerical coefficient of the rth term in (7) is the 
sum of the coefficients of the rlh and (r — l)th terms in (ft) ; and it is 
evident from the nature of the successive steps that this law will obtain 
for all the subsequent derivatives. Now this is precisely the law of 
formation of the coefficients in the expansions of the successive powers 
of a + b . and since the coefficients of /) (uv) are the same as those of the 
first power of << + b , it follows that the coefficients in the expanded form 
of Z>" (uv) will be the same as those of (a by. 



Ex. 1. 

If 

y-*«» 


(*) 

WO 

have 


D"\j - o-D R u + uDx . 1)"- 

x u 





— j l) v u s n D”' 'u, 

.. .. 

... (9) 

since D 2 x - 

0. 




Thus if 


y — x m\\ fix, .... 



■00) 

we 

have 


D‘y - .r.D 1 sin fix + 2D sin 

fix 





= — fi 2 x sin fix + 2fi cos fix. . . . 

'll) 


Again, 

if 

y = * log x, ... 


• • (12) 

we 

have 


D H y - xD” log x 4 nD "~ 1 log x 






-- + (-r* 

n(n-2)' 


by 

Art. 64 

(21). 

Hence 






D ”y = (-)* • 


( 13 ) 
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Ex. 2 . If y = /,«* u, (14) 

we have 

D n y - e“* . Dfin+n. D»<& D H ~'n + ” ^ JPt** . D ,i ~ i n + ... 

t Y % u 

= + ita D-'u + + .. ) ( 15 ) 

Thus, if y-e^einfijc, (16) 

we have b l <j - <** ( I) 1 sin fix + 2 aD sin fix + a 3 sin fix) 

{(a- -(8*) sin fis+ 2afi cos fix), (17) 

in agreement with Art. til (10). 


66. Dynamical Illustrations. 

The second derivative is especially predominant in the dynamical 
applications of the Calculus. 

Thu 1 ?, in the ease of icctilinear motion, it * he the distance from a 
fixed origin, we have seen (Art. 26) that the velocity (< ) and the accele- 
ration («) are given by the formula 1 


v - 


d, 

dt’ 



(I) 


Hence, in the present notation, we have 

(/ , th \ its 
“ ’dt \dt) ~ dt* ’ 


..( 2 ) 


i.e. the second derivative of ».(with iesj«?ot to the time) measures the 
acceleration. 


So also the angular acceleration of a body about a fixed axis is given, 
in the notation of Art. 26, by 


dm d-6 

dt ~ dl- ' 


■(«> 


Ex. 1. If s be a quadratic function of I, say 

Bt+ C, . .. 


we have 


ds 

dt 


= 2 At + B, 


<*> 


d 2 « 

dtr 


2A, 


(6) 


i.e. the acceleration is constant. 
1 . 1 c. 


10 
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Ex. 2. 

In ‘simple-harmonic’ motion we have 



8 - a cos (nt + <), 

(«) 

whence 

ds • / , , 

dt~ Ua H,n ' w + *)> 



d~8 

(7) 


^ =— ira cos (nt \ c) -)***, 


i.ft. the acceleration is directed always towards a fixed point (the origin 
of s) and varies as the distance from that point. 


Ex. .1. 

If * ■ 

: A cosh at + li sinh nt, 

(*> 

we have 

dt 

nA sinh nt + nli cosh nf. 



i 'P>> 
it- = 

: id A cosh nt + n?/i sinh nt — irtr, . . . 

(») 


i e. the acceleration is from a fixed ]H>int, and varies as the distance. 

1 /67. Concavity and Convexity. PointB of Inflexion. 

Just as <j>' {.r) measures (Art. 26) the rate of increase of <f> (x), 
so <f>" ( x ) measures the rate of increase of <f>’ (./•). Henee if <f>" (./■) 
be positive the gradient of the curve ■ . v 


" . y = <£(./■) (I) 

increases with it : whilst if <f>" (x) be negative the gradient deereases 
as a- increases. 


if $ " (.r) = 0, the rate of change of the gradient is momentarily 
zero, and we have a ‘ stationary tangent..’ The simplest case of this 
is at a ‘ point of inflexion,' !.e. a point tit which the curve crosses 
its tangent ; see Fig. 40. 

A curve is said to be concave upwards at a point P when in 
the immediate neighbourhood of P it lies wholly above the tangent 
at P. Similarly, it is said to be convex upwards when in the 
immediate neighbourhood of P it lies wholly below the tangent r 
at P. 

If the curve, to the right of P, lie above, the tangent, at 1\ as in 
Fig. 39, it is easily seen from Art. 50 that within any range (how- 
ever snort) extending to the right of P there will be points at 
which <p' (x) is greater than at P. Henee, by Art. 48, the value 
or<f>"(x) at P cannot be negative. The same conclusion holds if 
the curve, to the left of P, lie above the tangent, at P. 

Similarly, if the curve, either to the right or left of P, lie below 
the tangent at P, the value of <j>" (x) at P cannot be positive. 

It follows that the curve is concave upwards when <f>" (X) is 
positive, and convex upwards when <j> ( x ) is negative. 
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It appears, moreover, that at a point of inflexion, where the curve 
crosses its tangent, <f>"(x) cannot be either positive or negative, and 



/ 

!•!». as. 


therefore (since it is assumed to be finite) must vanish. This con- 
dition, though essential, is not sufficient. It is further necessary 
that <£" (j-) should change sign as ./ increases through the value in 
question. Suppose, for instance, that to the left of P the curve 
lies below the tangent at P , and that to the right of P it lies above 
it. It appears then from Art. 5(5 that there will be points of the 
curve both to the right and to the left, in the immediate neigh- 
bourhood of P, at which the gradient is greater than at P, i.e. tin- 
gradient is a minimum at P, and <f»" < /•> must therefore change 
(Art. 51) from negative to positive. 



If the crossing is in the opposite direction, the gradient is a 
maximum at P, and <f>" (.r) changes from positive to negative. 

10—2 
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Ex. 1. Tf 

we have y" - 6*r. 

This changes from — to as x increases through 0. Hence we ha' e a 
point of inflexion ; see Fig. SI, p. 105. 

y = , , (3) 


Ex. 2. 
This makes 


.</ 


1 + .»-'■ 

4x (or 1 - 3) 

(1 +^) J ‘ 

Hence there are three points of inflexion, viz. when .<■ 0 and when 

a: = + Sec Fig. IS, p. 27. 

Ex. 3. Tn the curve of sines 

y ?> sin'* , . . (4) 


we ha« c 


// , sm 

<r it 


1 1 


<r 


Hence y' changes sign, and there is a point of inflexion, \vhene\ei the 
curve crosses the axis of x. See Fig 1 1, p. 2t*. 

Ex. 4. In the curve . {•">) 

" c have y ' 1 2j~'. 

This vanishes, but does not change sign, when x 0. Hence we have 
a stationary tangent, hut not a point of inflexion in the strict sense Tt 
is in fact obvious, since »•* is essentially positive, that the curve lies 
wholly on one side of the tangent at the origin. 


y68. Application to Maxima and Minima. 

The criterion of Art. 51 foi distinguishing maxima and minima 
values of a function <f>(x) can also he expressed in general in terms 
of the second derivative 

Since <f>" (x) is the derivative of it appears that if, as x 

increases through a root of <f>'(x) = 0, tj>' O) is positive, tf»'(x) must 
be increasing, and therefore changing sign from — to +. Hence 
tf> (x) is a minimum. 

Similarly, if 4>"(x) is negative when <f>’ (x) = 0, (./•) must be 

decreasing, and therefore changing sign from + to — . Hence <j> (x) 
is a maximum. 

The connection of these results with the criterion of concavity 
and convexity is obvious. 

Ex. 1. In rectilinear motion, the distance (<r) from the origin, is a 
maximum or minimum when the velocity vanishes, according as 
the acceleration (cT's/dt*) is then negative or positive/ 
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Ex. 2. Let z . 

' lu J 

We have seen, Art. 51. Ex. 4, that xf> (x) vanishes for ,r = 1 and * — 1 . 
Also from the value of tf>" (x) given in Art. 67, Ex 2, it appears that 

= <t>" (-l)-l- 

Hence the former value of x gives a maximum, and the latter a minimum, 
value of (x). See Fig. 13, p. 27. 

It may happen, however, that a value of x which makes <j>' (x) = 0 
also makes <f>" (x) = 0. It is easily shewn that in this case (j>[x) is 
in general neither a maximum nor a minimum (cf. Fig. 31, p. 105), 
but it is hardly ■worth while to continue the discussion here. The 
complete rule will be given later (Chap. x\ ) as a deduction from 
Taylor’s Theorem. 

69. Successive Derivatives in the Theory of Equations. 

The successive derived functions play a great part in the Theory 
of Equations. 

Wc have seen (Ait. 50) that, if <f>(.i) be a rational integral 
function, at least one root of <f>'(.r) = 0 will occur between any two 
roots of cf> ( r) = 0. Similarly, at least one root of </>" (x) = 0 will 
occur between any two roots of <f>' (r) = 0, and so on. 

Moreover, since an r-fold root of $ (x) = 0 is an (/■ — 1 )-fold root 
of <f>' (a ) = 0, it will be an (r - 2)-fold root of <f>'’ (.r) = 0, . . . , and 
finally a simple root of (x) = 0. Hence the necessary and 
sufficient conditions for an r-fold root of <f>(x)== 0 are that the 
functions 

<p{x), </,'(./), <£"(./) 4>"~" (x) (1) 

should simultaneously vanish. 

Ex. If <f> (x) 2x' + ox* + 4r* + 2xr + 2x + l, 

we have <$' (x) = 10x* + 20ar* -r 1 2xr + ix + 2, 

(x) - 4 (lO^ 3 -r 1 ox 1 + 6x + 1). 

These all vanish for x~- 1, which is therefore a triple root of <f> (x) = 0. 
We find, in fact, that 

<ft(x)=(x+l )* (2a; 2 - x + 1). 

\/t0. Geometrical Interpretations of the Second Derivative. 
In Art. 50 an important property of the first derived function 
was obtained by a process which consisted virtually in a comparison 


of the curve 

(i) 

with a straight line y — A + Bx (2) 
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the constants A, B being determined so as to make (1) and (2) 
intersect for two given values of x. 

We proceed, in a somewhat, similar manner, to compare the 
curve (1) with a parabola 

,// = A + lie + tV (3) 

where the constants A , H,CI are determined so as to make (1) and 
(2) intersect for three gi\on values of .<*. 

1°. We will first suppose these \ allies of ./■ to be equidistant ; 
let them la* a —h, a, a + />. The equations to determine the con- 
stants are then 


d + - h) + (' (a — h )“ = <)> {a — h) 1 

A + Ha +('a~ = <£(o), i (4> 

A +B(a, + h)+ (' (a + hy + h ). ) 

Let us now write 

/V) = </><•' )-(-• +/L (">) 

i.e. F (x) denotes the difference of the ordinates of the curves (1) 
and (3). By hypothesis, F(.i ) vanishes tor x = a — h, and for,<=o: 
hence, bv Art. 49, the derived function F' {.<■) will vanish tor some 
intermediate value ot ,r. that is 

F'(a-8,h) = {) <(i) 

where 1 >#,>(). Again, since F{x) vanishes for .r = u, and for 
x = a + h, we shall have 

F'(a + 8Jt) = 0 (7) 

where 1 > 8 , > 0. 

By a further application of the same argument, since the func- 
tion F 1 (x) vanishes for x — a — 8,h and for x, = a + 0,h, its derived 
function F"(.r ) will vanish for some intermediate value of.#*: we 


have therefore 

F"{a + 8h) = 0 (N) 

where 8 is some <piantity lying between — 0, and 8.,, and i) fort in 
between ± 1. Since, by (5), 

*•"(*) < 9 > 

it follows that, for some value of 8 between ± 1, 

<t>"(a + 8h)= 20. (10) 

Now from (4) we find 

4 > (a + h ) - 2 4 > (a) + 4>(a- h) = 2CI? (11) 




If the difference <£(« + li) — <j> (a) be denoted by fy/, the expression 

|<M«+ -/*) — <!> (<< +h)\ — ,<ji(a + )i)- <(> U/)<, 

which is tile difference of the differences, or the ‘second difference,’ 
for equal increments h of the independent variable, may be denoted 
by S(%) or 8'b/. Hence the formula (14) is equivalent to 


. &11 _ d -y 

nm {J *, - (/H 


(15) 


This is the origin of the notation d->/ <IS this being the limiting 
form of the sec<md differenci'. 


To interpret the theorem (Ki) geometrically, let in Fig. 41, 
OA—tt, OH — a — It, OH' = «+h, 

and let AQ, I(I\ IP V be the corresjKUiding ordinates of the 
curve (1). Join PP', and let AQ meet PP' in V. Then 

VA = UP'H+PH) 

= +/»)+ <f>{" — I')), 

>1 " / 



0| H A H' 


Fig. tl. 
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VQ = VA-QA 

— i ( < ^( a + ^)~ 2 <f>(a) + <f>(a — /»)]• 

Hence the theorem (13) asserts that 

VQ = $HA*. (16) 

ultimately. 

It appeal's that the chord is above or below the arc according 
as <f>" (a) is positive or negative. 

2". We will next suppose that two of the three points at 
which the curves (1) and (3) intersect are coincident. More pre- 
cisely, we suppose thnt for ,r — it the curves not only intersect but 
touch, and that they intersect again for a- = </ + /». The conditions 
that, for .»• = a. y and djt d.r should ha\e the same values in the 
two curves, are 

A + Pit + ('«*= i n7v 

B+'2C,t=-.<f>'«t)J 

while the thiid condition gives 

A Ji (it + h) + ( 1 (ti 1 - h )‘ = <f> (it + h) (18) 

With the same definition of F(.i ) as before, we have 

F(re) = 0, F (a + /() = () (19) 

and therefore F‘ (a + 0,h ) - 0 (20) 

where 1 >0 t >O. Again, since F'(x) vanishes for a — it, and for 
jr ■> a + djt, we have 

F"Ui + 0!t) = 0 (21) 

where 0, > 6 > 0. 

Now from (17) and (18) we find 

<f>(a + li) — (f)(a) — h<j> < ti)= Vlr (22) 

Hence, by (9) and (21), 

(ft (a + h) = <ft (a) + h(f> (u) + (a + 0lt ) (23) 

This very important result will be recognized, later, as a par- 
ticular case of Lagrange’s form of Taylor’s Theorem (see Chap. XV). 
It includes as much of this theorem as is ordinarily required in 
the dynamical and physical applications of the subject. 

From (23) we deduce 

liui,„ t< ? . + *> ~ ♦ <«> ~ * - ♦ >> - j »-(«), (24, 



DERIVATIVES OF HIGHER ORDERS 


153 


70-7l] 

In Fig. 42, let OA -a, AH -h, and let AP, HQ he the corre- 
sponding ordinates of the curve (1). If QH meet the tangent at 
Pin V, we have 

QH = cf>(a+h), VH = <f> (a) + li $'(«). 



Hence (24) asserts that 

QV=\AlP.<t>"(.aY (25) ' 

ultimately. 

Hence the deviation of a curve from a tangent in the neigh- 
bourhood of the point of contact, is in general a small (juantity 
of the second order. 

If </>" (a) 4= 0, Q V does not change sign with h, and the curve 
in the immediate neighbourhood of P lies altogether above, or 
altogether below, the tangent-line, according as <f>" (a) is positive 
or negative. Of. Art. (57. 

The formula* (16) and (25) have an interesting application in 


the theory of Curvature. See Chap. X. 

71. Theory of Proportional Parts. 

Let us make the curves 

'/ = <f> (•' > (!) 

and i/ = A + Bx + Cj“, (2) 


intersect, for x = u, x = a + r/i, x — a+h , 
when* 1 > z > 0. 

We find 

(1 -g)<f>(tt) + z<l>((i +h)-<f>(a + zh)^z(l -z)h?C; ...(3) 
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and consequently, by the method of the preceding Art., 

(1— z)<f>(a)+ z<f>(a +/#)— <j>{a + zh) = £s(l -z)h' i <f>"(a + $h), (4) 
where 1 > 0 > 0. 

This result, which includes the theorems of Art. 70 as par- 
ticular cases, is here introduced for the sake of its hearing on the 
theory of ' proj>ortional parts.’ Suppose that $> (•#■) is a function 
which hits been tabulated for a series of values of .*• at equal inter- 
vals //. Let a be one of these values, and suppose that <f> <,»•> is 
required for some value of .»■ between this anil the next tabular 
value a + h : say for a + zh , where 1 >«>(). In the method of 
‘proportional parts.’ the interpolation is made as if the function 
increased inii/nrntly front n' — a to .r = « + /(. i.e. we assume 

4>(o + :h) - ib (n) _z 
<f> (« + //)- <f> in) 1 

or + zh) = ( 1 - ;)<j>(<t) + z<f>{a + h) (ti) 

The formula (4) gives the error imohed in this jtroeess, which is 
eipiivalent to assuming that the arc of the curve ( 1 ) between ,/ = u 
and .!■=<! +L may be replaced without sensible error by its chon l. 

The maximum value of z ( 1 — z) is \ , bv Art. 51 . K\. 2. Hence 
if li denote the greatest value which ) assumes in the interval 
from ,/■ = a to ./• — u + h, the formula (4) shews that the error 

> Ifl'it (7) 

Ex. 1. In a seven-figure logarithmic tabl< a , tlio logarithms of all 
numbers from lOUOO to 1 OOOOO are given at intervals of unity. Now if 

${•')- logi u .<-, (*) 

we have <f , "(x) = (!)) 

Hence, putting/*- 1 in (7), we find that in the interpolation between 
login w and log ,,, ( n + 1 ) the error involved in the method of proportional 
parts is not greater than 

■05420 - nr flO) 

Thus for it - 10000, where it is greatest, the error does not exceed 

•000000000543, 

and is therefore quite insensible from the .standpoint, of a seven-figure - 
table. 

It appears from (4) that the method may be expected to fail 
whenever </>" (x) is large. The differences are then said to be 
‘ irregular.’ 
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Ex. 2. If 4> (x) - log,„ win x (11) 

we have <j>" (x) — - y. cosec 3 x. (12) 

Hence, putting *" 10800 


we find l P 4>" (.»;) - -00000000160 cosec* .« (] 3) 

Since cosec 2 18° - 10*47, it appears that in a table of log-sines at inter- 
vals of 1' the error of interpolation may amount to half a unit in the 
seventh place when the angle falls below 18°, 

EXAMPLES. XXI. 

Verify the following differentiations • 


1. 

U ./•- ( 1 - .«•/-, 

lh,f 2 12«M 12/': 

2. 

v 

//y - yO - »•!. 

3. 

!/ - - >■)(/- > 

/,/•- e 2 ), 7?-y/ 

4. 

.</ 

-'-1 2.--), /)-y-\/ilj \>) J . 

5. 

1 

» , 2 -,- 2 ' 

/>J„ - 1 1 1 

7/ (■*' 1 ) J 

6. 

1 

» l + /’ 

21(1-10/4.-,/) 

•' O-.e 2 )' 

7. 

■2x 

11 i-*r 

l..(r 2 -:») 

! ' (1 • 

8. 

!/ (1 

/>"// - III (ill ~ 1 ) .(„/ -r l, - 1 ) (1 

9. 

1 + r 

H 

1 — X 

• (1 

10. 

U sin-'.e, 

D-y - 2 cos 2,r. 

11 . 

i/ cos 2 x, 

D“y = 2" 1 cos (2,r + \itir). 

12 . 

y - sec x. 

D-y 2 sec 'a* - sec x. 

13 . 

y sin x. 

D-y - 4j- cos x (.r — 2) sin x. 

14 . 

y - sin-' ,e cos x. 

1) 'y =6 — 60 sin 3 x + 64 sin 4 x. 

15 . 

y - sin x sinh c. 

I) ! y — 2 cos cosh x. 

18 . 

y — cos j- cosh .<■, 

D-y - — 2 sin x sinh x. 

!?• 

y - sin x cosh x, 

D a y - 2 cos x sinh x. 

18 . 

y cos x sinh x, 

D-y = — 2 sin cosh x. 

19 . 

y -- sin -1 x, 

//-’,/ =- . 

' (l-.r) 
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20. The first five derivatives of tan x are 

1 +t\ 2t(l + t-), 2(1 + 3t a )(l + <*), 8< (2 + 3< s ) (1 + <*), 

8(2 + 15P + 15f*)(l + P), 

■where t - tan x. 

21. y ■= .*-> log ^ , 

22. y = xr* log .r, 

P 

23. y = avs r , 

24. y - jt? x . 


D*y-~. 

r 


!)*>/ (.i •+«)r J . 

l) a y — jr- + 2 n.c t it (ii — 1 )j <*'. 


25. By applying Leibnitz’ Theorem to the differentiation of the 
identity 


,M r ii _ yn * m 


prove that 
r 


/•(/•— J) >•(/-- !)(/■— 2 > . 

w r +j m r _] ?i, -t ^ m, ^ »», -t . + »», (w-tw),, 


where 


<m, — hi (in — 1) (m — 2) ... (»m — r 1 1 . 


that 


26. By forming in difleient ways the nth deri\ati\e of < ", prove 


1 + '' " 1 • r2 “^' 
1 V H.-.w 1-. (h'Y 


i /’ i «**(<( — 1)- j/- (« — 1) J (» — 2)* 


27. Prove that 




28. If 




i - j- 
i 


, n ! [ «' n* (« - J )* , 1 

J)! > (l--^| 1+ ]-* + 1*. 2 l ! > ••}• 


(1 - x) 

29. The equation j 1 + k j* + n s * = 0 

dt‘ at 

is satisfied by a = A e - cos (erf + 1 ), 

for all values of A and «, provided 

a* 

30. The equation ^ + 2n ^ + n 8 s = 0 

dP dt 

i - (A + 7?f) e' 


is satisfied by 



31, If 
prove that 

32. If 
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prove that 


!/-={x + V0 + a 2 )}“‘, 

.« = 4 (t), tj- x (/), 

'ic (Py dy <Px 
<!‘y <it ~d(‘ dt df 
<IjP /cf-A 1 

\dt) 


EXAMPLES. XXII. 

1. Prove that, in a table of natural sines at intervals of 1', the 
error of proportional parts never exceeds 

•0000000 lOfi. 

2. Show that in a table of natural taneents the method of pro- 
portional parts fails for angles near 90 . 

.Also prove that the limit of error for angles near 45°, when the 
tangents are given at intervals of 1’, is 

■OllOOOOUfJ.!. 

3. Shew that in a table of log tangents the method of propoi tional 
parts fails both for angles neat 0“ and foi angles near 90 . 

She" also that the maximum error involved in the method is 
least for angles near 45°. 

4. Prove that the curve 

a - i“g 

is every" here convex upwards. 

5. Prove that the curve 

y - a- log c 

is everywhere concave upwards. Trace the curve. 

6. Find the maximum ordinute, and the point of inflexion, of the 


Trace the curve. 

[The maximum ordinate corresponds to x = 1 ; the in- 
flexion to .r _ 2.] 

7. Shew that the curve y - e - r ‘ 
has inflexions at the points for which J’ = ± -4^ ; and trace it. 
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8. Find the maximum and miuimum ordinates, and the inflexions, 
of the curve 

y = x*>~*\ 

Trace the curve. 

[The maximum ami minimum ordinates are given by 
x- + Jl ; the inflexions bv x - 0, + 

9. A certain function 4> (x) is constant and 

* IV-"-) 

(Jfp 

for 0 < x - a ; it lb- - J-e 2 — 1 — 

for a <. x <- b ; and i 

1 x 

for x > b. Prove that (x) and <f> (x) aie continuous, but that <j>" (x) 
is discontinuous. 

Trace the eur\ e y - <j> (.< ). 

10. Shew that y x 1 (3 x) 

has an inflexion at the point (1, 2). Trace the cui \c. 


!/ .<-“(1 -a- 2 ) 
1 5 


II. Shew that 

/ 1 f> \ 

has inflexions at the points ^ . Trace tlie curve. 


12. Find the points of inflexion of the cur\e 

Ir 
U 


ir + x- 


+ n A'{. 


13. Shew that V - , 

' ( r ‘ «)• 

lias a point of inflexion at ( 2<(, — -a). Trace the curve 

14. Find the points of inflexion of the curve 


//■= 


o ' 1 + ,i- ' 


and trace the curve. 

15. Shew that the curve 


[<■ 0, ±a v /3.] 


1 - ;• 

1 + .H 


has three points of inflexion, and that they lie in a straight line. 
Trace the curve. 


10. Prove that the equation 

.< A - 1 0 .^ + 1 3..--0 0 


has a triple root. 
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17. Prove that the equation 

sr* - + 5P + DjA — 14 j? - ij; t- 8 - 0 

has a triple root ; and find all the roots. 

18. Find the maximum and minimum ordinates, and the points of 
inflexion on the curve 

»/ - 1 — 3.r* + i.t*. 

Trace the curve. 

19. Find the points of inflexion on the cun e 

ft = 2./'* — ;t c a +7 je; 

and trace the curve. 

20. Find the maximum and minimum ordinal t s and the point 
of inflexion, on the curve 

if - + 9 .i s + 6«e j- 1. 

Trace the curve. 

21. Shew that the curves 

if - ,i- + r- — ./• J , 

!/ J) 

touch, and cross one another at the point of contact. 

Trace the curves. 


22. Determine (lie constants A, Ji, (’ so that the eune 
f/ As* + ]}P + C.c 

may have a point of inflexion for i - 1, be ]>arallel to the axis of j- 
for ,/•=— 1, and pass through the point (1, 13). 


23. Prove that the curve 


j~ — .<• + 1 

+ ,r+ 1 


has three real points of inflexion. 

24. Find the turning points, and the points of inflexion, on the 
cm ve 

y = 4 sin .r — sin 2.»\ 

Trace the curve. 


25. If PS, PS' he two neighbouring ordinates of a curve 
y - 4> (■*)» and if Q1I, any intermediate ordinate, meet the chord l‘P 
in V, prove that 

Q V- \NII . PS" . (c), 

ultimately, wdiere r is the abscissa of some point between S and S'. 
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26. Shew that in the formula 

<jt (a + h) = <f> (a) + Ju)> (a + Oh) * 

of Art. 56, the limiting value of 0, when h is infinitely small, is in 
general 

What is the geometrical meaning of this result 1 

27. Shew that the variation in the value of a function, in the 
neighbourhood of a maximum or minimum, is in general of the second 
order of small quantities. 

28. Explain why the rate of a compensated chronometer, at any 
particular tempeiature, differs from the rate at the temperature of 
etxact compensation by an amount proportional to the square of the 
difference of temperature. 

29. Shew that, in a mathematical table calculated for equal 
intervals of the variable, the maximum ei ror of interpolation by pro- 
portional parts, in any part of the table, is one eighth of the ‘ second 
difference' (i.e. of the difference of the differences of successive entries). 

30. The coordinates of three points P, Q, li on a curve are 

(•3250, -8526), ( 3500, -8910), ( 3750, -9239), 

respectively, find, approximately, the values of di/di and d\i/ dr 
at Q. 

31. Apply the formula (23) of Art 70 to calculate log,,, cos l to 

six places of decimals. . , . Q()Q(m 



CHAPTER VI 

INTEGRATION 

72. Nature of the Problem. 

In the preceding chapters we have been occupied with the rate 
of variation of functions given a priori The Integral Calculus, to 
which we now turn, is concerned with the inverse problem ; viz. 
the rate of variation of a function being given, and the value of 
the function for some particular value of the independent variable 
being assigned, it is required to find the value of the function for 
any other assigned value of the independent variable. In symbols, 
it is required to solve the equation 

<» 

where 4> (#) is a given function of x, subject to the condition that 
for some specified value (<«, say) of .r, »/ shall have a given value (b). 

For example, the law of velocity of a moving point being given, 
and the position of ±he point at the time t 0 , it may he required to* 
find its position at any other time t. This is equivalent to solving 
the equation 

< 2 > 

where <f> (t) is a given function of t, subject to the condition that 
s = s 0 (say) for <"*= 

If we can discover a continuous function yjr (x) such that 

V r ' (■*) = (•«■). 

the equation (1) becomes 

<*> 

Hence if, as is the case in most practical applications of the subject, 
y be restricted to be continuous, we have, by Art. 56, 

y=ir(x ) + C, (4) 

where C is a constant. The precise value of # is indeterminate, 
so far as the equation (1) is concerned ; C is therefore called an 
‘ arbitrary constant’ Its use is that it enables us to satisfy the 
remaining condition of the problem as above stated. 

UI.C, 


11 
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Thus if y — b for x = a, we must have 
b=‘yfr(a) + C, 

whence y — b = yjr(x) — yfr(a) (5) 

If, as in Art, 25, we use the symbol D for the operator d/dx, 
the equation (1) may be written 

J)y = <f> (x), (6) 

and its solution may, consistently with the principles of algebraic 
notation, be written 

y«Z>-**(.T> (7) 

the definition of the ‘ inverse ’ operator l)~ l being that 

D {£-> </>(.')', =<#>(•'') (8) 

The function D~'<f)(a ), (9) 

when it exists, is called the ' indefinite integral’ of <f> (x) with 
respect to x. It is more usually denoted by 

/ <f> (•<■) d.r (10) 

The origin of this notation will be explained in the next chapter ; 
in the meantime (101 is to be regarded as merely another way of 
writing (9). 

The distinction between ‘direct’ and ‘inverse’ operations is one 
that occurs in many branches of Mathematics. A direct operation 
is one which can always be performed on any given function, 
according to definite rules, with an unambiguous result. An in- 
verse operation is of the nature of a question : what function, 
operated on in a certain way, will produce an assigned result ' To 
this question there may or may not be an answer, or there may be 
more than one answer (cf. Art. 10). In the case of the operator 
D~ l we have seen that if there is one answer, there tire tin infinite 
number, owing to the indetermiuateness of the additive constant 0. 
Whether there is, in every case, an answer is ti matter yet to be 
investigated ; but we may state, although this is rather more than 
we shall have occasion formally to prove, that every continuous 
functio n has an indefinite_integral. In the rest of this chapter "we 
shall be occupied with theproblem of actually discovering indefinite 
integrals of various classes of mathematical functions. 

Ex. Given that the velocity of a moving point is u + gt, we have 


d J^u + gt^~ t {ut+lgt-), ( 11 ) 

whence a = wf + Jyi 2 + C. (12) 

Determining C so that a = «„ for t — t 0 , we have 

a — s„ = u(t — l c ) + ^g(( t - 1 0 *) (13) 
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72 - 73 ] 

/ 73. Standard Forms. 

There are no infallible rules by which we can ascertain the 
indefinite integral 

I)~' <f> (,/■) or / <f> (x) dx 

of any given continuous function <f> (x). As above stated, integra- 
tion is an inverse process, in which we can only be guided by our 
recdlficliens of the results of previous direct processes. 


The integral, moreover, although in a certain sense it always 
exists, may not admit of being expressed (in a finite form) in terms 
of the functions, whether algebraic or transcendental, which are 
ordinarily employed in mathematics. The following are instances: 


/ 


tf'dx, 


/ sin t 
. x 


d.r, 


r dx 

J v (1 + •*“') 


and the list might easily l>e extended indefinitely. 


The first step towards making a more or less systematic record 
of integrations is to write down a list of differentiations of various 
simple functions; each of those will, on inversion, furnish us with 
a result in indefinite integration. The arbitrary additive constant 
which alw ays attaches to an indefinite integral need not be explicitly 
introduced, but its existence will occasionally be forced on the 
attention of the student by the fact of integrals of the same ex- 
pression, arrived at in different ways, differing by a constant. 


The student should make himself thoroughly familiar with the 
following results, which are fundamental : 


j - . .»* = )t.r n ~ l , 
cLjj 

• "j 

I *T m (/«C 

J * « + 1 

w 


[except for ii = — 1], 


d 1 

di-**—,' 

|^=logx, 

(B) 

j . e** = ke^, 
dx 

| e* x d.r = 

( c ) 

d , 

. Sill X = COS X, 

| cos xdx = sin x. 

(i>) 

d 

-j - . cos x = — sin .r, 
dx 

J sin xdx =- coax, 

(E) 

d 

^ . tan x — see 5 x, 

j sec 2 xdx = tan x, 

(F) 


11—2 
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~ . cot x — — cosec 2 x, 

J cosec 2 xdx = — cot x, 

d . .x 1 

ax a y(a 2 “ 

f * - l**' * 

mbin a* 

fd , . a? (t 

ax a a- + x- 

f f X = - tan -1 J , 

J a* + x~ a a 

. sinh x = cosh x, 
ax 

j cosh xdx = smhx, 

cosh x = sinh x, 
ax 

J sinh xdx = cosh x, 

. tanh x = sech- x, 
ax 

J sech 2 xdx = tanh x, 

. coth x—~ cosech 2 x, 
ax 

J cosech 2 xdx = — coth x, 

d . i i x 1 

^• Sinn 

[- f , = sinh -1 T 

J V( a + u ) « 


_lo I +\V + « ! ) 

b a 

-- cosh -1 '- = - 1 

dx a 

f-j = cosh" 1 X 

J vV — a ) a, 


-log‘ r t 

d . a 

j-.tanh 1 = , 

dx a a* — x i 

J a* — x‘ u a 

0 s < a 2 ] 

1 . a + x 
2a k>S a- x’ 

d ... x a 

rj- . COth -1 - = 

• dx a or — a 2 

f dx Icoth-i* 

J x l — a 1 a a 

[a* > a 2 ] 

I , x — a 

2 u °^x + a’ 


<<?) 

m 


<0 


(/) 

(j) 

( 

<*) 

(L) 


( or 


(P) 


A little care is necessary in the employment of some oi tnese 
formulap. In the first place, the sign of a in ( H ), (J), (N), (0), 
(P), ( Q ) is most conveniently taken to be positive ; this is evidently 
al ways legitim ate, since the squa re of a . alone appea rs in the 
expression to be integrated. 

* As to th e qu estio n of sign, see Art. 33. 
t As_to_the sign, see Art. 47. 
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Again, the formula (B) requires amendment when x is negative, 
since there i s no logarithm of a nega tive qu anti ty. Putting in 
this case x = — x, ana 

y = log x\ 

we have 

dy _ dy _ 1 _ 1 

dx dx' x' x ’ 


Hence 



The cases of x positive and x negative are both included in the 
formula 



(B) 


Again, the forms in (0) assume x to be positive. In (P) it is 
implied that ] x J < «, and in (Q) that x > a ~ 


•^4. Simple Extensions. 

To extend the above results, we first notice that th e additi on 
of a constant to x makes no essential difference in the form of the 
result (cf. Art. 32, 1°). 

Thus, obviously, 

f(j + «)"' dx = ^ (a; + a) m ~‘ (1) 


l 


dr 

.1 + a 


= log ( Jr + a), 


f d.r _ r dx _ . x — a 

./Vi- ax — x*) J V {« J — (x — a )*} wn a 


•( 2 ) 

(3) 


and so on. Some further illustrations occur in Arts. 75, 76. 


Again, if x be multiplied by a factor k\ the integral has the 
same form as before, <. xcept that it is divided by this factor (see 
Art. 32, ’2®). 


Thus 


f 


sin kxdx — — ^ cos kx. 


( 4 ) 


+ < 5 > 


and so on. 
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Again, we have the theorems 

J Gud.r — C J itd.r, (6) 

/(« + v + «' + ...) dx = J udx + / vd.r+f wdx + ... ; ...(7) 

siftch, if we perform the operation d/rf.r on both sides we get in 
eachTcasc an identity, by Arts. 29, 30. It is assumed in (7) that 
the number of terms is finite. """ * 

Thus the indefinite integral of a ration al integral J unction 

A„.r'" + A ,.*- 1 '*- 1 + ... + A m _ x x + A m (H) 

is -4-. A 0 *r m >‘ + 1 A j.r"' A + A m x. . . .(9) 

m +1 m 

Again, suppose we have a nitioi^aHnudiim of the form 

F{ "' ) (JO) 

x + a ' 

By division this can be reduced to the sum of a rational integral 
fuiftSlaoh and a fraction 

«M» * A 

- (U) 

x +■ a 


The former part can be integrated as above, and the integral of 
(11) is 



A log (x + a) 

...(12) 

Ex. 1. 



Ex. i. 

fj-i 1} ’ 


Ex. 3. 

/ sin 3 x dx - l/( 1 - cos 2r) <lx \x - ] sin 2.r. 


Ex. 4. 

/ tair ,r dx - /(see" x — 1 ) dx tan x - x. 


Ex. 5. 

8(2.]- 1)1 ^ 



= I* 1 + 4 log ( 

•lx- 1). 


<yt5. Rational Fractions with a Quadratic Denominator. 

We next shew how to integrate any expression of the form 


a f + px + q ’ 


( 1 ) 


where F (x) is rational and integral. If necessary, we first divide 
the numerator by the denominator until the remainder is of the 
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form ax + b. We thus get the function (I) expressed as the sum 
of a rational integral function and a fraction 


ax + b 

x- + p.c + <{ ' 


( 2 ) 


The former part can be integrated as in Art. 74 : it remains only 
to consider the form (2). 

We take first the case 

, 1 (3) 

./- + p.r + ij 

The form of the result will depend on whether p- ? 4 q. 

If p- > 4 q. the quadratic expression can hi resolved into real 
and distinct factors ; thus 


x 1 4- px + q = (x - a) (.<■ - p) (4) 


With a proper choice of the constants A. />’ we may then put 

1 A A B 

(x'-a)(x- p) x—a + x— p 

For this will be an identity provided 

1 = A (x - j3)+ B (x - a) 

i.e. provided A + B = 0, Ap + B« = - 1 


or 

Hence 


A = 


J 


B = - 


1 

a-fi 


( 3 ) 

td) 

( 7 ) 

(«) 



ilr_ _ 

«)(« ~p) 


1 dx _ r ,lx l 
a -p a }x-p) 


1 

a — p 


log(.c- a) -log {x-p)\ 


1 . x — a 

= a - j‘ - ,3" 


(9) 


When we have once learned that the two sides of (5) can be 
made identical, the values of A and B are most easily found as 
follows. We first multiply both sides by .»• — a, and afterwards 
make x = a ; this gives A. Again, multiplying both sides by x — /9, 
and then putting x = P, we find B. Hence the rule: To find A, 
omit the corresponding factor in the denominator of the expression 
which is to be resolved into partial fractions, and substitute a for x 
in the expression as thus modified. Similarly for B. 
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If p* =» 4y, we have 

a? + px + q = (x + \pf, 

and f. a =- 1 (10) 

J (x + hp)‘ x + 

If p % < 4 q, we have 

a* + j ox + q = (x 4- ip)’ + (</ — ip’) = (x-af + 
where «, /9 are real, and 0 may be taken to be positive. Now 
f dx 1 x—a 

J(x~ a)’+yS’ _ /8 tan ' 0 1 (U) 

by an obvious extension of Art. 73 (/). 

The result when p’>4 q can be put in a form analogous to (11). 
We may write 

«?+/«! +7 -(» + J;>)* -q)- (x-a'f /?*, (12) 

where a', |8' are real, and 0' may \>e assumed positive. If ] x — o' j < 0', 
the formula is 

/ fi' i -(x-a) i=r p t&nh ‘ 0 ^ 

by Art. 73 (P). If we put a + 0' a, a! - f}' - 0, this is seen to be 
equivalent to (9); by Art. 46. If ) x — a I 0’, the form is 

S(x- *Y-P* = ~ 0’° Oth 1 0 (U) 

Proceeding to the more, general case (2), we observe that, by a 
proper choice of the constants A, n, we can make 

ax + b = X (2x + p) + p, (15) 

viz. we must have 

X = iu, fi = b— \pa (16) 

Hence 

/ ax + b . , f 2x + n , f (lx 

- — dx — \ , ’ dx + u I ....(17) 

r c’+px + y JaP + px + q Jx' + px + q 

Of the two integrals on the right hand, the former is obviously 
equal to 

1 og(a?+px + q), (18) 

and the latter has been dealt with above. 

When the denominator can be resolved into real and distinct 
factors the integral on the left-hand side of (17) can be treated 
more simply by the method of ‘ partial fractions.’ Thus, we have 

ax + b A B 



75] 

provided 
i.e. provided 


INTEGRATION 

ax + b = A (x — &) + B (x — a), 
A +B=* a, A/3 + Ba= — b, .. 


109 


or 


. aa + b n aB + b 

A - s -, B = 

a — p p — a 


.( 20 ) 

.( 21 ) 


It is unnecessary, however, to go through this work in every case, 
as the values of A, B can bo found more simply by the artifice 
explained on p. 167. 


The integration of (17) then gives 

/(* -a) (t - P) dx = A Iog + B l °S (*-£)• 

(lx 

a?' 


Ex. 1 . To find 


! (lx 
} 2- x- 


Assuming ( l _ ^ . 2) = I ! 2 ’ 

we find, by the inetliod just referred to, 

A - l B--),. 
dx 


Hence 


f a _7 1^-1 i<»g (!-*) + £ log (x + 2) 


ii **■ + 2 

■ ios i-i- 


Otherwise : ^ _ ( * ^ ! tmh- ? * * 


... 2.c + 1 

~ 3 tanh — .f 


Ex. 2. 
Ex, 3. 


C dx _ r dx 

jl - 4x + 4x‘~ J(2x'-1)- 

f dx f dr _ 2 . as — * 

Jl-x + z?~ I (x - i) ; + » " n /3 i ji 


1 1 

2 2a: - 1 


2 . . 2x- 1 

75 ./-I • 


pa f l -x [} -}, (2x- 1) 

>/■ 

' s Jl-x+a? 3 /l— x + a? 


.( 22 ) 


= 73 ten "‘ ‘-jr - 2 iog (i - * + »»). 
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„ K m . . X 2x — 3 

Ex. 5. To integrate , AV . _ v . 

K (x~2)(x + l) 

Assuming that this — , + . , 

x — 2 x + 1 

■we fiml A U — ■}. 

The required integral is therefore 

A i°g (•*• - -) + - j i°g (■* + 1 )• 

St6. Form + J* . 

v \ (Ax- + Bx + C) 

A somewhat similar treatment can bo applied to functions of 
this type. 

1 °. If A be positive, the form is equivalent to 

ar + h ( 1 ) 

\/(j- + px + 7 ) 

Consider, in the first, place, the form 

V(.r» + px + 7 ) v ' 

By completing the square, the expression under the root-sign may 
be put in one or other of the shapes 

(x — a)- ± /3". 

Now, by Art. 78, (N). (0), 

f dx ,x— a 

;v \u- « y +0-; ft ’ 

“ 4 Jv:<* -«'-#•! V « 4 > 

These functions have the alternative forms, 

, x— a + v^{(* - a ) 2 ± ! 

h'g ^ 

. x-a+ y/(x ! +px + 7 ) 

«r log £ , (5) 

cf. Art. 4G. 

In the more general case ( 1 ), we assume 

ax + b = \(x + ^p) + fi, ((>) 
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which is satisfied by 
Hence 


\ = a, jjL — b — \pu. 


I 


ax + b 

\/<y +px+(j) 


dx 


= X l 


x + ip 


V(« J + px +(J) 


(lx + 




dx 

+ px + q) 


The former of these two integrals is obviously equal to 

V0 a + px + q), 

and the latter has been dealt with above. 


( 7 ) 

.( 8 ) 


2". We will next sup] use that, in the form placed at the head 
of 'this Art., the coefficient A is negative. Without loss of 
generality we may put it = — 1. 

Consider, first, the fvmetion 

, ' „ (9) 

s (q+px-j~) 

Unless the quadratic expression be essentially negative, in which 
case the function would be imaginary for all real \alues of j, it 
can be put in the shape 

/3-‘ — (./; - a K 


Now 


f - <lr 

J ~ (x -a)-\ 



( 10 ) 


In the more general ease of the function 

ax + b 

\'{<J + P- r - x : )' 

we assume ax + /> = \ ( ip — x) + p. 


( 11 ) 

( 12 ) 


or X = — a, p = b + \pa (13) 

Hence 

I „" r + b x=\l 'X-' + 

J \/(q + pX - X-) J ^ (q + px - .<“) J \’(q + px -x-) 

(14) 

The former of these two integrals is equal to 


\i(q +p* - x% 

and the latter has been treated above. 
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Ex. 1. 


r i +x , r (x + $)+$ , 

J l/( I-X-J*) J - x - it?) x 

f x+l , , [ dx 

~ J j(i x>) ax+ *J v{ 4 » - (* + sn 

-- J(1 -x- 1 r) + 1 sin 1 


Ex. 2. 


... , . . 2* + 1 
-- - s/O - x-x?) + * sin- 1 - . 


/ * +1 

J s /(x* 4 X 4 1 ) J J(j? + X+ 1) 

J J(xr + * 4 I) 3 J J{(x 4 I)' 4 - 

- «/(** + x + 1) 4- 1 shill' 1 * + * 

!i V " 


= ^f(x" 4 x 4 1) 4- J sinli' 


"lx 4 1 


**• /y(l:3*-U-V 

[ dx r xdx 

— sin~ l x + N /(l - Jr). 

77. Change of Variable. 

There are two artifices of special use in integration ; viz. the 
choice of a new independent variable, and the method of integra- 
tion ‘ by parts.’ 

To change the variable in the, integral 

u =f<f> (x)dx (1) 

from x to t, where r is a given function of t, we have, by Art. 32, 


du du dx . . dx 
di~dxdt~ <P {J) dt * 


and therefore, by the definition of the inverse symbol /, 


*-/♦<*>£#■ 
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Hence 


I <f> (x) dx = J <f> («) ^ dt (3)* 


Conversely, whenever a proposed integral is recognized to be 
of the form 

h«4>’ < 4) 

we may replace it by 

J<l>(tt) du, (5) 

which is often easier to find. 

The following are important eases : 

1". / <p(jc + a)dx — j <f>(u)dit, (6) 

where u=x + a. 


2". f <f> (lcx)dx= -j f<f>(u)du, (7) 

where u = lex. 

These results have already been employed in Art. 74. 

3°. J<f>(x 1 )jdx = y<f>(u)du (8) 

where u = x-. 

The following are examples of (8). 


Ex. 1. 


I dx r xdx 

Jx (T+ x 11 ) ~ J z~(l +X*) 

_I LJiL _ , If 1 . _L)du 

-Ju(l+u) -J\u 1+u) 

- .1 log >l = }. log . ' r " > , 

"l + M * ° 1 + A- 


= log 


Ex. 2. 


VO + **)' 

da 


[ xdx _ j f da 

Jx 1 -! ~ s J a a - 1 


- 1 log 


u — 1 
11 + 1 


3 - S - 1 

^ l0 ^;r 


dx 


Hence the rule : After the sign f replace dx by ^ dt. 
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Ex. 3. i dv „ - tan -1 a 

J 1 + x 1 - J 1 + a- • 

= J tan -1 x\ 

_ . i xdx , ( dll , . . u 

J N /(a 4 - .J- 4 ) - J V pi 4 - M-) ' a- 

i • i J " 

-- sin 1 , . 
or 

The student will, after a little practice, find it easy to make such 
simple substitutions as the above mentally. 

4".^ Occasionally the integration of an algebraical function is 
facilitated by the substitution 

x = 1 ft, ds/tlt = — 1 /£-.* 

Thus 

f ^' r _ f dt If dt 

J x + .< •) J t v(a- + t~-) a J V (t J + if -a ) 

= — 1 sinh -1 of 
a 

1 • , . a 

a x 

= 1 log J, k (0) 

Similarly, [- . -r ,, — — cosh -1 
J .»• v(«- - ■>-) a x 

= 1 log * • (10) 

and f ,, = — ^ sin" 1 ** (11) 

J a; a/(^ - a’) « •« 

More generally, the integral 

J (x + a) *J(Aa? + Hx + C) ' ^ 

is reduced by the substitution 

x + a = l/t 

to one or other of the 1 forms discussed in Art. 76. 

* The substitution is equivalent to writing 

dt dx 

- t for . 


X 
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Again, the substitution x = Ijt gives 


f dx 

r dt 

r tdt 

J (a- + x 2 )' 1 

' t 2 (a- + t~-y 

j (1+ (IT) 


} 


I 1 

«-(l + aH-)- 



__ 1 X 

a 2 \]{a? + x-) 

(13) 

Similarly 

f dx 1 x 

(14) 

' (a 2 — x-) 3 a 2 ^(a 2 — x-‘) 

and 

r dx 1 x 

(15) 


•* (x- — a-)‘ a- N '(j.- — n-) 

The form 

j' dx. 

(16) 


J (Ax- + Iix + Gy 


can, by ‘ completing the square,’ he brought under one or other of 
the preceding cases. 


78. Integration of Trigonometrical Functions. 

1". f tan x dx sb f Sin x dx 

J J COS X 

( d (cos x) 

= — — = — lOjQf COS X 

J COS X ° 

= log sec x. 

Similarly loot./ dx — log sin x 

Again, by the same artifice, 

f sin x d _ r d (cos x) 

J cos 3 x J cos 3 x 

] 

= — = sec x 

COS X 

In a similar manner 

f cos x , 

j . a.r = — cosec u 

J sin J x 


( 1 ) 

( 2 ) 


(3) 

(4) 


€f. Art. 31, 2". 
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f dx _ f dx 
} sin x J 2 sin cos ^ x 

_ , f sec i ^xd.r _ fd (tan %jr) 
*J tan 4 x J tan ia: 


= log tan i x . 


From this wo deduce 


f dx _ f __ dx = logian(jTr + lx). 
J cos a- Jsm(A7r + x) h v 


The formulae (1) to (6) rank iis standard results, and should bo 
remembered. 

3 o /_.**•.( dx _ 

J a + b cos x J (a + b) cos 1 \x + {a — b) sin 2 .1 x 

_ f sec* 1 x dx 

J (a + b) + (a — b) tan* \x ^ ' 

If we put tan hx — u, this takes the Bhapc 


2 f du 

“ J (a + b) + (a — b) u-’ 


and so comes under one or other of the standard forms (I), ( P ), 
(Q) of Art. 73. 

Similarly, with the same substitution, 
f dx „ f du 


f dx =, 2 f du (9^ 

Ja + 6sin® Ja + ibu + au* ” *” w 

f _ f su&xdx 

J a 2 cos 2 x + br sin 2 x J a 1 + b‘ tan 2 x ^ 


If we put 

, f du If d(lm) 1 hu 

’ eget J«. + 6.u>-5jJ-+(6«>"i6 ta " a 

“ a* “"C t “" S ') < J1 > 

The analogous results involving hyperbolic functions may be noted. 
We easily find 

j tauh x dx = log cosh x, J cotb x dx = log sinh x, (12) 

f cTsh'x dx = ~ 56011 ^ fZtxf dx = - C08echx ’ < 13 > 


tan x — u, 

du _1 f d(lm) 1 

” * _r a 2 + (6u>“tt& a 
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fjL =he “° i ^ (14) 

-**- r *'' <‘ 5 > 

Similarly the forms 

[ f dx 

J a + b cosh x ’ J a + b sinh x 

can be integrated by the substitution tanh i* = u. 

,df&. Trigonometrical Substitutions. 

The integration of an algebraic function involving the square 
root of a quadratic expression is often facilitated by the substitu- 
tion of a trigonometrical or a hyperbolic function for the indepen- 
dent variable. 

Thus : the occurrence of \J(<d - x-) suggests the substitution. 
x = a sin 6, or x = a tanh u ; 
that of - « 5 ) suggests 

x = a sec 6, or x = « cosh u ; 
that of Vfs 2 + (i s ) suggests 

# = atan0, or a: = usinhu. 


Ex. 1. 
Putting 
we find 


Ex. 2. 


To find 


/ 


To find 


JV(°’ ~.r)dx. 

x = a sin 6, dx-a cos 6 <16, 
s /{a- — j ") dx - a* /cos 3 6 dO 

- 3 ai J (l + cos 26) d6 

- W(6 + l sin 26) 

= \a- sin' 1 V - + "a: N /(a 2 - a 2 ), 
( yj (. + a 3 ) dx 

J x 1 


Putting 

we obtain the form 
which 


* = a sinh u, dx = a cosh u da, 
j cotb 3 u du, 

— /(I + cosech 5 u ) du -u- coth u 


= sinh 


-i ? __ -J( j ‘ + ® s ) 


(l) 


( 2 ) 

•(») 


(4) 


Xu i. c. 


IS 
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Ex. 3. To find 

J (l-x)J(l -or) 

If we put x = cos 0, dx ~ - sin 6 df), 

the integral becomes 



dO 


- cos 


b 



-- cot 1 6 


V 80. Integration by Parts. 

The second method referred to in Art. 77, vu. that, of ‘integra- 
tion by parts,’ consists in an inversion of the formula 


d , . dv dit 


ll) 


given in Art. 30. Integrating both sides, we find 


whence 


ut) = jit dx +J v l j" c df, 

< 2, ‘ 


This gives the following rule : 

If the expression to be integrated consists of two factors, one 
of which (df/dx) is by itself immediately integrable, we may in- 
tegrate as if the remaining factor (n) were constant, provided w r e 
subtract the integral of the product of the integrated factor ( v ) 
into the derivative ( du/dx ) of the other taetor. 

A very useful particular case is obtained by putting v — x, in 
(2). Thus 

judx — xu - jj 


lx , dx. 
ax 


.(3) 


The following are important applications of the method. 
l u . J log xdx = x log® — Jar. 


= x log X — X. 


.( 4 ) 


* If we write v for dvjdx, and therefore D~ l v for v, this takes the form 
Z)- 1 (uv)=uD ~ * v - Z)-> (Du . V-'v). 
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2°. To find jV(a 5 — a?)dx. 

Putting u = - x ') in (3), wo have* 

j V(« 2 - a 2 ) da; = a- V(« s - x") + ^ . 

But jV(a*— a; 5 ) da; = J J ^ a s da- 

* _L Wr - 

.v(o' — a- 2 ) J V( l< " — x*) 

. , a- I* •r 2 d,/' 

= a- sin' 1 — , 


Adding to the former result, and dividing by 2, wo find 
JV(« J — a") da 1 = 1 a' ^ (a- — a -) + A a 3 hill -1 ^ : 
of. Art. 70, li\. I. 

In exactly tin* same way we should find 

| \ (n- + a-') d.r — A a- v '(</-' + a“) -f i a- sinh -1 ^ , 

i t p 

j \ '(a-' — «* ) da = ^ a' \/(a° — a 3 ) — £ m 3 cosh -1 . 
3". To find the integrals 


P = f c aX cos /3a dx, Q = Je 13 sin /3a: d.r. 


Putting 
in (2), w 7 e find 


« = cos 8,c, r = 

a 


P = ' e“* cos $J' — - c“ x . (— 8 sin @ x ) da; 
a . a 


1 o 

= e ajr cos /8a’ + - Q. 
oc a 


Similarly 


Q = * e** sin /9a' - [- . /3 cos fia’da’ 

a r ot 


■j o 

— - e** sin /9a; — - P. 

a a 


..( 5 ) 

..( 6 ) 

..(7) 

••(») 

( 10 ) 

.( 11 ) 

( 12 ) 


191—9! 
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Hence 


and therefore 


olP - /8Q = e** cos fix, 
fiP + aQ*=e ax sin fix , 


;} 


[CH. VI 

...(13) 


cos /w, - r - * ™ ' 


1 ' 

je“*sin fixdx = Q = 


a sin fix— fi cos fix 
dr + fi 1 


.(14) 


y 81 . Integration by Successive Reduction. 

Sometimes, by an integration ‘ by parts,’ or otherwise, one in- 
tegral can be made to depend on another of simpler form. 

1°. Let « n = J>e"ff.r. (1) 


We have u n — * e *- r . x“ — 1 1 e aX . nx*~'dx 

a Jo. 


= - x n (f x — n u„.. 

a a 


•(2) 


If n be a positive integer, we can by successive fipplications of this 
□bt 


formula obtain u„ in terms of 

= je^cLc, — ~ e“* 

Ex. 1. Thus, if «„- jxJ'e~ x dx, 

•we have u n = - *" e~ x -t nw,., 

For example, 

«,= — a?e~ x + 3w a 3?e~ x + 3 (— are~ x + 2 «,) 

= - a?e~ x - .T/r'e - * + 6 (— xf~ T + «,), 
fx'e~ x dx = — (ar 1 + 3-r 2 + 6x + 6) f~ x . 
v n = fx* cos fixdx , ) 
v„ = /.»•’* sin fixdx. f 

u„ = ~ sin fix. x n — sin fix . nx’^ds 


•(3) 


■W 

(5) 


or 


2°. Let 


We find 


.( 6 ) 


/9 

1 . 
'/S' 


1 . _ .. n 
= 5 sin fix . X’ 1 - -pi'n-u 


■ 0 ) 


and v n = — ^ cos fix . x n — j i cos fix'j . nx n ~'dx 


1 71 

= - £ cos #r . * n + ^ u„_, . 


( 8 ) 
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If n is a positive integer, these formulae enable us to express w„ 
and v n in terms of either m 0 or v a , which are known. 

Ex. 2. Thus, if (3 = 1, we have 

u n -- x n sin x - «!)„., , v, — — x H cos x + nu n _ t (9) 

For example, 

u 3 - x' sin x - 3t' s - s* sin sr - 3 (— ar cos x + 2ti,) 


= X s sin x + 3x : cos x — 6 (x sin x — i' 0 ), 
or f.i a cos sdx — ( i? — 6jj) sin x + (3jr — 6) cos x. 

3". If n„ = / tan" 9d0 (10) 

= / tan"" - 9 (sec 2 9 — 1 ) dd 
— / tan* 2 dd (tan 9) — / tan' 1-2 9d9, 

we have = — - tan” 1 9 — u n (11) 

n — 1 

Hence if n be a positive integer, u„ can be made to depend 
either on 

ii,, = Jtnn9d9, = log sec 9 (12) 

or on =Jd9, —9, (13) 

according as n is odd or even. 

Similarly, if v„ = / cot* 9d9, (14) 

we find v n = — - cot " -1 9 — v„_, (15) 

82. Reduction Formulae, continued. 

1 Let v n = J cos" 9d9 (1) 

We have 

w„ = / cos" -1 9d (sin 9) 


— sin 9 cos" -1 9 — j sin 9 . (n — 1 ) cos" -2 9 . (— sin 9) dO 

— sin 9 cos" -1 9 + (?i — 1 )/ (1 — cos 2 9) cos” -2 9d9 
= sin 9 cos" -1 9 + (n - 1) («*_. - »„). 

Transposing, and dividing by n, we find 

w„ = * sin 0 cos " -1 0 + — — - Un-j (2) 

M W 
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By successive applications of this formula we reduce the index 
by 2 at each step ; and finally, if n he a positive integer, the 
integral w n is made to depend either on 

m, , = / cos Odd, = sin 6 (3) 

or on «o. = j dO, = 0 , W 

according as n is odd or even. 

/2<‘. By a similar process, if 

v n =fsm“0d0, (5) 

we find Vn ~ — — cos 0 sin" -1 0 H - v ,,_2 (9) 

In this way v„, when n is a positive integer, is made to depend 
either on 

v x , = J sin Odd, = — cos 0, (7) 

or on v 0 , =Sd0, =0 (N) 

^3°. The same method can he applied to the more general form 
Min, n — I sin’" 0 cos" Odd ( 9 ) 

We have 

Mm, n = / sin"* o cos”- 1 Od (sin 0) 

— — - — sin m+I o eos ' l_1 6 
m + 1 

— — |sin m+1 0 . (» — 1 ) cos" -5 9 . (— sin 0) (10 

= 1 - sin ’" 1-1 0 cos ” -1 0 

m + 1 

+ ?1 I sin™ 9 cos' 1- -’ 0(1— cos 5 9) dfl 

m + 1 J 

= — 1 , sin ,n+1 cos’ 1 " 1 0+ 11 1 (««, „_ s - it,,,, „). 

m + 1 m + 1 

Clearing of fractions, transposing, and dhiding bv « + n, we 
obtain 

M»«, » = » , 1 „ fiin “ H 6 8+ 11 .J «w. «-2- ...(10) 

’ m + n in + n ' 7 

In a similar manner we should find 

” m +“n isinm "' 6 C0S ” + ‘ d + T + 1 - -( 11 > 
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By successive applications of (10) and (11) we can reduce 
cither index by 2 at each step, so that finally, if in, n are positive 
integers, the integral u Mi „ is made to depend on one or other of 


the following forms : 

?/, ,, = /sin 6 cos 6d6, — A sin'- 6, (12) 

0 , =/d0, =0, (13) 

lit, i, = / cos 666, = sin 6, ....(14) 


w,, o, = / si n 6d6, — — cos 6 (15) 

Tin* investigations of this section are chiefly important as 
leading to some simple and practically very useful results in 
definite integrals. See Art. 


83. Integration of Rational Fractions. 

We return to the integration of algebraic functions. There 
an; certain classes of such functions which can Is* treated by 
general methods. 


We begin with the case of rational functions. A rational 
fraction 

F(a) 

/(•<•)’ 


.( 1 ) 


in which the numerator is of lower dimensions than the denomi- 
nator, is called a ‘ proper ’ fraction. Anv rational fraction in 
which this condition is not fulfilled can by division be reduced to 
the sum of an integral function and a proper fraction: it will 
therefore be sufficient for us to consider the integration of proper 
fractions. Accordingly. if y\.r) be a polynomial of degree n, say 


/(.r) = a H +/>,.<’" 1 + + ... +p„- l .e + p„,...(2) 

we shall suppose that F (,/•) is at most of degree u — 1. 

To facilitate the integration, we resolve (1) into the sum of a 
series of ‘ partial fractions.’ The possibility of this resolution 
depends on certain general theorems of Algebra, for the proof of 
which reference may be made to the special treatises on that 
subject *. 

The student will find, however, that for such comparatively 
simple cases as are usually met with in practice, a mastery of 
the algebraical theory is not essential ; since the results obtained 
by the rules to be given may be easily verified a posteriori. 


Fur the complete theory Bee Chrystal, Alycbro, c. viii. 
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We will first suppose that the roots of the equation 

/(*■) = 0 ( 3 ) 

are all real and distinct, say they are a„ o a , a«. The poly- 

nomial f(x) then resolves into n distinct factors of the first 
degree, thus 

f(x) = (x - a,) (x - a 2 ) . . . (.r - a n ) (4) 

There is no difficulty in shewing that in this case the fraction 
(1) can be resolved into the sum of n partial fractions whose 
denominators are the several factors of f(x) ; thus 


*>)__ 

(x-a 1 )(x-a. 1 )...(x-a n ) 



,...(5) 


where A t , A „, ... , A„ are certain constants. If we clear 15) of 

fractions, and then equate coefficients of .r* 1-1 , .r ,l ' a .r l , x in the 

two sides we get exactly n conditions to determine the n co #tants ; 
but it is not evident that the conditions in question are consistent 

and independent, and that the determination of A„ A t A n so 

as to satisfy (5) is therefore possible and unique. The two 
rational integral functions to be identified will, however, become 
equal for x — a lt x = a, # = respectively, provided 


or 


4 a (a, - a,,) (a, - a,) ...(a, - «,,) = /’ (a,), \ 
A (« 2 - «]) ( a t - « 3 ) • • • («s - «») = I 


A n (a„- a,)(a n - a*) ... (a n - = F (a r „), ) 

A A - F< ^} A - F 

1 /'<«>)' ,3 ~ /'(«,)’-• n ~/'{o>,y 


( 6 )* 


( 7 ) 


Now two rational functions of degree a — 1 cannot be equal for 
more than n — 1 distinct values of a- unless they are identical. 
Hence, with these values of the constants, (5) is an identity. 

We then have 


r IT/_\ 

J dx = A i (* ~ «i) + A log (x- att ) + ...+A n log (j- - or„). 


Ex. 1. To find 
. We write 


I 


xA - 5k 2 + 4 ‘ 


(«) 

O) 


sc* - 4x A BCD 

' W+ 4 ~ X + x*- ba? +A ~ x + + + ^2 + x + 'l 


...( 10 ) 


This is an extension of Art. 75 (8). 
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If ve clear of fractions and then equate coefficients, we get four linear 
equations to determine A , B, C, D. It is simpler, however, to use the 
method just explained. If we multiply the assumed identity by 1, 
and afterwards put x — 1, we obtain the value of A ; and similarly for 
the other coefficients. We thus find 

x' _1 1 _ 1 1_ . 8 _I_ 8 1 

X 1 — 5ar + 4 = X 6* -l C *+ 1 * 3x - 2 4 3*+ 2 

a result which is easily verified. Hence the required integral is 

lo K ( r - * ) ~ J l ( >g (x + 1 ) + |J log (x - 2) + 3 log (r + 2). . . .(1 2) 

To find 1^,;% (13) 

Treating 1 'x- ( 1 + ar) as a function of x\ we have 

— * = i-_ 1 (14) 

j*(l + s l ) X" 1 + j? ' ' ’ 

whence I f* * tair’x (15) 

.'.^(l +.i J ) .r v 


84. Case of Equal Roots. 

If the roots of the equation f(x) = 0 are real bul not all 
distinct, then, corresponding to an r-fold root ft, we have a factor 
(x - fif m f{x). It is shown, in the algebraic theory referred to, 
that the corresponding series of partial fractions, in the expansion 
of Art. 88 (1 ), is now 


r>i j j, , , , 

x-0 + ix.~t3y + - + {x-fjy (1) 

where B lt H , t , ... li r are r constants, to be determined by the 
method of equating coefficients, or otherwise. 

The indefinite integral of the expression (1) is 


Btlogix-P)- Jjg 


1 B , 


1 Br 

-i(x-/3r i 


Ex. 1. To find 
We assume 


j ' dx 

J x* ( l — x) 

_ 1 A R C 

a? ( 1 - x) x * j -3 + 1 — x ' 


•••(*> 

....(3) 

....(4) 


If we multiply both sides by 1 — r, and then put x~ 1, we get C - 1. 
Again, multiplying by x s , and then putting a? - 0, we find It — 1. The 
constant A remains to be found in some other way. If we multiply 
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both sides of (4) by x, and then make x go , we find A - C = 0, whence 
= h An equivalent method is to clear of fractions and equate the 
coefficients of a?. Again, we might assign some other special value to 
x ; for example, putting x - - 1, we find 

-A + 71 + J{7 = 2, 

which, combined with the previous results, gives A - 


Hence 

Ex. 2. To find 
Assume 


I**-*) iG + i + \-x) dx 


— l°g — log (1 — . ■) . 


f 2x4-1 

J(* + 2)(x 


») 2 


2x4 - 1 


E 


C 


(x + 2) (,r - 3) a " x + 2 + x - 3 + (x - 3)'* 
The short method of determining coefficients gives 

— 4 + 1 3 __ fi + I 7 


••(■>) 

.(«> 

■■(7) 


A =r- 


3 

25 ’ :\~+ 2 5 ' 


(_ 2 _ 3 )* 

Also, multiplying hy x, and then making x ♦ co , we find 

d + 71 =. 0, or 11 = J'. . 

The integral is therefore 

- A W (* + -') + A log ( e — 3) — ' , . 

.> (r - .1) 


Ex. 3, To find 


[ x' dr 

J(x* + 


i r 


•••(*> 

•••(!») 


We recall Art. 77, 3 . Regarding ,r 3 ,(./" + 1) J ns a function of we 
find (by inspection) 

a* ^(ar + l)-l l I 

(x J + 1 )-’ (a? + 1)- ~ x J + 1 (x- +])-' 

Hence 


1 X s dr 

f xdx 

( xdc 

) (x? 4- 1 )“’ ~ 

/ar ! + 1 - 

.1^4 1 y 


— A log (or + 1 ) + * 

' ’ 2^ si) 

85. Case of Quadratic Factors. 

The preceding methods are always applicable, but if some of 
the roots of / (*)«0 are imaginary, the integral is obtained in 
the first instance in an imaginary form. If we wish to avoid 
the consideration of imaginary expressions, we may proceed as 


..(10) 
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It is known from the Theory of Equations that a polynomial 
f(x) whose coefficients are all real can be resolved into real factors 
of the first and second degrees. Then, in the resolution of the 
function 


*V) 

/(*) 


(1) 


into partial fractions, it may be shewn that we have 


(a) for each simple fuel or x — a which does not recur, a fraction 
of the form 



(b) for a simple factor .<•— ft which occurs r times, a series of 
r fractions, of the form 


* + * +...+ ■ 
x - ft (. 1 - — ft)- (x - fty' 


.( 3 ) 


(c) for each quadratic tiictor a- + px + ij which iloes not recur, 
a fraction of the form 

r ' +D : U> 

X + p.r + </ 

(d) for a (Quadratic factor x- 4- p.r + q which occurs r times, 
a series of partial fractions, of Ihe form 


r,.r + /), (\..r+n, 

x- + px + tj (.r 1 + p.r + </ )- + 


+ + ....( 3 ) 

(X- + p.r + qy 


It is easily seen that in this way we have altogether just 
sufficient constants at our disposal to effect the identification of 
the function (l) with the complete system of partial fractions, bv 
the method of equating coefficients. 

•It only remains to shew how the indefinite integral of tin; partial 
fraction 

( 6 ) 

(.<- + p.r + 7 )* 

can be found. The case s -- 1 lias beeu treated in Art. 7 4, and the general 
case can be reduced to this by a formula of reduction. 

In the first place, we can find A, fi so that 

<■>+/>„ x 2x + p + ,4 

(.r -i px + <i)‘ (,ir + p.r + q)* (j-' ; + p.r ->-7 )* 


* The investigation which follow.-, is given for the sake of completeness, hot it 
is seldom required in practice. The student will lose little by postponing it. 
Another method of integrating expressions of the type (10) is indicated in Ex. 2 , 

below. * 
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viz. we have A = \ C„ p=D,~ \j>C, (8) 

The integral of the first terra on the right hand of (7) is 

_JL. 1 (9) 

s-1 (x- + px + q)’-' 
and it remains only to find 

/«*♦£♦*■ - < l5 > 

where t ~ x + \p, c- q — \p“ (11) 

Now, by differentiation, we find 

t * - 1 ( , 0 * 

dt (<* + c)’ _1 (P + cy 1 K ~\p+cy 

— . * — — 2) ^ + ^ ~ C 

{p + cy-* ' ’ (P+cy 

(,2) 

Hence, integrating, 

( >- + V' - - < 2 * - a > / .V' + (2 ‘ ■ 2) r h»% ■ 

/■ «& 1 < 2« - 3 J /■ 

J (P + cy ( 2 s — 2 ) c (t- + c)’- ,+ 2 x- 2 ' c j (t- + c)“ ' 

Returning to our previous notation, we have 

/ <£c 1 a; + i/> 

(a,- 2 +^>a: + (/)’ ~ 2 (# - 1) (y — \p *) (asV p.c+ y)*‘ 1 

2s -H _ f fix 
r 2(*- i) (q (aP +px + qy *’ 

which is the formula of reduction required. Ry successive applications 
of this result, the integral (10) is made to depend ultimately on 

r dx 

)a? + px + q' 

which is a known form (Art. 75). 

To find (16) 

The denominator has here two quadratic factors, sr* + x (- 1 and ar ! -*+l 
which are not further resolvable. We therefore assume, in conformity 
with the above rule, J 

1 _ Ax + li Cx + D 

4 + x a + l _ af + x+l+oP — x+l' (^) 

or 1 = ( Ax+B ) (sP-x + l) 4(Cx + D) (a? + * + 1). 
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Equating coefficients of tlie several powers of x, we have 
A+C = 0, -A+C + li+D^ 0, 

A+C-R+D^ 0, li+D 1. 

Hence -1 — — t/ - A , B = D — l (18) 

The integration can now be effected by the method of Art. 75. 
We*have 

f dx = 1 f x + 1 i/x -l f „ X ~ ] ,dx 
Ix* + j?+ 1 “ 1 xP + s+l -Jar-X+ 1 

\jV; + ' )+l dr- 1 


|(2C- 
I XT — 


X T 1 


■ a: + 1 

I log (x 2 + .£ + 1) - | log (a:-- x + 1) 

+ i /(* + Af + f + i /(*-i) J + i 


A’x. 2. To find 


j*TJ-t-l 1 /. . 2-r+l , 2 js-1\ 

} 1 b « - a- + 1 T 775 ( tan - - 3 + tH,r ;/r ) 

(19) 

(20) 


ar - «■ • 


.. . - 1 1 . n /3* 

i*i73“" ITh- 


i dx 

J (l+x-f 


This comes under (14), but may be treated more simply as follows. 
If we put 

.»■ - tan 0, 

we get 

(„ <ljr . . - /cos 5 0</0 

./(1+., 2 )-' ./ 

- 1/ ( 1 + cos 20) tf0 

- A0 j- ^ sin 20 

-Jtan'x+J 1+ J e2 (21) 


v' 86. Integration of Irrational Functions. 

The following arc the leading results in this connection. 

/T“‘ In the case of an algebraic function involving no irration- 
alities except fractional powers of the variable, we may put 

x = t m , d rjdt — (1) 

where tn is the least common multiple of the denominators of the 
various fractional indices. The problem is thus reduced to the 
integration of a rational function of t. 
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2°. Any rational function of <r, and X , whore 

X = V(« + bx\ ( 2 ) 

can be integrated by the substitution 

a + bx s= t\ d.rjdt — 2tjb (3) 

Thus jF(r,X)dx- j F ^~ a , tj . ***, (4) 


and the function of t wliich follows the integral-sign is now rational. 

r x dx 

.1 - 


Ex. 1. To find 
If we put x - this becomes 
it 1 dt 


J Jx + 1 ‘ 

‘*0 ‘*')*~* f * 


dt 


=- -f -t ! + '2e-2 log (t + 1 ) 

= - / /- 1 - x + 2x- — 2 log (x’ + 1). 


Ex. 2. To find f > f X , , 

I (2 + x) J(l a x) 

put 1 + .r - dxjdt - 'It. 

/(u^, ■*/,?, 

- 2 tair 1 1 2 txu 1 v '( 1 + x). 

3". If A’ stand for the square root of a quadratic expression, 

say 

X — \J(ax- + bx + c), 

the problem of finding 

J F(x, X ) dj (5) 

where F(x,X) is a rational function of x and X, can also be reduced 
to the integration of a rational function. 

If a be positive, we may write 

X = Ja. +px -t q), (6) 

where p = bja, q = cja. Now assume 

+ px+q) = t-x, 

(?-q dx 2 (f 2 + vt + «) 

whence x- - , = n\ 

2 t+p at (21+ pY v/ 

+** + *> =**+* + 7 


and 


( 8 ) 
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It is evident that by these substitutions the problem is reduced to the 
integration of a rational function of t. 

If the factors of ar* + px + q are real, say 



X s + p.c + q ■- (x - a) ( X — /?), 

0) 

we may 

also make use of the. substitution 



'5* 

1 

A 

II 

Ox 

1 

(10) 

whence 

P - a tix i (P - a) t 

• r a + i _ c ’ dt (i-t-y 

(U) 

and 

vV 4 1 >* - q) - (•'• - a) ^ °y 

(12) 

If a 

lx* negative, we may write 



X- n '(7 

(13) 


where p —It a, q — r a. If the radical is to be real, the factors of 
// t px - ar must be real, for otherwise this expression would ha\e the 
same sign for all values of x, and since it is obviously negative for 
sufficiently large v nines of .»•, it would alvv ays be negative. We hav e, then, 


7 f P J ' X s - 

(x-a)(p- c), 

(H) 

where u, fi are real. If vve assume 


P-s 

(X - a) /*, 

... /13) 

... P — u 

w e him •> = a - , , , 

i/x '2i(i-o)t 

dt (1 - t-y 

(16) 

and s r (q +j>x-r) 

‘'-'-I'?' 

(17) 


These substitutions evidently render 


F(r, X) 


dx 

(It 


a rational function of t. 


The above investigations are of some importance, as shewing 
that functions of the given forms can be integrated, and that the 
results will be. of certain mathematical typos: but the actual 
integration, in particular cases, can often be effected much more 
easily in other ways*. Wo have had instances of this fact in the 
course of the Chapter ; and we add one or two further illustrations. 

Ex. 3. By rationalizing tlio denominator, vve have 


■7(1 + x) + N /x 


=-5(1 +*)*- 3^- 


* See especially the methods ol Arts. 76, 77, 79. 
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= ^-jj(x a -\)dx 

= lx 2 — 1) + | cosh - ’ x. 

Otherwise, patting x = cosh ?i, tiie integral takes the form 

f sinh udu . „ . , 

I , . , - f e " sinh i/ du 

J cosh u + sinh u J 

~ 1/(1 - e" 2B ) du - 

which may be easily shewn to differ from the former result only by an 
additive constant. 

EXAMPLES. XXIII. 

Find the indefinite integrals of the following expressions*: 


1 1 

1-x’ (1-x) 2 * 

3- <*-V. (# V 

5 1 1 

+ X)’ J{3--lxy 

1 — 2x 2 + x 

3 +x ’ 3 — x' 


2 1 1 
2x - 1 ’ (2x-\ f 

4 i, - 1 - 1 ' ' 

v ’ </■»’ J- ’ 

b 2 ^ j? !+■*• 

’• (*%)'• (*+;)'• 


9. 

1 + X 

1 —X 

10. 

ar 

x 2 

\~x' 

1 +x’ 

lTx’ 

1 ~x' 

11. 

1 -X 2 

1 +ar*’ 

1 + 3 ? 

1 — x 2 ’ 

~* 12 . 

cos* sr, 

Cot 2 X. 

13. 

(cos X — 

sin x) 2 . 

14. 

cosh 2 X, 

sinh 2 x. 

15. 

tanh 2 x, 

coth 2 x. 

16. 

1 -x"‘ 
'l~x ’ 

1 + arr"‘ +! 

1 + X 


EXAMPLES. XXIV. 

(Dynamical.) 

1. A particle moves according to the law 
da 

dr u »- gt > 

prove that the space described before it comes to rest is w 0 "/2 g. 

* The student should test the accuracy of the results by differentiation. 
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2. If a point start from rest at time t = 0 and move with a 
constant acceleration, and if v, be the velocity after any interval and 
v the "mean velocity in this interval, then 

3. If, with the same notation, the acceleration vary as t‘\ then 

1 

o - , «, • 

it + 2 

4. A particle moves according to the law 

(lit 

f ( ~ e„ cos nt ; 

prove that the space described from time t- 0 until it first comes 
to rest is vjn. 


5. If the velocity of a particle moving 
lie given by 

' U v 

dt ' 0 ’ 


in n resisting medium 


prove that the particle never attains a distance /•„ l- from its position 
•when t 0. 


6. A particle moves according to the law 
ds 


dt 


- COS lit , 


prove that the space deserilied from time f 0 until it first comes to 
rest is 

?(('— Air,2» 

7. If the angular \elocity of a body rotating about a fixes! avis 
be given by 

dO 

, lit seen vt, 
dt 

prove that 

# - f tail - ' (■“' 7r, 

supposing that 0 \ anishes for t = 0. 


EXAMPLES. XXV. 
(Quadratic Denominator?.) 

1 [} J X , dr tan 1 x ■* log v /(l + x- 2 ). 

/ 1 + XT 

2. f. * „ dx Aar - log N /(l + x*). 

Jl+xr 


l. i. e. 


13 



194 


INFINITESIMAL CALCULUS 


[CH. VI 


3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 


12 . 


13. 

14. 


1 . 

2 . 

3. 

4. 

5. 


/ 1 T = - K - Jog 70 - *“)• 

( d 

/ 1 - 2a 




^ = tan -1 (2a; — 1). 
2*4 1 


J'2a 


1 1 + 3a; + 2ar* ^ x + 1 

3a: + 7 . ... , 37 . 4x — 3 

2ar 3x + 5 *'* ‘ * l ° S < 2ar ** + + 2 73I U " 731 ' 

/■ 2x — 1 
Ja*+ 2*4-3 

fjr + x 4- 1 , . , , , 2 . . 2* - 1 

J a?-!r+l * B ~ ■* ° K (■'“ - a- 4 1 ) 4 tall 

/(x-lV^'" 10 *^ 1} a; — 1 " 


log (ar + 2a; 4- 3) - A tan ' 1 ‘M 1 • 


s /3 


r xda 
Jar + 6x 


Xd - - lojr (!C + 4 ^‘ 
+ 6a: 4 8 " a; 4- 2 

.r 2 - 1 


i(x-2)(x-3) dX •> : -3 1 °g(a'-2) 1 Mog(., 3). 

C -I-!* - •' Mil V» + l)l0R (**->/» 1) 

(•• N /- r >-l)log(2., + s /o 1). 

rl— ar” 1 1 

| , jrfa X+Ltr‘ 4 ix' - ..+ . , a'™- 1 . 

_/ 1 — ar J '' 2w 1 

I . rfa: X— .lx 1 4- lx'- ... f (-)’"-' .r 2 '"- '. 

./ 1 4- ar •• ” ’ 2 m 1 


EXAMPLES. XXVI. 

j 7(2 + 3?) = 73 8inh_ ‘ (v ’ 

hwor-,)r“~' (2j -' > - 
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6. 

( dx 

1 . 

. . 3x + 1 

J J(l + 2x + 3x*) " 

- x /3 S,nh V-2 • 


/' dx 

1 . 

. 3x- 1 

7. 

J J(1 +2x- Sx 2 ) 

73 sm 2 ’ 

8. 

( dx 


X \ 

/ //.> T. COS" 1 1 

J s /( Inx — x-) \ 

a) ’ 

9. 


7f c (« 

vi 1 . a 

x)\ 1 sin 1 

n * a 

10. 


sin 1 r 

7(1 ar). 

11. 

A/cri)* 

7(- r ' 

1 ) 4 cosll* 1 J - . 


EXAMPLES. XXVII. 
(Change of Variable.) 

/' x J dj- , , 1 


l 

<L- 


I X'llX 

M + j* ' 


tair 


, i x-tu- i 

L / 1 —x‘ 

{i^dx .. 1+J- 

1 h-s‘ ihs i *«• 

3. 'U 

4. J sin x cos a- </j- 1 sin" .* . 

5 - /■^v^) (/ ''~ 1(shr ' J>i 

6 - / rVsin t k * (l +sm - c) - 

I 8 * n X </x - log (« j- 6 cos j ). 

J a + b cos a; o 

7. / sin x cos 3 x dx — J cos 4 ,r. 

„ f sin x cos x , 1 , , . . , . 

8. I - , -dx - „ . — log (a cos- .r + 6 sin- r). 

J a cos 3 J' + 6 sin* x» - (b - a) 

9. f tau s x dx 1 tail- x + log cos x. 

10. f -* D j X dx - J sec 4 x. 

/ cos* x * 

11. / sec 4 x dx - tan x + J tan* j:. 


13-2 
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12. 

/ (sec x + tan x) dx - log - — — , 
1-sm* 



/ (sec x — tan x)dx = log (1 + sin x). 


13. 

[ dx r dx 

./ 1 + cos x J 1 — cos X 

- — cot X 

14. 

(dx r dx 

./It sin x J 1 — sin x 

tan x 4 

15. 

f ■ . - tan x — cot x. 

J sin 5 x cos- x 


16. 

f dx 

1 . - sec x * log tan Ajs. 

J sin x cos- x ° - 


17. 

/ d' K J sec 2 x + log tan a;. 

J sin a; cos J x ° 


18. 

/r + tnx^’ X+ “ l0g(C0S ’ , ‘ TSin ' ) - 


19. 

f ^ tan 1 ( ^ tan x\ . 

_/l + cos 2 .c J‘l \J'l ) 


20. 

jzj(a*i zr) dx - ‘ (ir + x 1 )-. 


21. 

( dx 1.x" 

Jx~(x°~+ 1) ~~,l 0g *“ 1 1 • 


22. 

Evaluate / J(ar + id) dx ami / J(xr 

a) dx 


huljstitutions. 


23. 

24. 

25. 


<L 

Vs/(1 

dx 

J J(a- - y ! ) 

f x'iIx 

J N /(a* + x?) 


rX 2 ) 

k 


_V(l4.'.r) 

X 

J(a?-xr) 
a 2 x 

(ar - 2a 2 ) ^/(o 2 t 


EXAMPLES. XXVIII. 
(Integration by Parts.) 

1. jxe Jf l a dx - a(x — a) »-*/“. 

2. fx log xdx- (log x — 

/ 1 \ 

3. [x m log xdx - - , ( log x — , ) . 

J m + 1 \ nn 1/ 

4. J* sin x dx = -- x cos x 4 siu x. 

5. Jx cos xdx = x sin x + cos x. 


- cornea*. 

sec ./•. 


1>\ hyperbolic 
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6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
22 . 

23. 

24. 


JrBmxcosxdx^ — cos 2x + g tun 2x. 

m sin mx cos nx a cos rru. sin nx 
m? — n 1 

n sin mx cos nx -m cos mx sin iu: 


J cos nur cos nxdr 
J sin nur sin nr dr 


nr 


n- 


. . , in cos mx cos nx + n sin mx sin nr 

/.sin mx cos nr dr — - — • — — . 

m* — n- 

/sin 1 j ilx x sin 'x + ^l .r 1 ). 
fiMi'xdx-xteki\-' a- -log J(\ s j?). 

/see 1 x dr x sec -1 T — cosh -1 x. 

Jx tan '* xdx - A (1 + ar) tan -1 x - 
Jr sec 2 x dr x tan r -t log cos r. 

/-.r + sinx 

| , dx = r tan ■!, r. 

1 1 + f * 


+ cos .r 


.r sin 


dr 


v'U .d) sin 


x + j . 


U(i-r) 

/cosh . 1 - cos x dr - \ (siuh r cos r + cosh r sin r). 

J sinh r sin r dr J ( cosh r sin x — sinh r cos x). 

J cosh x sin .r dr 1 (sinh x sin r cosh x cos r). 

/sinh r cos r dr - • (cosli x cos x + sinh r sin ar). 
je 1 sin x cos r dr (sin 2a- — 2 cos 2*-) «*. 

Jx r ‘e~- r dx -- — (,c‘ + 5.1? 1 - 2 Ox 3 + t>0j- 2 *• 120U- + 120) e~’. 
fx 1 sin r dr — (x 4 1 '2xr + 24) con x + (4jr* — 24x) sin ,r. 

It "« — Jr" cosh x dr, r„ Jr* sinh x dx, 


prove that //„ -- x" sinh x ■ tiv„ 


r„ = r“ cosh a- — tin,, 


Deduce the values of and e 4 . 

[ « 4 = (ar* + 1 2*“ *-24) sinh x - (4 a" + 24x) cosh x, 
r 4 = (x 4 + 12* 2 + 24) cosh x — (4ar* r 24x) sinh *.] 

25. If n bo a rational integral function of r, prove that 

(e** ndb' = (1 — 4 — j - 

u \ a a J / 

where D-d/ dr. 

28. Determine the coefficients A, h so that 

[ dx A sin x £ l dx 

J (a + b cos x)' J ~ a + b cos a- J a + b cos x ’ 

[A - - bftd* - b*), B - o/(a 3 - 6*).] 
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1. 


2 . 

3 . 

4 . 

5. 

6. 

7 . 


8 . 

9 . 

10 . 

11 . 


12 . 


13 . 

C&j'* 


14 . 


16 . 


EXAMPLES. XXIX. 
(Rational Fractions.) 


dx 


(*-»)' 


I *■ (I ■ a* 1 ) '"® V(1 - ' 

f-r-dr <°s 

Jx(x~l)(r+ 2) a;* (a- +2)* 

f 3 ?d.t 

J(x-l)~(x~-‘2)(x-3) 

\ log (* - 1 ) — 4- log (x — '2 ) + l log (a- — 3). 

I ~ x - 9 ,/ a . 

J (a?-- 1)(2* + 3) 

= J log (* + 1 ) ,V log (j - 1 ) - log (2x , 3). 

I xdx , . — 2 

jx t -Hd‘-2" * l0g ^' 1 ‘ 

( dx 1 , , a: - 1 

JxF+3st?^A ~ 3 (a- + 2) + 11 S *+2‘ 

f 7 X7~~k\ i -t -r-£r ,'<«<- »> 

J (x — a) (x- b) (x- c) ( a-b){a-c ) 5V ' 

+ (T^(b-a) l0g{x c) - 

[ ,ix 1 /l . .a’ i , x\ 

J(x > + a 3 )(x i +b-) ft- a 1 U ten «“**” A/' 

/■ xdx 1 , x? + a 1 

J (a? + a 2 ) (se» + 6 8 ) = 2 (6*— «*) ° S *»' 7 /,= • 

| ( 7T ^h ( atan "' 5 ' ' 6tau " O' 

/ SeP diC 1 

(a* + a 8 ) (k 8 + 6 s ) ' ¥(o s - 6 s ) ^ l0S ^« + ~ 1,1 iog (*“ + A3 >i- 

/ xdx 

jjT+\){Z+»Y 

f a?dx 

J(x+l)(x + 2) t x + 2 

/ dx . , a: + 1 1 1 

rf^&~-x+ 1 = « ° g " 2 x- 1 * 

/■ d® 1 x , | x+ 1 

1)* 2 + * log srn • 


2 a; + 2 

*+2 +h *i--rr 

4 - +log(®+ J). 
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dr “2j- 1 x 

*“{1 - x)* ' X (1 - x) + ■ U,1? i-x' 


16 . I 

"■ /, 

la lx J (a? — iy "^ ,ns /+!'t"irJ 1 


19 . 


21 
22 . f 


a?dr 1 r , . r 4 1 
(x* l) a “ 2 r* 1 ~ * ° g /--I ’ 

tlx , . 4 - 1 I I J 

’ a? - 
rlx 
(* f 
3x t “2 

j 1 f 
tl i 


I . **" - / , 4 ^ — log (x 4- 1)4- log I 

/ r‘ ( * f 1 ) 2^ 4, ^ v ' h 


20. I ^ * ? </-• 2 log 

/x(i“ , 1) 


“ /(x 3 ,, ' l0g 


1)' 


2 _1 

. 4 1 * X4 1 2(.»“ + l) 2 

r 1 3 x 1 /• 

r tl ^ 8 x- 1 " 4 (a? 1 f 

i 


1 /1 + . 1 .v ffr - lo *J //I v tan J /. 

x{\ +jt) s /(1 -r) 


. . f dx . . I + i 

23 - hr? i l0 « i _ , + 5 tei1 ••• 

24 li~s i og i 

25 jl4x' '' l0 " 1 r,^ + ^ taU */3~ 

oc ,, l — ar + x 3 1 ,! -- 1 

” il "“ (Urf V 

r #/'*» 

27 

28 


^3 


7 - /(l + ,Hl + r) :io«(I-)-llog(l4 4-V 

*• f(i+x)ti + s) :»««(! 


29. 

30, 
31 


I X s dr . x - 1 

' /x 4 4 jf* 2 " loS x4 1 + 3 


x - 1 % /2 


ton 1 


3 n /2 


'• f r 4 ,V^ + .J •"Re' - - 1 log (x- 4- 1). 


xrdx 


J(X~1)*( X ‘ + 1) 

0 „ /■ X s - 1 . , X J — X i- 1 

32. { , c/x i log , . 

/ X 4 4- X 3 4- 1 ' ° X J 4- X 4- 1 


= Mog(x-l)- 1 108(^4 1) 


33 . 

34 . 


/■ 

k 


dx 
a^( 1 4-x 1 ) 
a?dx 

fi+^r' 


- tan 1 x 4 

>• 

1 + 2x J 
4(1 4- x 3 ) 4 ' 


1 

ax* 1 


( ton -1 x 
1 ton 1 l . 

1 

“2 (x — 1 ) 
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35. 




dx 


2 + 3 a? 


Jx‘(l + a?Y 2x (1 +*“)"- tan_I ^ 
qo /■ «*» 1 , 1 + x J2 + x 1 1 a; J'2 

38 ' J i + ^ ~ 4- J‘2 ° g 1 - * J-2 Va? + 2 T V2 Uu 1 - a: 2 ' 

l-ss^+a*^ J_ *.„.!«■ 7.2 
I -or 


/" ar'cfe I . 1 — a: J'2 +: 

37 / 1 + a^ t x /2 l0g 1 + .«• s /2 <- . 


+ 2'te» tftn 


EXAMPLES. XXX. 
(Irrational Functional 

1. |.r s /( I “ (1 - .e) 5 -;(l + x)’. 

, dx 2 


2 ‘ I 


J J(x + a) 4- v /(.i* + A ) :5 (re — A) 

dx 


J(<m «)--(•*• *) J i- 


3 - (jx-1 - lo « n ' >)• 

./(!-«) V-r* g 1 - */x‘ 

5 - s/Stanh-y^'; 

6 ' J( l+x)J(l~-x) ' '/* taDb y/( ■> )' 

7 ‘ L+ J(x J 3 <*» ' s/ , 


2 x /(r- l)+l 


s. i J* dr** 2 j,+ log ''r 

lx - l v ^/x + 1 

j x + x) 

io f * „_V( 1 +«)_, k *^<!+ J, > 1 


Jx- \ 


9 | w^ 1 +•)-! 

1 ^7(1+*)'+] 

dx 

~sR i'+a-) 

11 - j 1 l - X ^ + ^ " ' siah ‘ j; 

a?dx 


vA 1 + r) r I 


12 


r ~ . L i 

u I , - „ v h Ninh 1 .t*. 


X 

(1+a*)* VU+* 2 ) 

13. /„— * 

.1(1+ a 




J (1 + x 3 ) V(1 -ar)~ J ‘2 V(! “ ' 


11 /n- 


da; 


L 1 l 0 g X 'J 2+ -’JQ +xi ) 


a?) J{1+ a?)~ 2 V2 * ^2 - „/(l + a?) 



CHAPTER VII 


DEFINITE INTEGRALS 


n/ 87. Introduction. Problem of Areas. 


The p roblem of integratio n, in the s ense now to he explained, 
is one of the o ldest in Mathemati cs, but it was not till the time 
of Newton and Leibni tx that a g enera l method of solutio n was 
evolved. We proceed in t his Ar t, and the next to explain this 
method briefly, without special att ention to logical details, taking 
the ‘ p roblem of are as ’ as a sufficiently typica l case?" I n this way 
the e ssential principle will be easily apprehended. Afterwards, in 
Arts. 89-94, the question will be taken up de nov o and discussed 
in a mo re general and mo r e rigorous manner. 

Suppose that it is required to find the area* included between 
a continuous curve 


(0 


y = 


( 1 ) 


the axis of j, and two ordinates .r — a, x = b. For definiteness we 
will suppose that y is positi ve over the range of x considered, and (xj 



* The term ‘area ' is used, in this Art. and the next, in the ordinary intuitive 
From the modern joint of vi ew the area of a ca rv e needs deWitioriT~ see 

Art. Vv. I 
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t hat b> a . We ma y divide' tins rang e b — a into a aeries of Bab- 
di visions.' L . h t , h n , and erect on these as bases a series ot 
rectangles whose altitudes y„ y 2 , are ordinates of the curve 

at arbitrarily chosen points within the respective bases. The sum 
of the areas of the rectangles thus constructed may bo regard ed as 
an a pproximation to the area reoui red. The result inajr, indeed, 
ha ppen to be exa ct, but it is evident that the approximation will 
as a rule be better, the smaller the subdivision s. li\, /f s . h n are 
taken, their number being of course correspondingly increased. 
The li mit to which t he sum of the rectangles tends, when the sub- 
divisions are infinitely s mall, is the are a requ ired . 

Befor e the i nvention of th e Calculus th is p roc edure, or som e- 
thing equivalent to it, had to bo carried out if possible f or each 
curve separately, the methods employed being often hi ghly i n- 
genious . The following examples may serve as illustrations. 

'4£x. 1. To find the area included between the parabola . 1 / •<•". the 
axis of x, and the ordinates .#■ - a, x — b. 



Putting 


/», It, - 


'ill Zlli 


!/„ \<t t (it 1 )/»)-. 


y, - « a , y. - (" 1 h)‘, y.i {n + Ht)\ 
we have t o consider the su m 

4 (a + hy h + (a + ’Ik)* h 4 . + (</ + tv \)h\ i 

-«o*A + 2[ 1 + 2+ . + (« — + {P + 2- + . + (»-l) J }A 

na*h + 11 ( n — 1 ) aft 1 + \{n— 1)« (2« - I )// 

= «*<6-«) + (l -)a(6_^ T3 (l-J(l- 2n )( 6 -«).. (2) 

The limiti ng value of t his for it is 

a*(6-a) + o(fi af + * (6 -a)’, or .. .(3) 
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4e. 2. The general case of the curve 

g* * M , V ^ (4) 

where m may have an y integral or fractional va lue, positive or negat ive, 
exc ept — 1 , may be treated as follows. 

The a bscissae of the dividing points of the range A — a are taken in 
ge ometric in stead of (as is more usual) ar ithmetic pr ogres sion, viz, they 
are 

y /£«*. •••. i L “">. 

where fgltja. The subdivisions are therefore 

fe\Ai- 0*~ l)«i = <M~ •••» 

*1716 or dinates at the, initi al points of these are 


a”, p m a m , fi tm a m . 




and the sum to be considered is therefore ^ -fh 0 

~ — +rVV |i-i) .m* 

(/»- 1>«"**<1 + ^ m+1 + ^' |m + ” + 1 '.>) + . . 

— s=r_ ^ „ . ] Ir- r 

-<*J>*" +, V “-T "^‘-l^ 'O 

The su bdivision s are made iniinite lv small by making fi tend to the 
li mit 1 . w b ecoming infin ite. Hince 


tt'" 4 ’ -- 1 

lim K -»i r wi -* 1, . . 

/»- l 


by Ark 211, the result is 


/,“• ’ 1 fI >»+> 
m + 1 


a""” y 


- -( 6 ) 
•(7) 


If we put m -- 2, we get the cast* of Ex. 1, above. 

The above ingeni 
modification when m 


The above inge nious procedure is due to Wallis (lfifi fi ). It needs 
— L TrTplace of (5) we then have 


* !0"~ '{■ ' <“> 


the limit of which when •/. is, by Art. 12 (9), 


, b 
log (( . 


(9) 


Ax. 3. Let the curve be 

v y — sin -*i (10) 

the range extending from x u tcx-j3. Tak ing equal subdivisions 

A =(g -«)/«, (11) 

wo consider the limit of th e sum 

- {sin (a + $A) + sin(a + iJA)+ ... + sin(/J- :j A) + sin (^-i A)} A, (12) 
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where the val ues of sin % at the middles of the respective interva ls have 
been taken. Now 


sin 

\h 



H 2 sin \h sin (fi — | A) + 2 sin A/t sin (/? — .jA) 
= cos a - cos (a + A) 

• cos (a + A) — cos (a + 2k) 


1 cos (/? — 2h ) — cos (/3 — h ) 

+ cos (/3 — k) — cos /J 

— cos a — cos /3 (13) 

Hence, proceed ing t o the limit (A -»■ 0), the required ami is 

cos a -cos/8 (14) 

^88. •' Connection with Inverse JDifferentiation. 

C alculatio ns of the a bove ki nd are now superseded by the rule of 
the I nteg ral Calculus, to which we proceed. 

If, ke eping a fix ed, we regard b as_ variable, the area considered 
in Art. 87will be a lunction of A.jvhich \ anishes when (> — a. When 



b receives an infinitesimal increment 8b, the increment of the area 
will ultimately be equal to a rectangle of breadth 8b, and height 
<f>(b)\ see Fig. 45. Thus, if A be the area in question, 

8A=<f> (b) 8b, 


d) 
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or £ = *&■ <2) 

Hence i f yfr(x) b e a function such that \lr'(x) = <b(x) , i.e. if -<\r(x) bo 
the ‘ indefinite integral ’ of $ (x), wo have 


dA 

db 




( 3 ) 


It follows from Art. 56 that 

A= + (b) + C, (4) 

where C is some constant ; and since A must vanish for b — a, we 
must have U = — i]r (a) . Hence 

A =yfr(b) — ijr (a), ( 5 ) 

The problem of finding tin; area is thus reduced to that of indefinit e 
i ntegration, which formed the subject of the preceding Chapter, 

"vifx. 1. If <f> (jj = x m , we have \j/ (x) = x'" ri (»/ 4 - 1), and 

A (6) 

711 +1 ' 

except when wt - 1. 

HtCr) l >.c\ we have ifr (■>■) _ log x, and 

d-log£ (7) 

^ Ex. '1. If <t (x) sin 4:, we have t(x)~ - cos x, and 

A - - cos fi — (— cos a) - cos a — cos /? (8) 

The above results agree with those obtained, by much greater labour, 
in Art. 87. 


n/ 89. General D efini tion of an Integral. N otation . 

As the process of finding the limi ting value of the sum of a 
ser ies of infinitesi m al quanti ties is one which has numerous appli- 
c ation s in Geometry and Mechan ics, we proceed to treat it m a 
more f ormal mann er, attending at the same lime to various poin ts 
of th eoretics Limporlfl jice which have hitherto been passed over. 

Let y . — 4> (x) , he a function of x which is regarded as give n (and 
therefore finite) for all values of «c ran trine from a to b. inclusively . 
Let the range b — a be subdivided into a number of intervals 


h» h, h (1) 

all of the same sitrn , so that 

h\ + A.j + ... + A* — b — it .*(2) 
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Let 2i.be o ne of values wh ich y assumes i n the interval L . 
y, one of the values which it assumes in the interval h%, and so on ; 
and let 

2 = yi hj + yjij + ...+ y n h „ . (31 

iThe v alue of this sum will in general v ary with the i^orle of sub - 
H iyision of the range b - «. and with the ch oicoof the values v X 
\h- •••, y n within the respective intervals (1). But if w e introduce 
the condition that none of thcjgc i nterva ls is to e xceed some* assign ed 
magnitude /■, then liT certain cas es, jwhich include all the types of 
functio n ordinarily me t with in theiTpplications of the Calculus 
(and more)Q,he value o f '2 will tend, as k is diminishe d. to some 
d efinite limiting value Sim th^iffije that by taking k sm all enough 
we can ensure that 2 shall timer from 7? by less than any assigned 
magnitude, however small .1 


T he sum which we have denoted by 2 is m ore fully expressed 

2£y&r or 2 fo(.r)&r (4) 

&r standing for the increments h,. h... A n ofa. T he limiti ng 

lv alue (when ffQxis ta - ) to which this sum converg e#, as the incrcr 
ments hx are all indefinitely diminish ed, apd their number In 
consequence indefinitely increased, is called the*' def ini te inte.irral ’ 
of the function <f> (x) between the l imits «, and-idL , and is denotwl hv 

f yda or ( </>(.v)dx, (/}) 

. a J a 


the o bject of thife pof-iQ-ion being to r ecall the steh s b> which the 
limiting value was approach edf. 


P roblems in which we require the limiting valne )t f ;1|)rT) 0 f 
type (3) occur in almost every branch of Mathematics The area of a 
c urve ha s already lieen referred to ; other simple instances a re : the 
len gth of a curve d arc, regarded as the- limit of an inscrii.Li /g,. r .v„., n 
■scrib ed) polyg on, the volume of a solid of revolution, and so on. These 
'will be considered more particularly in Chap. vm. 

Again, i n Dynamic s, the ‘ i mpulse ’ of a variable foro^ j n any inter val 
ofjjipe, is degned as the ‘ time-integral ’ of the force over- that, interva l ; 
via. if F be the force, considered as a function of the ti me t, the impulse 
in the interval - f 0 is the limiting value of the su m * 

+ F s T S + ... + F n T„, ... . (6) 


ifortunate that the word ‘ limit’ has to ha ugg S j n . fl . — i 
i word ‘ t erminus’ would perhaps be more ftppropri^U j n the 


* It is a little unfortur 
■jdi flerent te nses. TEef 
(present case. 

5 + Th e symbol f is a specialized form of 5, t he sign of sumtoation employed hv 
'the earlier analysts. The mode oi indicating the range of integration intwf 
dated by Fourier. 
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where r,, r 3 , ..., r„ are su bdivisions of the interval t, - t„ : anch tha t 

T, t- T,. + ... 4 - T, --t, -t„, y. (7) J 

whilst b\, F.,, ..., F a denote values of the .force in these respective 
intervals. Hems*, in our pre sent notation, the impuls e is 




Newt on's Second Law of Moti on asserts that the cha nge of m oment um 
of any mass Im) is equal to the impulse which it receives, or 


i U 

>»i\, j Fdf, 


where v„, », are the initial and final velocities. w ^ 

Again, the wo rk done hv a variable force is defined as the s pace- 
i n tegral of the fo rce! If ~F denote the f orce, regarded now as a functity , 
of the position fxl of the body , the wo rk done as x changes from a„ to s7 is 


I *' Fd*. 

J 


For e xamp le . the work done by uni t mass of_a gas as it expands 
from volume e„ to lolume e , is JT 

/V‘% (II) 

• r " rw - , 

ic I.,. »L. .. „.i t i • .. tin.:. * __ ' .... . 


• r - ' />V»J S V- 

if p lx- the pressure when the \ olunie is r. This is s een by supposing 
the ga s to he enclosed, byj. piston, in a cylinder of sectional area unity. 

The g raphical representation of the in tegral (10) or ,( 11) is frequently 
employed in practice. Thus, in the case of ( 10) , if a c urve be constructed 
with x as abscissa and F as ordinate, the work is represented by the 
area inclu ded Between the curie, the axis of s, and the ordinates corre- 
sponding to »„ and », . This is the principle of Watt's indicato r- 
diagram* . * * ~ 

yfltT Proof of Convergenc e. 

Whenever the sum has n definite limiting value, in the manner 


above explained, the function <t > (x) is said to be ‘Tntegrab le.’ It 
may be shewn that ev ery continuous function is lntegrahle in t fa f 
aeygef, but as regards the f ormal proo f we shall coniine ourselves 
totne pa rticular cas e whore the range of the independent variable 
Ifra u be divided inuTa finite-number of interva ls within each of wh ich 
.the fu nctio n either st eadily increases or steadily decrease s. This 
■will be sufficient for all practical purjwses. 

Before, however, introducing any r estricti on ( beyon d that ol 
'finiteness) we may note that t wo fixed lim its can he assigned 

* See Maxwell. Theory at 
-”~t It ie not implied that a 


Rankine, The Steam-Engine, Art. 48 . 

tor tue integral can be found. 
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bet ween which S must necessari ly lie. For if X and (i ba the lowe r 
and u pper limit s (Art. 17) of the values which the function d> (x) 
can assume in the intervaT b — a , it is evident that S will l ie 
between 

X {hi + lin + . . . 4- h n ), = X (6 — a), 
and fi {hi + h ll + . . . + h n ), — y. (b — a). 


/We will now s uppose, for defin it eness, that b> a. and that 4>(x) 
tteadilv in creases as x increases from a to b. Consider any par-' 
licular mode of subdivision 
^ - 


, h?, • • • , h n , . 


•(1) 


of the range b — a, and let 

1 - = yA + !/sK + . . . + y n b, (2) 

where, as in Art. 89, y r denotes some value which the function 
assumes in the interval &,7 

Now if in (2) we repl ace i/,. v„, ... </„ bv the values which the 
function has at the b eginnings of the respecti ve intervals, nojje of 
the terms will be in crease d ; and if the resulting sum be denoted 
by 2\ we shall have . 

(3) 

Again, if we replace y, , y t , ... y n by the values which the function 
has at the ends of the respective intervals, none of the terms will 
be diminished ; hence if the resulting sum be 2", wc shall have 

3**2,. < (4) 



Fig. 40. 
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In Fig, 46 the quantity S^s represented by the sum of a aeries 
of rectangles such as PN, aTfiT*^. by the sum of a series of rect- 
angles such as Hence the diffe rence 2" — S*. is ropresentefi 

by the sum, of a s eries of rectangles such as Ai t. The s um of t he, 
alt itudes of thcse~Iatte r rectang les is KB— HA, or <f> ( Uj— 
and IT k be the greatest of the bas es, i.e. the greatest of the mter- 
vals (1), we snail have 

}k[4nb)-<Ha)}. (5) 

r ) Now, consi dering all possible modes of subdivision of the range 
•6 — a, the sums S', bein^ always less than p(b — it ), will have an 
u pper lim it, which we will denote by 'ft 1 , and the~snms S" being 
always greater than X (b — a ), will have~a~ Li>wor limi t, whiclfwe will 
denote by and it is further evid ent that S'' It follows, 

from (■’>), That the difference mu st lie between 0 and 

k \<b (b) — (f) £ q)| ; and since, in thTsstatomeiit. k may be as sma ll 
jls we please, it appears that S' and S’’ cannot but be eq ual. W(‘ 
will denote their common value by S . ’ 

Finally, it is evident that 

^ — >S \ < tL" — ^L' < lc — : fti) 
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( It has been su pposed that b> a. If b < a. the intervals h. , 
i, , h„ will bo negativ e, but the argument is substantia lly 
inaltered. 

v/6l. Properties of I <f> (x) dx. 

y J O- — — " "*** 

VI®. If' we compare the integrals 

, y" ... 


rb * r« 

J tf> (x) dx and J <p (x) dx. 




we see that they may be regarded as li mits of the name summa tion, 
with this difference, that in one case the inc rements L. h?. ... , h n 
of x, which make up the interval b — a (or a — b) have the opposite 
sign— to that which they have in the ' 

other. Hence 

f <#>(«•')=- I 4>(x)dx. ^(1) 

J b J o 

^2°. Again, it follows from the de fi- 
nition that 

J <f> (x) dx — j qS (,i ) dx -f j 

(2) 

This is illustrated graphically in Fig. 48. 

\/3 0 . If A, fj. be the least and greatest values which <j> (.r) assumes 
as x rangeFTrom n~u7b, the integral . - 

f <f> (x) da., v (/■ - 

being intermediate in value to A (b — a) and ji(b — a), fnust* (Jj/ 1 



l 


equal to 

V (b - a), 

where v is some quantity intermediate to A, f i. 

■ If, as we suppose, <p(x) is continm ms. it assumes within the 
age b — a a ll values intermediate to 
ft. Hence there must be some value 
"of x, between a mid b, such that 

<t >(c) =_»h 

^ ^*in the gra phical represen tation. Fig. 49, 
j^he area P ABO is equal to~a rectan gle, on 
the base AB, whose altitude is equal to the 
ordin^tgj lLSQme noint^C of the rang e AB. 

We may evidently write 

c — a + 0(b — a), 
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where 8 is some quantity between 0 and 1. On this understanding, ! 


^ [ <j>(x)dx = (b — a)<ft(a + 8b — a). 
J a 


' / 4°. More generally, if v, v, y be three functions such that for 
values of x ranging from a to b, 


then the integral yd 

. J a — 

will be intermediate in value to 


u>y>v 

(>- 

[b 

y dj - 

> * — 

(5) 

alue to 


b " rb y 


udx and v d.t 

i J a 

(6) 


Suppose, first, that b > a. We have 

,'b 7h rh 

j udx — J ydx = J (u —jj^ dx. 

n virtu e of (4 ). ever y term of the sum , of which the latter integral 
s the limit, will be positi ve. Renee 

rb fb 

I yd.r< I udx (7) 

J a J a 

Similarly ( ydx>f vdx. (8) 

J a J a 

If 6 < «, th e in equalit ies in (7 ) and (8) must be reversed . 


^92. Diff erentiation of 
o either Limit. 


L' Let 


r>> 

/= I <f>(x)dx. 
J a 


respect 

....( 1 ) 


Evidently, / is a function of the ‘ li mits of integ ration ’ a, b, and 
vill in general vary when either of these varies. R egarding a a s 
ixed, let us form the derived function of / with respect to the 
\pper limit b. We have 
rb+sb 

I + hi = I <p (x) dx 

J a 

J * b fb+6b 0 

<f> (x) dx + 0 ( x ) dx (2) 

a J b 

by Art. HI, 2‘ . Hence 

rb+tb 

«/= <f>(x)dx = Sb.<j>{b + 6Sb) (3) 

J b 


14 — 2 
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by Art. 91, 3°. This sh ews that SI vanishes with 8b, so that /i s 
, a continuous fanction of b . Also, since 

S I=<f>(b + BSb) (4) 

we have, on proceeding to the limit (&b 0), 

- < 6 > 

In the same way, if we regard the upper li mit b as fix ed, and 
the lower li nuTa a s variable, we find that / is a continuous function 
of «, and that . 

•<« 

V93. Existence of an Indefinite Integral. 

We can now shew that any function ft fa), having the c haracte r 
postulated in Ar t. 90. has an indefinite integr al, i.e. there e xists a 
de finable Chut no t necessa rily calcu lable) functi on ft- (x\ such thaj, 

ft' (*)=<#>(*) (1) 1 

or ■ft (a;) = D~' ft ( j;) (2) 

For. if we write >. 

^ / rt /< 

V (£) = J .j.y.r-.-j (3) 

the expression on the right hand is, by Art. 90, a determina te 
fanction of £, and the investigation just given shews that it satisfies 
the condition , 

+'(£) = <!>(£)■ 

- The lo wer limit of integration in (3) is, from the present po int 
) jpf vieWj, arbitrary, and the function >tr (£) is th erefore indeterminate 
to th e extent of an addi tive constant. For, by Art. 91, 2°7~tEe 
substitution of a' for a, as the lower limit in (3), is equivalent to 
the addition of 

| <f>(x)dx 
J a' 

to the right-hand side. (Jf. Art. 72. ^ t c - 

^*4. Rule for calculating a Definite Integral. 

Whenever the analytical form of a function ft (a), which has a 
given function ft (x) as its derivative, is known, the value of the 
definite integral 

• I— I $>{x)dx, 

J n 


0 ) 
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can be written down at once. For, if we regard a as fixed, we have, 
by Art. 92, 

dI rkd \ 

-*'(h ( 2 ) 


by hypothesis. It follows by Art. 5(5 that I and ijr (b) can only 
differ by a ‘ constant,’ i.e. a quantity independent of 6 ; thus 

f <f> (a-) d;c-y-(b)+C. ( 3 ) 

J o 

To find the value of (■ we may, since it, does not vary with b, 
put b = «, whence 

■»fr(«) + 0=f <f) (x) (l.r = <) (4) 

Hence ('= — (a ), and 

f <f>(j)dj =ylr(b)-Tlr(o) (5) 

J a 

This is the fundamental proposition of the Integral Calculus. 
It reduces the problem of finding the definite integral of a given 
function to the discovery of the inverse function or 

D~' The reason why this inverse function is usually denoted by 

f<f>U)d.r ( 6 ) 


is now apparent . The form ((5) is simply an abbreviation for 



where a is arbitrary. We have wen that a change in a is equivalent 


U> the addition of a constant. 

— 

i 

The notation 

LH. 

(8) 

is often used as an 

abbreviation for ifr(b) -■>]? (a). 


Ex. 1 . To find 

j r^dx. 

to 

Here 

<£(*)-«**, ^(*)« ].«*** 


whence 

j * 

(10) 
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Ex. 2. 

To find ( 

J o 1 _r ~ 

(11) 

Here 

<f> (x) — sin 3 x, i p (x) \x — l sin '2£. 


Hence 

/*A»r 

j sin 3 xdx = \ir. 

(12) 


y/95. Cases where the function <f> (,; j, or the limits of in- 
tegration, become infinite. ~ - , “ _ 

Before proceeding to further examples, it will be convenient to 
extend somewhat the d efinition of an integral jjiven in Art. 89^ 
Tt was there assumed that the limits of integration a , b were finite, 
a nd also that the function < j> (x) was fin ite throughout the range 
b — a. We proceed to explain how, under certain conditions, these 
conditions ma y be relaxed, 

*4°. Suppose <j> (xi to be finite and continuous for all finite 
values of x. and consider the integral " 

s 


/; 


lf>(x)dx, (1) 


where to >u . If^as u> is in c reased indefinitely, the integral tends 
to a definite limitingfvalue, this y aluy is denoted by 


/* 


I <f> (x) da\ 
J a 


•(*> 


The integral (1) is then said, to be ‘ convergent ’ for to -*oc . As 
might be anticipated from the t heory of infinite series (Art. 5) it 
; is n ot a s ufficient condition for convergence that 

lim r _ x <f>(x) = 0; J.'. (8) 1 

this condition is moreover not essential, for there may even b< 
convergence when <f>(x) has no definite limiting value for x-+-ac 

A similar definition of 




• f * 

I <f> (x) dx 
J — CC 


.(4) 


can obviously be framed. 

Let <f> (x )' become infinite at or between the limits of 
integration. * ~ 

It will be s ufficie nt to consider the case where there is only 
o ne value of x for Ivhich (x)-*_cc . I7hT gene ral cas e can be 
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re duced tj^this by breaking up the range 6 — a into smaller 
intervals*. 

If 4>ix) become infinite at the upper limit (only), we consider 
in the first place the integral 

< 

<f>(ir)<lr, (5) 

where e is positive. If, its e is diminished indefinitely, thmjntegral 
tends to a definite limiting value, this value is adoj)tecf as the 
definition of 

<j> (,r) dx. 

J n 

A similar definition applies to the case where d> (a) becomes 
infinite at the lower limit </. 

If* O') becomes, infinite between the limits u, 6, say for x — c, 
we consider the sum 



f 4>(x) fir + f <f>(x) dx. 
J a Jr- fi' 


.( 6 ) 


If, with diminishing e (and t) each of these integrals tends to a 
finite limiting value, the sum of these values is adopted as the 
definition of 

I tf> («•') dx. (7) + 

. n 

The cases where <f> (a) becomes infinite, or is discontinuous, at 
a finite number of isolated points, are dealt with by dividing the 
grange into shorter intervals bounded by the points of discon- 
litini ' 


jjtinuity. 
Ex. 1. 


.£* [ l "I ’ 


<» 1 — r au * 

a 


•(*) 


As < 1 ) increases this tends to the limit l,o. Hence we sav that 




e ~ a - r dx — 


I 


(») 


* It being assumed that <p (x) becomes infinite only at a finite number of isolated 

points- 

r Cases may arise in which each of the integrals 

(r-t * (6 

ts I <p(x) dx and I ^ (x) dx 
J a ] c+e' 

is ulti mate ly infinite , whilst if jvme »j >ecial relation be imposed on the ultimately 
vani aKihg qaanotie s t, the infinite elements of the two integrals ca ncel in such a 
way that tnrgfliQe maliiB fi nite." If the relation in question be £=e, the result, 
w hen it exists, is called by Cauchy the * principal value ’ of the integral (7). 
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This increases without limit with to. Hence there is no 
for m -».oo , although 

Inn,-**, -_0 .■ 


( 10 ) 

t* *" 

limiting val ue 

(U) 


Sex. a. I 1 <fx (12) 

The function 1 < x /(l - .r) becomes infinite for x — 1, but 

<i3 > 

* ‘ 

ami as t is indefinitely diminished this tends to the limit 2. Hence 

l jo- '■ 

y f 1 " V 

V Ex. 4. / log*t£r (W5) 

Ju 

We have 

J log xd.r ^ jjr log ,r - x^| (1C) 


By Art. 43 (5) we have 
Hence 


lim, c log c 0. 


/ 


log xt&r - - 1. 


(17) 


V®6. Applications of the Rule of Art. 94. 

We give a few more t ypical examples of the e valua tion of 
definite integrals. 



1 sin xd.v 

J 0 

[■ — ']„ ! '■ 

....(1) 


f cos xdx — 
Jo 

'• 

....(2) 


[ sin x cos xdx = 1 
Jo 1 

£ sin*arj ’ -i 

•••<») 

/Ex. 2. 

By Art. tSO wo have 




j e-°*sin fixdx - — £ 

'a sin fix + fi cos fix "]•» 

a’ + jU 5 S J„ 



fi a sin /So* + fi cos f3<u 
a ! + 0*~ a'+^S 8 
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If q be positive the last term tends, as a> is increased indefinitely, to 
the limitin g value fl . Hence 


Similarly 


Ir*' sin ftj-dx 
to 

Jo 


** cos fixdi' 


fi 

a? +7? 1 

a 

jjt p- 


/■ 




...(4) 
.. (5) 




We have 

lilt' 

1 + 


f" dx r 1“ 

L l + r- 1 ^° *]« = 


tan 


i - tan _J 0. 


(The function tan -1 jr is iimny-valued (Art. 16), but it is immaterial 
. which value we take, provided wo suppose it to change continuously as 
j (.-varies through the range of integration Hence if we take tan -1 0 = Offt, 
’wemust understand by tan 1 u> that value which increases continuously! 
from 0 with w. As «> increases indefinitely, this value tends to the 
limit A*-, so that 

l' dx , 

I f + r > - <*> 

E.r. 1. Bv Ait. 78, 4‘ we have 


r 

in « 


By Ait. 78, 

(id 

sur ti -i fi cos- 0 


UV"" '(s/^* 4 "*)]. 


Now, as 0 increases from 0 to \ir, N '(a ^3) . tan 6 increases from 0 to » , 
land we may theref ore suppose that tan' 1 !V(“ (8). tan d\ increases from 
jO to Air. Hence " 

/ ‘<0 * 0 
1(1 a sill" (i + /3 COs 0 ' 

The student m.i\ have remarked m the course of the preceding 
Chapter that when an ‘indefinite’ integration is effected by a 
ch ange o f v ariab le (Arts. 77, 79) the most tro ubleso me part of 'fee 
process consists often in the tra nslati on back to the original 
varia ble. This part is, however, u nnecessar y when the obje ct is 
merely to find the defini te integral b etween given limits. It is 
th en suffic ient to substitute the ydfered limits In thelndefinite 
integral as first obtained. 


-Ex. 5. To find 


(«) 


( ~) </r - ■ ■ • ... ■ 

We found (Art. 79), putting * a sin d, that 

J N /(or — xr) (Ij — a 3 f cos* Odd = A a* (d +- A sin 2d). 

Now, if d increase from t) to Jir, ,r will increase from 0 to «. Hence 

^ JLa? — x?) dx ^0 + I sin 20^ = 


(9) 
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V 97. Formulae of Reduction. 

****■ ■ 

The methods of Arts. 81, 82, when applied to the reduction of 
definite integrals, sometimes lead to specially simple results, owing 
to the vanishing of the integrated terms at both limits. 

l/l“. If «„= f cos n 0d0 (11 

J o ___ 

we have, by Art. 82 (2), 

[ 1 ”|iir « 1 

- sin 6 cos" -1 0\ + (-1 

in. » — 

If n > 1, the first part vanishes, since 

sin 0 = 0, cos ^7 r = 0. 

Hence f cos ,, 0d0= t> — ( cos "~ t 0d0, (3> 

Jo it .'n 


Similarly, from Art. 82 (6), 


C i* ll—l fi r 

) sin” 0dd — — — I sin'* -2 
Jo n J 0 


If n be a positive integ er, we can, by succes sive applicat ions 
of (3), express 


in terms of either 


ri* 

%/ I cos'* 0d0 
Jo 

r 

fjir fk 

I cos 0d6= 1, or d0, = Aw, (•">) 

J « J it 


according as n is odd or even. In the same w ay 


f 3* . 

sin” i 
J o 


can be made to depend cither on 


Ex. ]. 


rj» _ r\w 

I sin 0d0, = 1, or on | d0, = ^7T (<>) 

J 0 Jo 

j cos cos 3 6d0 

- i . f t j* cos 6dB ~ ,v 
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After working out one or two examples in this way, the student will 
be able to supply the successive steps mentally, and write flown at once 
the factors of the result ; thus 

fi* 

I cos 1 ' 6d6 = jj . j . \ . W ?.tt. 

Jo 

The general values of the preceding integrals can he written 
down without difficulty. Thus, if n be odd, we have 

I 5 " cos" OdO = f *' sin" OdO = ( " ” 1} <n ~ 3) 2 ...(7) 

whilst, if n be even, 

i »*> - <* - t 1 -r «») 

Integrals of this type are of frequent occurrence in the physical 
applications of the Calculus. 


If ««,,.= sin"' 6 cos” OdO (9) 

we have, by Art. 82 (10), 

"/«,« = T sin m+1 6 cos" -1 0 ] + " 1 (10) 

^ H Jo fU *4* i) 

I f ft > 1 , the expression in [ J vanishes at both limits, and we have 

■]ir ' \ir 

1 sin'" 0 cos’* OdO = n * I sin'" Oa»s n ~ ! OdO. ...(11 ) 

•>- m+n.'o — - 

In the same way from Art. 82 (11) we obtain, it i» > 1, 

fi* ri ff 

I sin 1 " & cos" Odd = I sin" ,_ ’0cos“ Odd. ...(12) 

J 11 m + ft . 0 

By means of these formula 1 , eitfier index can be reduced by 2, 
and by repetitions of this process "we can, if m, n be p osit ive 
integers, make the integral (9) depend on one in which each Index 
is To r 0^ The result therefore finally involves one or other of the 
following forms : ' - ~ 

f . * /•l" 1 

I sin 0 cos 0 dO, = 1 , I dd,-^’ir . 

° n. ‘ rl < 13 > 

| sill Odd, — 1 ; I cos 6 dO, = 1. 

Jo Jo 1 
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Ex. 2. We have 
rt* 


f sin’ 6 cos 3 0 d0 - * f sin 3 8 cos" 6 <10 i . ij (' 
Jo Jo Jo 


i* 


sin 0 cos 3 0d0, 


fir 

t-i « 

Jo 

by (12). Again, by (11), 

/■fw 

I sin 0 cos 3 6 <16 - f . j sin 6 cos 6d0 - . 

t\n 

Hence / sin’ 6 cos' 0J0 - J . ; . 5 . 1 - ..' 4 . 

Jo 

( After a little practice, the result can be written down immediately, 
thus ~ * ~~ 

fir 

’ I sin* 0 cos- 6 <16 s - « • 1 ■ '• . i* — ..jLir. 

Jo — 

‘ The formulae (ligand (12), as well as (3) and (4), .no often 
required in practice", and should be remembered. 


Again, the algebraic integral 
''(•i 

v. j x"' (1 — x)“ dr. 


■(H) 


is re duced b v the substitution £==sin-# to the form 
ri” 

2 sin 2w+1 6 cos 51 * fl ddB (15) 

Jo 

and can therefore be evaluated by means of the formulas given 
above, whenever + 1 and 2n+ 1 are positive integers or null. 

Similarly, if we put x — sin' 0, the integral 


takes the form 


Ex. 3. <s I * 3 (1 — j)'dr = 2 sin 3 0 cos* 0d0 
Jo Jo 

-» 4 a :i i I m 

• -* • ■» • r * ir ■ a • 1 ~ Si s- 

Ex. 4. / f .r- sin 2 6 cos 4 6d0 

Jo ‘ Jo 

=<••3- J> J* r =^ ,r - 


’f a? a ( l — x*) n dx 

(1C) 

J 0 


sin"* 0 cos m ^6d0 

0 

(17) 
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v^8. Belated Integrals. 

There are various theorems concerning definite integrals which 
follow almost intuitively from the definition of Art. 89. 

For example, > 

''J <f>(a)d.% = J <f> (« — ./ ) da,. < 1 ) 

This is proved by writing 

x = a — j\ (la = —dor', 

the new limits of integration being x = a, «' = () cm responding to 
x = 0, x = a, respectively. Thus 

ra ro [n 

I <f>(x)di = — (ft (a — /') dx = I <j)(a~j‘)dj, 

•Jo Jo Jo 

the accent being dropp<‘d in the end, as no longei necessary. 

This piocess i s equivalen t to transferring the origi n to th 
{(point a , ss a. antT reversing the direction of the axis of x.- " I ~ 


areas represented by the integrals in (1) are thus^ seen to ,b 
identical. 

An important ease of (1) is 

f f < sin 6) d6 = f f (cos 0 ) d0 r2) 

Jo Jo' 

rjir rU 

I sin- Odd — I cos-’ 9 <19 
Jo Jo 


Ex l . Thus 

Hence each of these integrals 

« . *, f (an' 0 + cos-’ 0) dO *, I d$ W. 

. • ’ ' }>) 

Again, if <f> (x) be an ‘even ’ function of at that is 


- fcjs. 


si 


— = (3) 

C i ft JnS 
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%/^rn ra 

tf>(x)dx — 2 $ ( x ) dx, 

J - a "Jo 


.(4) 


'the area represente d bv the former integ ral J ifiing obviousl] 
1 J)y tnG rxis °Iy~ 

On the other hand, if <f> (x) be an ‘ odd ’ function of x, so that 
0 ( - *)=-<!> (x), 

we have ^ f <f>(x)dx = 0, .y (6) \ 


v 



since i n the s im j. of which the definite integral is the limii 
l(Art. 89)7 the element <f>(x)8x is cancelled bj' the oppositely 
signed element <f> (— xj & r. 

Ex. 2. We have 


f sin 2 6 cos’ 6 <16 = 2 [ siir 6 cos'* 6 dd ~ 2.1;.“. 1 =- ; 

- h* — Jo 

whilst j * sin 3 6 cos a 6dd = 0, 

J - J* ^ 

since sin? 6 changes sign with 6. f 

For similar reasons, if 



* p(x),. : 

C •* f is-, * 

(?) 

we have 

1 <^(x)dx=2f <f>(x)dx: 

J 0 Jo 

(8) 

whilst if 

<l>(a-x) = -<l>(x), 

( 9 ) 

we have 

f d>(x)dx — 0 

Jo 

( 10 ) 

As a particular case of (8), we have 
/*. riw 



J f (sin 0)d0 = 2 j "/ (sin 0) d$ 

( 11 ) 


sin (tt — 0) = sin 0. 


since 
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Ex. 3. 


whilst 


^ sin ' 6 cos 2 8 <10 - 2 j * sin -1 3 cos 5 6 dO - 2 . jj . . 1 - ^ , 

f sin J 0 eos* 0d0 0. 

.Ml 


EXAMPLES. XXXI. 


1. Prove by the method of Art. 87, Ex. 1 that 

f - j (b*-ni). 

J a 

2. Prove from first principles that 

,-p 

I cos jrdj sin j8 — sin u. 

’ a 


3. Also that 


d* - e** 


4 4. Shew by graphical considerations that 

I k<ft (x) dx fc j xf> (a-) dx, 

Ja Ja 

rb rb-a 

S\ H*) dx - I <f> (x + a) dx, 
Ja 

vx'l ip (kr) dr I <i> (x) r/j . 


5. Prove that 


.-6 /■& 

I <p (x) dx = I <f> (a + ft -x) dx. 

Ja Ja 

6. Prove that if a and p are positive integers 

lun /! + A x _A_ , . . ^ A\ - log p. 
\w n + 1 v + 2 pnj 


EXAMPLES. XXXII. 


1 l ' Jxdx ^'" J/Jx- 2 ’ L 

1‘ dr , fv* dx v 

2 - J, 7(1 - ar) ' i - 4^3 • 

C ** - * 

L <? + 6 V 2a6‘ 
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4. r xdx -i c xdx /„ , 

5 ' i TOTO) " log(1 + J 3 l / -/(J 5 . 1} “ '<>8 (3 + ^3). 


^(TTJ) ' ,OR 2 ’ I, 

r. f‘ dx 2ir 

J 0 x s -x+l 3^/3 ' 

ri 1 . .a 

8 . / 1 Jr -I. 

/o 1 + x* 

*■ r fi 


1 fit 

— ■ . . = J log 3. 


dx 


(,tr + ar) (a? + 6 s ) 2nft (a + ft) ’ 

X 3 dx 7 T 

Jo (x* + «*) (ar 1 + ft 2 ) ~ 2 (« + ft) ‘ 

xdx, 


10 

11 i 


! (« + ft) 

1 , " 

(x- + « 3 ) (ar + ft 2 ) , r - - ft 2 ' ft 


/ ^* ) il - |os -'' ( ^rhr k * a -:- 

“■ fA 

1^ C™ dx . r” dx 

14 I, J7fr-i> J, 

/.\/Rr^!"- /.V(>-*)* >■ 

r? dx 

Ja J{(x-a)Tf-x)) '*■ 

1 i J G-«) d *\L<s/(b-*) d * 

( see 2 0d0 = 1 , ( tan ! 0d0=-l ]jr. 

■f* sin20d0-l, f’ cos 20 dO = Q. 

J o In 


18. 

19 

20 . 

2 L 


j'i* OOS0 IQ fi" 

J 0 1 + sin 2 6 ~ Jo 1 


+ cos 1 


, 0 ^ 0 =^. 

/Tl2. sz&Qdd-'l, f tan 4 0d0= Jw— J 
Jo J n 
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-la 

A l « 


24. f 


dO 


ecosO 


;i\ ' [ e 


l 


> dO 


■i* ,16 

r „ 1 + cos 0 J n I + sin 6 
I* . . - ,i n 


I. 


25. j tail 6 d6 0, | 4 sec 6 ,16 = lo^ (.'{ - '1 J2). 


26. 

I (sec 0 — tan 0) d6 - 
.'0 

log 2. 

27. 

I’ 7 d0 

a- - 'lab cos 0 + b- 

7T 

ii- - h- • 

"28. 

1 r" log xdx- * 

’« (« -t 

1^' 

29. 

I 

1 sin 1 .nl.r — },7T - J , 

j tan 1 .i •<£/■- !w 



Ja 

30. 

| 0 sin 0 c/6 - 1, j 

0 cos 6 - (ir — 1. 

31. 

I (F sin a- — 

, \r 

j b~ cos 6* <lh \ir 


32. l” O(-r-O) sin 6 <10 4, % ^j'0 ( *• 0. 

I J 

33. I (1 x~) cos ft.c lie - a (sin ft- ft cos ft). 

.'-i ft" 


,r tan ’ j- . 
(1 + jr)- 


34. j 

/I* 

35. j ^ dr rr s /(<r - 1 )l, jirovidist <( 1. 


36 


I 0H VC 1 Olid 4 7T — ■ log 'J. 

I> 


/ 38. 


f (' ' COS (x + J 7T ) (/jl 0. 

At 

, r <i»_ _ 

J.* cosh a ** 

an /• </x 1 

39. I .... .tair 1 . 

/„ ire +• b-e I lb a 

f°° <&_ 1 tan _, /' 

a- cosh- x + 6- sinh' J x nb rt‘ 


40. 

j.. i. c. 
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41 . 

42. 


/. 


i dx 


cos* 


cosh 7 a j . u ^ i 

or ,, .. — ^ , according as a J 5 1. 


o a' + sinh 2 * s /( 1 — a 2 ) ’ J(aJ — 1 ) 

fi w dd ir fl* cos* 0 dO 

cosh 2 a - cos 2 8 sinli 2a ’ cosh 2 a - cos 2 6 2 


VP-* 

! sinh a ' 


EXAMPLES. XXXIII. 

(Formulae of Reduction, &c.) 

1. Write down the values of the following integrals : 

(1) J sin ’’Odd, J' cos *8d0, sin 7 Odd. 

(2) / sin 2 8 cos 6d8, j sin ' 6 cm’Or/O, I sin 0 cu^OdO. 

hi h i '« 

(3) f sin 'Odd, f cos* Odd, ( sin’ <? cos' 8 <10. 

.'ll Jo .III 

fin fin 

(■i) / sin 'Odd, / 

J-in J-l 


sin 5 OdO, 


-{ir 


'• £ 


J — Air 


cos' Odd, 


fin 

I sin 1 0 cos' Odd. 

in 

Prove from fi rst principle s that 

I x m (1 — x) n dx- ( x H (1 - x) m dr. 
Jq Jo 

Prove that the common value is 


win: 

(in + n + 1) ' ' 


Prove that 


f <f> (a?) dx 2 j 4>(or) d.r, I <f> (j?) x dx - 0. 
J -a Ju ’ - a 


Prove that 


j <t>(x)dx {<f> (x) + «£(- x)} do-, 

( (x) -4>(- .c)} das 0. 

J ~a 


and 
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'5. If 

prove that 

6. f r‘( l r 1 )^ dr 
Jo 


t&n n 6 d6, 
Jo 




7. f x~(l -or)' <lx ~ ,J„. 

Jo 

8. f x 1 (1 a;) 2 dx -- , :J, *. 

J II 

„ a? dr „ r 1 x^dx 


10 , 

11 


j 0sin 0 cos 6 <16 \n, j 


i'W 
-In 

( 0 ain 8 cos 1 0 (16 
Jo 

I' 1 " sin 30 


i> 


■in 


6 sin -6d6 -■ 0. 


?,ir, J 6 sin 2 6 cos 6d6= - J. 

**• rss*-*- n>-i- 

13. I (a sin 6 + 6 cos 0) r ' </0 - [ J «’ + jj <i :, 6 2 + 2«6\ 

/o 

, . l’ ,r cos * - sin x , 

14. fir = 0. 

1 + sin x cos .)• 


15. Prove that 

i"i* cog 2 6d6 


cob 1 006 n 

Jo a" cos 2 0 + 6 2 sin 2 8 2a (a + b) ' 

(i* sin 2 8d8 tr 

J 0 a' 1 cos 2 6 + 6 2 sin 2 8 26 (a + 6) ' 

16. Prove that 

j (1 + x) m (1 - *)" dx = 2 m+ " +2 J^ U sin»f' 6 cos 2 "‘+‘ 6d6. 

17. Prove that 

/“ dx 2« - 3 /'* d* 

Jo (T+Wj M 2)7=2 J 0 (1 + *»)»-> • 


18. Prove that if n be a positive integer 

r* dx 2.4.6 ... /2m - 2i 


[Put x = tanft] 
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19. Prove that, if n > 1, 


/* dx n 

A !«+ 


1)[»" » 2 — 1 ' 


[Put x = siuh «.] 


20. Pi'ove that 


21. Tf 

prove that 
Prove that 

jj2. If 

prove that 


r°° du k- 2 f* du 

cosh"-// ii — 1 cosh" -it' 

(Put cosh// seoft | 

//„ = I 6 cos" 8 <18, 

Jo 


1 u~l 

— a + W»-j. 

Ji a w 

/t»- -2694 .... 

//„ = f x* J{‘lcu>- - .t?) dr, 
Jo 


■2n+l 

, l+2 0 “«- 


Find, geometrically or otherwise, the value of //„. an/l deduce the 
values of t/ a . 


EXAMPLES. XXXIV. 

1. By considering the value of 

I (1 — ar 1 )’ 1 dx, 

■^0 

prove that if a be a positive integer 

, »i n(n— 1) «(»— l)(n— 2) 2 . 4 .»>... 2;/ 

~ - 1 . 3 + 1.2.5 "1.2. 3. 7 + " 3.3.7 + 1) ‘ 

2. If (1 f p,.K + pa**+ ... +/>„x", 

prove that 

Pi ~ -iPi* »/>.,- ■■■ + - 1 + 1 + :’.+ • + l- 

3. Prove that when a is large the sum to infinity of the series 

11 1 

d l + 1 2 + + 2- + " ’ 

is .]*■/«, approx i mat/ '1}'. 

4. Prove that 
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5. Prove from first principles that 


(' sin ,l+l Sdd ' (' sin" 0d0. 
Jo Jo 


Hence shew that },ir lies between 

2 . 2 . 4 . 4 . 6 . 6 . . . 2« . 2w 


] .3. 3. 5. 5. 7 ... (2» — 1) (2n + 1) 

and the fraction obtained by omitting the last factors in the nume- 
rator and denominator. (Wallis.) 

'6. Prove from first principles that 


I tan "* 1 640 I tan" 0<I0. 

'u Jo 

f 1 

f 


Hence, using the result of Ex. XXXTT1, o, shew that 

n* 


lies lietwoen 

7. Shew that 


(an" 0d0 


1 i 1 

and , , 

2 ( » - 1 ) 2 (s + 1) 


• ar -eo 

I sin 0i/0 and I cos Orffi 

> Jo 

are indeterminate. 

8. Shew from graphical considerations that 

i * sin 0 

I -» lW 

is finite and determinate. 

A Prove that if <j> (x) be finite* and continuous for values of x 
ranging from 0 to a, except for jr 0, when it becotnas infinite, the 
integral 

f 4>{*) ^ 

Jo 

will be finite, provided a positive quantity in can In* found, less than 
unity, and such that 

lim, 4> («■) 

is finite. | P ut x - C *.] 

^10. If <£(.r) be finite and continuous for all values of x, the 
integral 

I 4> (■*) da- 
J» 

will be finite, provided a quantity in can bo found, greater than unity, 
and such that 

lim^-M *"• <f> (■»') 

is finite. [Put as % = 
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11. Prove that 


cos sc 2 dx 


and I sin ar 

Jo 


are finite and determinate. 

12. Prove that 


-Ob -w 

I xe x ~ dx = .1 , I xe~ x 'dx ■ 0. 
Jo J CO 

13. Prove that the integral i 

■ oo 

I ,r“e~ xi d.r 
Jo 

(where n > — 1) is finite and determinate. 


14. Prove that, if n > 1 , 


j xf'e~ x *dx = \{n — 1) j x"-~- e~*‘ d.r. 


Hence whew that, if n be a positive integer, 


15. If 


jM-n g-^dx = J . ti !. 


Jo 


prove that - u n -\ , 

a 

n being positive. 

Hence shew that, if n be integral, 

j a *e-*dx- 

18. Tables of the elliptic integral 

(* dd 
J 0 V(1 -Psin^tf) 

have been constructed for values of <f> at intervals of one minute of 
angle. Find a formula for the difference of successive entries in a 
given part of the table. 

For example, if k~ .1, prove that the difference will he 

•000323, approximately. 

V*7. If J (x) and <f> ( x ) be finite and continuous, and if <f>(x) retain 
the same sign, throughout the interval from x = a to x -■ b, then 

I f(x) <f> (x) <h: = f\a + 6 (b - a)] f <j> (x) dx, 

Ja Ja 

where 1 > 6 * 0. 
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J, - " logJ: 


18 . Shew how it followH from the eqvfglity 

f x dx 
X 

that the sum of u terms of the harmonie series 

l + > j- ’ T .. 

lies between log (// + 1) and 1 + log «. 

Shew that the sum of a million terms of this series lies tietween 
13-8 and 14-8. 

✓ 19 . Shew from g raphi cal considerations that if fix) steadily 
diminishes, as .< ■ increas es from 0 to •» , the series ' 


/(l) 4/(2) -/(»)+•• 
i sum lies hetwee: 

/* 

A | /'(,/•) iL\ 


is convergent, and that its sum lies between I and / - /(I), provi ded 
the integral 


lie finite. 

Apply this to the series 

1 


1 


1 


(« e 1 y (it + 2 y l ii t 3)" 

EXAMPLES. XXXV. 

*1. Prove that if the pressure (p) and volume (n) of a gas be 
connected by the relation 

pi: = const.. 

the work done in excluding from volume r„ to \ oluiiie r, is 

/'„r„ log . 

^ ft 

v'S. Prove also that if the relation la* 

jir y eonst., 

1 


the work done is 




y- l 


Ov.-Pi^)- 


r Z. If the te nsion ol‘ an elastic stri ng vary as the increase over the 
natural length, prove that the work done in stretching the string from 
one length to another is the same as it the tension had been constant 
and equal to half the sum of the initial and final tensions. 

^ Prove that the w prk done bv gravity on a pound of matter, as 
it is brought from an infinite distance to the surface of the Earth, 
is w foot-l bs., where n is the number Tff feet in the Earth’s radius. 
[A ssum e that the fo rce** varies invers ely as the squ are of t he d istance 
from the E arth’s ce ntre.] 
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v/ 99. Definltlgn ^of an Area, fa f aJso £ ll &. 

In Euclid's Elements a system of proposition s is developed by 
means of which we are able to give a precise. meaning to the term 
‘ area/ as applied to any figu re bounded wholly by straight lines . 
In particular it is shewn that a rectangle can'be constructe d equal 
to the given figure, and having any given base , say the (arbitrarily 
chosen) u nit of lengt h. The ‘area’ of the figure in question is 
then measured" by the ratio of this r ectangle to the s quare on th e 
unit, length. 

This lima ‘ss obviously does n ot apply to n fi gure bounded, in 
whole or in part, b y curved l ines, and we require therefor^ t* defini- 
tion of what is tcTbe u n d erstood by the ‘area ’ in such a ffise. To 
supply this, we imagin?Two r ectilineal* * figures to be constructed, 
one including, and the other included by, the given curved figure. 
There is an upper limit to t.he area of the inscribed figure, and a 
lower limit to that of the circumscribed figure, and these limits 
can be proved to be identical. T he com mon limiting value is 
adopted. Inf definition, as the m easure of the' ‘area’ ot the given 
c urvilinear figure . 

Thus , in the c ase of a circ le, it, in Fig. 17, p. 31, PQ be the side 
of an inscribed polygon, the area of the }>olygon will be A 1{0N .PQ). 
Now ON is less than the radius, and 2 (PQ) is less than the peri- 
meter, of the circle. Hence the upper limit to the nrea v qf an 
inscribed polygon cannot exceed xYwa, or Ira?, where a is the 
radius. Similarly we may shew that the lowei'Timit to the area 
of a circumscnbedpoTygon cannot be less than fra'-. Moreover, 
th e difference between the area of an inscribed polygon, ilricTtEat 
of the corresponding circumscribed polygo n, is rep resented by 
% (PN . NT), and is therefore less than z(PN) e, where e is the 
greatest value of NT. Since . th is can_be made as small as we 
please, the upper and lower UtgitsTaForesaid must be equal, .and 
each is therefore equal to , 

■ In t he same wav we may prove that the aseu of any sector of 
a circle of radius a is ^o 2 0,jvhere 0 is the an gle of the sector. 
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^OO. Formula for an Ar ea, in Car te Bian Coordinates . 

If the equation of a curve in rectangular coordinat es bo 

< / = <}>(r), ( 1 ) 

the area included between the curve, the axis of a \ and th e ordinat es 
x = a, -r ■= b, is 


f <f>(x)dx or f y dx (2) 

J a J a _ 


it being as sumed that <j> (.r) is a function of the type contemplated 
in Art. 90. k. ^ 

This follows at once fr om the definiti on of the preceding Art. 
and the investigation flf Art. 90. 

If the axes of eo ofdinataft be obliqu e, making (say) an angle to 
with one another, fhe|elementary r ectangles i y &r which occur in 
the sum, of which the area is the limit, are re placed by elementary 
l mrallelogmtns ySx sin to; the area included between the curve, the 
axis of . 1 *. and two bounding ordinates is therefore' given by 

s in a in tlx (3) 

taken bet ween the proper limits. 



h->\ i . The area of a quadrant o f the ellip se 


tr 


( 4 ) 


is given b\ 


I V I -**)*•• -- tr . A m- 

j o fr / « c*. tf 


** ir 7 ^. 

The value of the definite integral was found in Art. 90 to be iirar. 
Hence the w hole ar ea, of the ellipse is 

Ex. 2. In the r ectangular h yperbo la 

■<r - !T - 


( 5 ) 
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J A — (u A * 

we may put, for the positive branch . ywj - \ y i 

|/x= cosh m, y - sinh u, 1 -((*) 

- 4 

since these satisf y (.’)), and gj ve^the^re^ui red ran ge of value s of .rand u. 

The area included between the c urve , the a xis of .r. and t he ordinat e 
d efined by the variable u . is therefore , t 1 -t' 

rx ru ,-u | 

I y dr I sinh' it tht A | (cosh in ~ l) da » 

1 sinh 'lu l?/ 7") 



V tjcrik r ,, . 

*"*' 40P= tjuUf ( 

This givesthe area PAN in the left-hand figuie. Hciffie the aren 
of the hyperbolic sector ed OP -(fiutv, Jyj 

0N_~ \ area I* AN - \u. . V S, 


We ha\e here an analogy between the ‘a mplitude’ fa) of the hype 
bolic functions cosh u, sinh v, &c., and th e am plitude li)) of thecirculai 
functions cos 0, sin 6, «fcc. ; viz. t he indepen 
represents twice the sectorial a: 


w hose coo rdinates are .( cosh it, sinh m), or (cos 0, sin 0), respectively . 
In the case of the general hyperbola 

if .. t 


the coordinates of any point on tliejiobitn e branch may be represontec 
by 

t a cosli a, y b sinh u , . . . (10; 

and the sectorial area is \(tb a. 

^x. 3. The equation of a parabola, referred _to any diameter an< 
the tan gent at i ts extremity, is 

tf 4tt'j Tj/ 


(11) 
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The area of the segment cut off by the chord x - a is therefore * 

2 sin u> j ydx _ 4o'4 sin <* j x' <Jr *«' ‘a! sin «> 

, - J a/J^sin <u, ^ 

if 2/ J be the length of the chord. 

’Offence the area of any segment of a parabola is two-thirds the rect- J 


>*u 


angle con tained by the intercept ( a) of the chord, on i ts diameter and 
the projection (2^ sin ui) ot the chord on the directrix. ^ . ttHi 

/ r "Li 

vlOl. O n the Sign to be attributed to an Area . 

It was tacitl y implied i n Art. 100 that b >'h. a nd that the 
ordinate d> (ui) is positive throughout the range of" integ ration. If 
we d rop these restrictio ns, it is easily s een that the integral 

f <J>(.r)d.r ( 1 ) 

J ft 

is equal to ± S, wh ere S is the area included betw een the curve, 
the axis of at, and the extreme ordinates; the sign being -f or — 
a ccording as the area in question lies to the right or left of the 
curve, supposed described in the direction from V fiT Q, adhere 



* It is assumed here that the axes of .r and u h ave. the re lative directions shew n 
i>\ tViw H on ran ju the opposite caee, the woida ‘right’ and ‘loft’ muBf ue'tfcter- 
changed. 





' \ <* u, cia<-j ^ th. *'«• 

c arve, the axis of a\ and the or iginates of the points P 0 , P, for which 
t = t 0 , t — f, , respectively, vjz. it will give the ex cess of those port ions 
of the area swept over by the ordinate v as it moves to the right 


of the area swept over by the ordinate v as it moves to the rig ht 
over those swept ov er as it. moves to the left, or vice versd, j^gording 
as y is positive or negativ e. 

If, for a certain value of t, V return to its forint ■i^jwsition . 
having d escribed a closed curve , the integral 

I y% dt (4) 

taken between proper limits of t, will give the area included by 
the curve, with tlie sign + or — , according as the area lies to the 
right or left of P, when this point describes the curve in accordance 
with the variation of tf^. I f the curve cut itself the formula (4) 
gives the excess of those portions of the included area which lie to 
the right over those which lie to the left.^.(See Fig. 55.) 

It is som etimes convenien t, in finding the area of a curve, to' 
use y as independent variable, instead of x. The area included 
between the curve, the axis of y, and the lines y»h, y = k, is evi- 
dently given, w ith the sameTtind of qualification a s before, by 


j\dy. 


* For i nstan ce, we may take as the new variate tli e arc » of the curve , measured 
from some fixed point on it. 

f Thus, in the indicator-diagrams referred to on n. 207. the area enclosed by 
the curve gives the excess or tbe work done by the steam on the piston during the 
forward stroke over the work done by the piston in expeUins the steam during the 
back stroke, and so represents the net energy cosnmuiwcf^i to the piston in a 
complete stroke. » t ’ ’ 

If'- 
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The m ore general formula , analogous to (3), is 

/; 


du lt 

.r £ dt, 

I to 


dt 


•( 6 ) 


but it will bo found oil examination that the rule of signs must, by 
reversed . 

Allowing for th is, we have the expression 


m 


for t l^e area of' a closed curv e, the l imits of t being such that the 
point (a 1 , y) returns to its initial position. The rule of signs is 
qpw that the expression (7) is positive when the area lies to the 
left of a point describing the curve in the direction in which t 
increases. 

/o2. Areas referred to Polar Coordinates. 

Tf the equation of a curve in polar coordinates be 

/=£(0).< (1) 

the area included between the curve and any t w 0 radii vectore s 
0= «, 6 ~ ft is given by the formula 

A r >*<16 or }, f 0 '<f>(0)l’d0....(2) 

J n J a 

For w e can construct, in the manner 
indicated by the figure, a n including are a 
S, and an included area S 1 , each built up 
of sectors of circles. The area of any one 
of these sectors is equal to A r 2 80, where r 
is its radius, and 60 its angle, and the 
sum of either series of sectors is therefore 
given by a series of the t.yjie 

A 2? >*30 (3) 

Hence either series has t he uniuuc limit denoted by (2). 

It is h ere assume d that ft > a and that e ach radius vecto r 
t hrough the origin intersects the arc considered in one point onl y. 
It 1 however we i ntroduce a pew independent variable A. s uch tha t, 
as t increases, the correspon ding point P moves iTT a contmu ous 
manner along the c urve, the expression 
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will gi ve the net area swep t over by the radius vector as t vari es 
fr om t„ to U . i.e. the (pos itive or negative) excess of those parts 
which are swept over in the direction of (/ increasing over those 
swept over in the contrary direction. Moreover if, as t increases, 
P at length returns to its original position, having described a 
c lpsed c urve, the expression 

dd 


*/" 


dt 


dt. 


.(5) 


taken between suitable limits of t, g ives in a gen eralized s ense th e 
a rea en closed by the curve ; viz., it represents '(He - excess ot that 
part of the area which lies to the loft of P (as it describes the 
curve in accordance with the variation of £) over that part which 
lies to the right. C f Art. 101. 

It may be noted that the formula ( 5) is equivalent to (71 of 
Art. 10 1. If the coordinates of two adjacent points P . 0 be (x. v t 
and (x+Sx, y+Sy), respectively, the ar ea of the elementary triangl e 
OPQ is, su bject to a convention as to sig n. 

y\ (xhy — yhtr) 

by a formula ot Analytical Geometry. The same thing is de- 
noted in our present notation by IPhd. 

\/Ex. 1. 


The area of the circle 

r - 2 a sin 0 


(«) 


(see Fig. 3K, p. 124) is gi v en by 

i f* r"d6 =2a i 2 f sin 8 0 (16 — mi ' (7) 

" Jo Jo 

This is of course merely a verification, or rather a new evaluation of 
the trigonometrical integral. 


m Ex. 2. The area of a sector of t he parabo la 

2a J 

r ~ 1 + cos 6 ^ 

included between two focal radii is 

J / r*dO = £o 8 / sec 4 * * * £0 d6 

= X/(l + tona i e ) sec 2 d6 

= Id* [tan + i tan 3 % 6 ], (9) 

taken between proper limits. If the limits be - Jw and T J-ir, we get the 
area of the segment cut off by the latug^rectum^viz^ a 3 . 
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>/Ex. 3. The equation of an ellip se in polar coordinates, the centre 
being pole, is 


cos 3 6 sin 3 6 
+ lr ‘ 


Hence the area is 

2 f »-• Tr - h ,M = 2a% * t' » - • t A — HI) 

- Jo <r mn- v + (r cos- ft ! „ « 3 am 2 6 + 6* cos- 0 

The value of the latter integral has been found in Art. 9G to be },v/(ab). 
Hence the required area is irab. 

■^103. Area swept over by a Moving Line. 

The area swept over by a moving line, of constant- or variable 
length, may be calculated as follows. 

Let PQ, P“ (f be two consecutive positions of the line, and let 
their directions meet in C. Let R, W be the midd le poin ts of 
PQ. P’Q', and let RS be an arc of a circle with centre"?.'. Then if 
the angle PGP' be denoted by 88, we have, ultimately, 

area PQ(/P' = A_QCQ' - A PcF~ 

= iC(?.8e-tCP>.80 ✓ 

— PQ . £ ( CP + CQ) 80^ 

= PQ.CR.86 = PQ.m \ 

c.nc§., ISO &- ; 

Jb V* — • — -/ 


Fig. 57. 


iie Or 

Cfc. 


Hence, if we denote the length PQ by it , and the elementary dis- 
placement of estimated in the direction perpendicular to t ht 
moving lirie_bygy the a rea swept over m ay be represented by 

ySjudtr. A.(u. . v (1)^ 

It will be noticed that the formulas of A rts. 100. 102 ar e par* 
ticular cases of this res ult. Thus in the case of Art. 100 (3) we 
nave u = y , 6a — Sx. sin to. ^ ^ * 

It is t acitly assum ed, iu the foregoing proof, that the areas are 
swept over always in the same directi on. It is easy to see, how- 


awept over al ways in the same directi on. It is easy to see, how- 
ever, that the formula (I V w ill apply without a ny such restriction , 
provided areas be reckoned positive or necratlve accordine as they 


a re swept over towards 'the side of the line PQ an which SarT g 
reckoned pos itive, or the rever se. For example, the area swept 
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o rar by a straight line whose middle point is fixed is on tiji s 
r eckoning zero . 

We will su ppose, for do.fini ton ers that S<r is positi ve when the 
motion of R is to the left of PQ as regards a s pectat or looking 
along the straight line in the direction fr om P to 0. T? PQ r etur n 
finally to its original positio n, its extremities P, Q having described 
closed cu rves, the i ntegral ( 1 ) wi ll, on.Jhe above conventio n, re- 
present the e xcess of the area enclosed by the path of 0 over that 
enc losed by the path of P , p rovided the, signs attributed to these 
areas be'rn accordance with the rule of Art. 102. 



v£o 4. Th eory of Amsler’g Planimete r. ^ ^ 

A ‘planimeter’ is an i nstru ment by which the area of anv 
figure drawn on paper is measured - mechanically. 


Many such instruments have been devised*, but the .s impl est and 
most popular Is the oneTn vented by Am sler, of Schaffhauseiuin 18P4. 
This consists of two bars OP , PQ freely iointed ai - /-'. tlie former of 
which can rotate about' a fix ed point at 0 . If a tracing point attached 



* See Henrici, ‘Report on Planimeteis,’ llrit. Jit*, lle/i., 1HH4, p, 496. 
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to the liar PQ at Q be carried round any closed curve, P will osc i llate 
to and fro jijong an arc of u circle, describing (as it were) a C£>ntour_of 
zero area. Hence "by the theorem stated at the end of Art. 103, the 
area of the curve described byj^ will be equal to 

/Mr,. (1) 

" ✓ 

where 1 is the length PQ, and f da represents the inte gral motion of R , 
the middle point of PQ, estimatisl always in the direction jierpendicular 
to PQ*. 

Now if, as is g eneral ly the casp in the actual usg of the instrument, 
PQ return to its original position ^without making a complete revo lu- 
tion, the intm/nd motion of A' at right angles to PQ is the same as 
that of any other point IP in the line PQ. For if dir, 8<r be corre - 
sponding elements of the paths of A', A’ '^estimated as aforesaid, we 
have 

Sir ixr - It It . SO, 

where SO is the angle between the eonsceutive positions of R' It. 
Henee 

J ihr _ j thr + IP R jilO 

= /'M,^ (-’) 

since, un der t he circuuJstauocN supposed, w e have I <10 JA 


— R' 

Fig. «K>. 

Tn the ins trumen t, as actually const routed, the integral motion 
normal to theTiar of a point IP in QP produced haekwarrls, is recorded 
by means of a small wheel having its axis in the direction PQ. As Q 
describes any curve, the wheel partly rolls and partly slides over the 
plane of the paper on which the curse is drawn, and the rotation of 
the wheel is in exact proportion to the displacement of IP perpendicu- 
lar to its axis. The wheel is graduated, and has a fixed index for the 
record of partial revolutions ; the whole revolutions are recorded by a 
dial and counter. 

There is also an arrang ement fyr var ying th e l ength PQ ; this 
merely alters the mile of the recoisJ. 

A more com pact proof can be given analytically. Taking rect- 
angular axes through 6, let 0 and <f> be the anglesTwhich OP and PQ 
make with the positive direction of the axis of x. Putting 

0P = a, PQ = /, 

* This is of course not in general the same thing as the l ength of the path of ii. 

n. i. c. 




16 
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the coordinates of Q are 

x = a cos 6 + 1 cos <f>, y-a sin 6 + 1 sin tf> (3) 

Hence S* s f (y), s it +lC*» 

xhy — yhx = (a cos 6 + 1 cos <$>) (a cos 6 86 + / cos <f> &£) 

+ (a sin 6 + / sin <j>) (?i sin 6 86 + 1 sin <f> 8<f>) v\ 

= a? 86 + P8d> + al cos (6- 6) ( 86 + 86 ) » 

= 8 {a‘6 + /*<!> + al sin (<£ — 6)\ [i»£p- ^ 
+ '2a! cos 

An in finitesimal displacement So- of any }K>int it in I 3 Q, estimmed 
1 at right angles to PQ, may be regarded as m ade up of the dis placemen t \ 
.relatne to P. and the resolved displacement of P. Hence, if PR — b, J 

8<t - b 8<f) + a cos (<f> - 6) 86. .... (3) ► 


Hence 


£ (x 8y — y 8x) - | a?6 + 1 (I — !>)<!> i «! sin (<£ 6 ) J 

+ I8x. (6) ✓ 


It follows that, if 0 describes a comp let e circuit such that 6 and <h 
■ etnrn to their initial val ues. So J a 0 

I j{xdy -y dx) - jlda (7) « 

The e xpression on the left hand is then equal to the area included 
ff ithin the circ uit, by Art. 101 (7). 


✓ 106 . 


Volumes of Solids. 


It is i mpossibl e to give a g eneral definition of the ‘ volume,’ 
even of a solid bounded wholly by plane face s, without introducing, 
in one form or another, the notion of a ‘ limiting- value .’ 


It may, indeed, be proved by Euclidean methods that two 
rectangular parallelepipeds are to one another in the ratio com- 
pounded of the ratios, each to each, of three concurrent edges of 
the one to three concurrent edges of the other; and, more 
generally, that two prisms are to one another in the ratio com- 
pounded of the ratio of their altitudes and the ratio of their 
bases. In this way we may define the ratio of a ny prism to that 
of the unit cube. 


But it is not ill genfiial possible to dissect a given pol yhed ron 
into a finite number of pris ms. The simpl est g eneral inode of 
dissection is into pyrabiidsji&vi n g a common vertex __at some 
i nternal p ointjP. and the faces o? the polyhedron as their bases. 
And the volume of a pyramid cannot_be compared with that of a 
p rism without having recourse to "the no tion o T a l imiting value . 
A triangular prism may, indeed, be dissected Into three pyramids 
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of equal altitude standing on equal bases (Euc. Xll. 7) ; but we 
cannot prove these pyramids equal to one another except by a 
process which involves the consideration of infinitesimal elements 
(Euc. XII. 5). 

A g eneral definition. uLlhe-if)] unie of a solid bounded hy any 
s urfaces, plane or curved, lqav be framed similar to that of the 
a rea of a pla nelT g ureTArt. 99). It is a lways possible to construct 
two figures, built up of prism s, such that one figure includes, and 
the other is included by, the given solid, and that the d ifferen ce 
between their volumes admits of being made as small as w e pleas e. 
The limi ting value to which the volume of cither of these figures 
tends, as tlie TUffe renc e between them is indefinitely diminished, 
i s adopted as the definition of the ‘volume’ of the given solid. 
We may easily satisfy ourselves, as before, that this limiting, value 
i s unique . 


The volume of am-_cylinder (right or obligin' ). with plane 
parallel ends, is equal To the product of the a rea of either etui into 
the jjerpend ion lar distance' between the two ends. EW we may 
construct" an i ncluding , and also an includ ed, prisn flatic figu re, 
whose bases are polygons respectively including, ami includedby, 
the base of the cylinder. The above statement is true of each of 
these figures, and therefore in the limit it is true of the cylinder. 
Thus the volume of a circular cylind er is m i 2 //, wh ere a is the 
ratlins of the base, and h is the altitude. 

H aving fouiid the volume of a cylinde r with parallel plane 
ends, we are af - liberty, if_ive find it convenient, .to use such 
cylinders, in place, of pri sms, to buil d up the accessory figur es 
employed in tne general definition given above. The limit finally 
obtained in either way joust evidently be the. same. 

vio6. General expression for the Volume of any Solid. 

The axisofa; being drawn in any convenient directi on, let the 
area of the section of the solid 5y a plane jierpendicular to this 
axis, at a distance x from the origin, be f(x ). If we draw a 
system of planes perpendicular to x, a t intervals fix , it is evident 
that the req uired volume will be t he limit o f the sum 

' 2/1*) & r (1) 

since each element of this sum represents the volume of a cylinder 
of height Sx and base /(.r). Hence t he volume will be given by 

✓ ff(x)dx, (2) 


taken b etween suita b le limits of x. 


16-2 
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V Ex. 1. Thus, in the ease of a cone (or a pyramid) , right or oblique, 
on any base, we take the origin U at tire vertex, and the axis of x per- 
pendicular to the base. If A be the ar ea of the base, and h the alti- 
tude, the area of a section at a distance x from O will be 

•'>' * A>” •’ W 


since similar areas are proportional to the squares, on corresponding 
Ijnfs . Hence the volume, being equal to 



is one-tliird the altitude into the area of the base. 



The volume of a tetrahedron is 


} had bin a, (-I) 

where a, d are any pair of opposite edges, h their shortest distance, 
and a the angle between their directions. 



Divide the tetrahedron i nto lamina e by planes parallel to the pdy ea 
a, d, %nd therefore perpendicular to the shortest distance h. It is 
evident, orr reference to Fig, 61, that the section made by a plane of 
the system at a dis tance x from the edg e a is a p arallelogra m whose 
aides are 

h-x 


* . d and 


h 
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Hence the volume - ™ sin a J* a- (/< - *) t&, 
which reduces to the value given above. 


y^07. Solid 

Let the equation of the generating curve be 

y- *(*>, (l) 

the axis of ,r being that, of symmetry, and let the solid b e bound ed 
by plane end s perpendicular to x. In this case, the area f (x), 
being that of a circle of radius y, is Try-. Hence the required 
volume is 

/ / iry-d.r (2) 

taken between proper limits. Each element of the sum, of which 
this integral is the TitiTit, represents, in fact, the volume of a 
circular plate of thickness &r and area Try-. 

Ex } L The equation of a circle, referred to a point on its circum- 
ference as origin, is *•*■+ if *■— 24* - 

y-~x(2a-x) (3) 

Hence the v olum e of a segment of a sphere, of height h. is 


Solids of Revolution. 


ch r "i/t 

i r x(2a - x) cfx - it a.ir—}.x' 

J" L -li> 


= 7 rh 2 (a -}./)), ( 4 ) 

<t being the radius of the sphere. Fo r the com plete sphe re, we have 
= 2a. a nil the volume is * irre 1 , o r t wo-thirds the volume (ira? x 2a) of 
the ci ypumserilied ci rcular cylinde r. ” " 

^4x. 2. The volume of a segment, of height h, of the paraboloid 
generated by the revolution of the curve 

2T = 4<w (5) 

about the axis of x, is ' 


■ j y-<ir - 4ira — 'lirah-. 6) 


If b be the radius of the base, we have b" = 4a h . Hence the vol ume i s 
or one-half that of the cylinder of the same height on the same 
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3. To find the volume of t he ‘anchor-ring,’ or ‘tore,’ generated 
by the revolution of the circle *’ " 

ue + iy-af-V, ( 7 ) 

where a> b, abou t the axis of ,-r, See Fig. 66, p. 256. 

For each value of x between ± b we Lave two va lues of y, say 
viz. — ° 

Vr -a+ JQ) 1 - x*), y,=-a- J(b 2 - ar’) (8) 

The a rea of a section of the rin g by a plane perpendic ular to .<■ is 
t herefor e ~ 

*y i* “ "T/a 5 - 4iraJ(b' 2 - .r s ) (9) 

and the required volume is 

4jt aj J(h- — ar) dx = 2irab- : (10) 

by Art. 96, Ex. 5. 

This is the same as the vo lu me of a cylin der whose sec tion (vfc g ) is 
e qual to that o f the ring, and ^TiSae le ngtliffiral is equal to th e circu m- 
fe rence of the ci rcle described by the centre of the generating circle. 

\jC08. Some related Cases. 

We give some f urther exa mpl es of the general formula (2) of 
Art. 106. 

Ex. The section of t he ellipti c pa raboloid 

2 x = (1) 

■ p q ’ 

by a plane x = const, is an ellipse of semi-axes J(2 px) and J(2qx), and 
therefore of area 2wJ(vq\x. Hence the volunie of the segrneillcut off 
by the plane x = A is 

2irJ(pq) ( x dx - 7T J(pq) If (2) 

J o 

This is one-hal f the volume of a cylinder of the same height h on t he 
same elliptic b ase. 

Exu-2. In the ellipsoid *■* 

x' J y 1 & 

o s + 5 s + ? ==1 ’ 

the section by a plane x - const, is a p ellipse o f semi-axes 

\ /0 _ S) and VO-3 <*). \ 

and therefore of area S irbe ^1 — ^ (5) 
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The volume included between any two planes perpendicular to x 
therefore 


- irbe 




.( 6 ) 


taken between the prop er limits of r . For the w hole volume the limit s 
qf x are 4- ft, and the result is \imbc. 

V^09. Simpson’s Rule. 

lVj,ost of the preceding result s art' vi rtually i nclud ed in a 
g eneral formula applicable to all cases where the area of the 
section by a pl ane perp endicular to a; is a quadratic functi on of x. 

The vo lume include d bet ween two parallel planes can then be 
[simply expressed in tenns o i.tixe. areas of the sect io ns made by 
1 t hese p lanes, of the section half-wiuL betw een them .~and of the 
[in terval (2//) b etween ttie two ex treme planes. 

Since the form of a quadratic function is n ot, altered by the 
[addition of a constant to j, we may conveniently take the orig i n 

lin the middle sectio ni Putting ' o s*' 

■ "■ — “ h 'r .*• tr 

v'.f (<c) = *1 + Bx •+■ G’r 8 , T7 (1) « 


■( 2 ) 


rh 

we have v ' I t\ x ) dx - 2d./t + ^C7i n 

J h’ 

Denoting the a reas of the sections x = —Ji, x — 0, x = h by S lt 
>N„ respectively, we have ~ ~~ 

A - Bh + ( V «S„ .4 = >%, A + Bh + Ch> = S„ . . .(3) j 

rh 

/» dx = \h (S, + 4K + SJ (4) v 

' — A 


whence 


which gives the rule referred to. We may i nterpret th is as 
expressing that the * mean ’ section is I 

f.H * A. J (S, + 4,V, + ft ,). (5)jl 

It is easily seen that the ad dition of a t er m Dx 3 i n (1) would 
make no differe nce to theform of (4). The result is thus extend ed 
to the case where f(x) is of the third degree . 

The formula (1) is obviou sly applicable t o the oase of a cone. 
p yramid, or sphe re, and also to the case of a pa raboloid, ellipsoid,, or 
li yperbofoid , p rovided- the houndi ng sec tions be. perpendicular to a 
^ principal axi s. ThSfEudent who is familiar with th e theory of surface s 
o f the s ec ond deyret? will easily convince himself, moreover, that the 
latter c onditio n is not essential. 


248 INFINITESIMAL CALCULUS [CH. VIII 


A nother cas e coining under the presen t rule is> that of a solid 
boun ded by two p arallel plane poly- 
faces and by plan e lat eral 
13ucL&rfi_ triangles or trape- 
ziums. We may even include the 
case where som e or atl of the lateral 
f ayes are curved surfaces (hyper- 
bolic pa raboloid al generated _by 
straight fines m oving p arall el t o 
the plane s of the polygons, and 
each intersecting two straight lines 
each of which joins a vertex of one 
polygon to a vertex of the other 
(see Fig. 63). 




And since the number of sides in each polygonal face may be in- 
creased indefinitely, the rule will also apply to a solid bounded by_any 
I two piano p arallel faces and by a curved surface geneiated by a straight 
I lin e 'which m eets always the per imeters of those faces. 

fkx. 1 To find the volume of a frus thm of a rig ht citcular cone . 

• If a, 6 Vie the radii of the two plane ends, that of the middle 
section will l» i (o + b). Heuce ± 

S, - Trti 1 , S„ - ^7r (a + by, S, — irb'-. 


The volume is therefore 

JirAJu 2 + 1 ib + V*), (6) 

if h, be the height of the frustu m. 

2. A cyli ndrical hole of radius b is bored central ly throug k - 
solid sphere of radius a; to find the volume which remains. 



109- no] 


GEOMETRICAL APPLICATIONS 


249 


Here S, =0, = it (a? - b*), *„=<). 

The mean sect ion is therefore jjw (a 2 — 6 2 ). The length of the hole is 
— 6 s ). The required volume is therefore 

«* (a 1 (7) 




10. Rjsctific ation of Curved Lines . 

The perimeter of a rectilinear figure is the length obtained by 
placing end to end in succession, in a straight line, lengths equal 
to the respective sides of the figure. 

But since a _ curved Hne, however short, cannot be superposed 
on any portion of a straight line, we require some definition of 
what is to be understood by the ‘length’ of a curve! ‘'The definition 
usually achmted is that it is_the limit to wh ich the perimeter of 
an inscribed polygon tends as the length's of the sides are indefi- 
nitely diminished. It is a ssumed that the ^gradient of the curve 
is contin uous, except possibly at isolated points ; i.e. that tKe 
m utual inclination of the tangents at two adjacent points P, Q 
can be made as small as we please by taking Q sufficiently near 
to P. It will appear that, under proper conditions, t he above 
li mit is unique ; and it can a lso be shewn that it coincides with 
th e corr esponding limit for a circumscribed polygon. 

If (./•, y) and (.r -f S.r, y + By) be the rectangular coordinates of 
two adjacent points P, Q on a curve, the length of the chord 
PQ is 

+ («y) s ;. 

ilt has been shewn, in Art..5(i, that if y anti dyylr be finite and 
| c ontinuo us, the ratio By IBs is equal to the value of the derived 
f function" dyjdx for some point of the curve between P and Q. 
ffence wi th a properly chosen value of dyjdx, we have 


Br. 


The li miting value of th e pe rimeter of the inscribed polygon is 
therefore *■* • 


/s/| I+ * <*> 


taken between proper limits of a\ The fact that t his limitin g 
value is unique ha s been established i n Art. 90 . 

If x be r egarded as a fun ction of y , the corresponihng formula is 

u + (g)‘U...< 


M- 


( 2 ) 
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If we denote by s the arc of the curve measured from gome 
a rbitrary point (x n ), and if as in Art. 60, we put d y/dx— tan ifr, the 
formula (1) becomes 


( = f sec i|r d.r. 


•<»> 


There is of course a similar transformation of the formula (2). 
yrfSx. 1. In the catenary 

y — c cosh - , 


(*> 


wc 


h,v ' \J\' * (£)’} dr - I ,/ (> + 3 *■ 


f 


cobli r d.r = c sinli '' . 
c r 


Since this vanishes with .r, the are (*) measured from the l owest point 
i s gi ven by ’ 

x-r sinh (ft) 

y Ex. 2. In the parabola 

jr - ±«~r, (C) 

we hare /^/ {' + (,t)} * \s/^V‘)' U (7 > 

This may be integrated by the method of Art. 76, first ratio nalizing the 
numerator, or we m ay put ’ 

x a sinh 3 u, 

and obtain 2a j^oosh 2 udu = a j (1 4 cosh 2 u)dn 

= a (u + ’ sinh 2«) (S) 

Since u va nishes with x, this giv es the length of the arc measured from 
th e vertex . ~ ~ ” 

For example, at the end of the latus- rectum we have 

si nh v » I , cos h u = J 2. u - lo g (1 + J2) , 

whence we find that the le ngth o f the arc up to this point is 

Q «llog (1 + ^2) + v/2} =- 2;296a . 

Vlll. Generalize d Form ula. 

It is a co nsequence of the definition abov e given that any 
infinitely sm all arc Pp. o f a curve is ulti mately in a ratio o f 
eq uality to the chord Ft ~~~ 
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For a fo rmal proof of this theorem, which is a ge neralizatio n of tha t 
of Art. 22. 2 ". let PP, , ..., P n -,Q be the sides of an open polygon 

inscribed in the arc, and let c„ be the angles (positive or 

negative) which they respectively make with the chord PQ. It is 


obvious that 

PQ<PJ\ + P l ]\ + ...+P„_ l <J. (1) 

On the other hand 

PQ - PP t cos e, + Pi P-i cos t.j + . . . + P„-,Q cos e„ 

> (PP, + P,P, + ... + P a -,Q) COS C, (2) 


where e is the greatest in absolute value of the angles c, , The 

ratio 

PP, + P, P-t+ • • • + P„~\Q 


therefore lies between 1 and cost. Since the chords PP , , P, P ,, ... , 
P„.,Q, ay well as PQ, are parallel to tangents to the arcs at points 
between their respective extremities, it follows from the continuity 
of the gradient that 1 c can Ik- made as small as we please by taking 
Q sufficiently near to P. The limi ting v alue of the ratio (31 i s ther efore 
un,itv. 

ThiH may be verified im mediatel y by differentiating the formula (3) 
of the preceding Art. with respect to the upjier limit (.r)of the integral. 
We thus find 

lim f* - sec ^ (4) 

bj' 


Since, when Q is taken infinitely near to P, sec ip is the limiting value 
of the ratio of the chord PQ to 8 j-, we have, ultimately, 


lim 



(») 


The a bove prin ciple leads to s ever al important formula 1 . In the 
first place, if the co ordinates ,r. u of any point P on the curve 
be regarded as function s of the. arc &_\ve have, in Fig. 19, p. 45, 


cos QPR = 


PR 

W 


Sx 8s 
' 8s ’ PQ ’ 


sin QPR = 


QR 

PQ 


By Ss 
Ss'PQ’ 


and therefore 


cos ifr = 


d.v 

<k’ 



■<«) 


dy\ a 


It follows that 


! dx\ 1 
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Again, if a \ v be functio ns of any other variably t, we have 

p «= v / 0 + (-a)] s ‘’ 

md * h<, " !fore iim -if J {(S' + @1 ■ 

^V{(S’ + (S1 < 8 > 

H° nc * s -/\/{(*)' + (S)')'"' <n) 


This may be regarded as a gene ralization of Art, 110X1)- The 
fo rm ilia "re ferred to was obt ained on the supp>sitiim_that. therein 
onl y one v alue of u for oach.K&lue of x, within the are considered. 

) The r esult (9 ) is_ free from this restriction ; all that is essential is 
that as t increases, the point P should describe the curve con- 
tinuously. 

In the same way, the formula* (6) may be taken to apply to 
an y rect ifiable curve, p r ovid ed we und ersta nd by -Jr t he angle 
which tbi '"tangent, drawn in the direction of .v increasing, makes 
with the positive direction of the axis of ,r. 

The formula; 1 81 and (9) ha ve an obvious interpretation in Dynamics. 
If x, y be the rectangular coordinates of a moving point, regarded as 
functions of the time t, then dr,'dt and dyjdt are the component velocities 
parallel to the coordinate axes, and if v tie the a ctua l velocity, we have 


-VvHS} <'»>< 

The formula; (8), (9) are thus equivalent to 

d£l’ *-\**^/~ O 1 )^ 

Ex. In the ellipse 

x~_ qjyuk y = bcosjy (12) 


W6 haVe ( 4 )’ = G3 + (%y = + * 

= a 2 (1 — e s sin“ tj>), 


where e. is the eccentricity. Hence the arc x, measured from th e 
extremity of the minor axis, is 


i = « ,/(l — e" sin 3 ^) d<f> 

Jo 

■ss a. 


(13) 
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This ca nnot be expressed {in a finite form) in terms of the ordinary 
» fu nctions of Mathe mati cs! The integral is called an * elliptic in tegral 
nf jjtie second kin d.’ and is denoted by E (e, <f>). It may; W regarded as 
a kn own funct ion, having been tabulated by Legendre*. Tile whole 
perimete r of the ellipse is expressed by * 

fin / 

In I J(l -e- sin- ... . . . . (14) 

Jo 


The integral in this expression is denoted by E (r, ' jt), or more she 
by A', (<"). It is called a ‘c omp lete’ e llipt ic integral of the seco nd ki 
The quantity c is called the ‘ iniKTiiTits ’ of the integral. 


4-v 


shortly 

kindf. 


quantity 

For the calculation of the integral (11) by m eaii> of a serie s see 
it. i8 q. ~ 

yli2. Arcs referred to Polar Coordinates. 

Let OP, OP' be two consecutive radii of the curve, and lot 
PN be drawn perpendicular to OP’. If we write 

OP = r, OP = r 4- Sr, / POP' = Sd, 

then, as in Art 0:1. /LVj vill differ from rod, and £P_{yi>\n Sr, by 
quantities which are infinitely small in emnpaiismi with PA*, yj y 
respectively. Hence PP, or \ (PM - ■+ A’P -)> ^u ltimately in a 
I ratio of em ialitv^to ~ "** 

,C ^ y',r- (SdV +(Sr)-|. ' 

It follow s that, if 8 be the independent variable, 

'L, , ( dr \\ 


ds PP' 

de ~ 1111 se 


-vT + C 


de) j ’ 


•d) 


and therefon 


S_ /\/{ r ' + fe)}^’ (2) 

provided the integral be taken between the appr opriat e li mits of 6. 

If r and 6 be given as functions, of an independent variable t, 
we have 


ds PP' 

dt - hm 81 




♦-cm 


.(3) 


* Trmtf de* Function * Ellipti f/iu* 1 
t The elliptic integral of the • brst kind ’ is 

r* d<p 


I - 

Jo v' 


o v /(l - e- »1U- p) 

and is denoted by F (c, p). The corresponding 1 complete ’ integral (with as the 
upper limit) is denoted by h\ (<-). 


Si 
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which includes (2) as a particular ease. 


■w 



Again, if r, 6 be reg arded as fu nctions o f the are s, and if </> 
denote the angle which the tangent-TineTdmwh m'The direc tion fif 
s increa sing, makes witK We positive direction of the radius vector, 
we have 


eos NP'F — 


M v 

FF’ 


sin KPP- 


FN 
FF ’ 


.(5) 


and therefore, in the limit, 

.dr r • , d6 

C0S tZd^ Stn<l>==r E 

These results, again, have a d ynamical illu s tratio n. If o denote the 
velocity of a moving point, the component velocities .along the tr^n s- 
v pree to the r adius am. 

, dr ds dr 1 


and 


v sin <f> = 


rdO ds rdd 


■(«) 


•( 7 ) 


ds dt dt 

~ =s -' 

re spect ively ; and the formula ( 4) is cqu iva)cQt,to 

s = / vdl, 

as before. 

y^H3. Areas of Surfaces of Revolution. 

To frame a general definition of the area of a curved surface , 
and to prove that the area so defin ed has a.deVerininate val ue, is 
a matter of some nice ty. We shall here only consider the case of 



rface of revolu 

ligjaus- i 


KonUiei tiwtam 


perpendicul ar 

,rl surfac e may 


,]A- 


tngjuas. If . rpi enr vgd Biirfac e mayi 

We ljfigin wit/^ t hemrcnlar cjlmdc^ 

iefined as t)/L ^^ V £Klti^ 

ral iac^ of f l an insc ribed l? --! 1 hig common longfo trfmit 
rjjj, anil th«^ ir sj mT T£q n * 1 t < f t sT I the 

sbfi-BSaii/^Vr oTTRp of the cylinder. H fc 

’P^^V^ccomeh tVp«m^er O iu ^ ht . lght fcjLaS— 

^ »< 2 i- of . rigw «y'“* r •* ”‘^ ue iuclnllw i 

^raf uerpeiiiiiei^ar are similar and mi ■ 1 T u c curved 


L ’ ak / 3 n«cS>e ««£SSM-^^ 

~£ lH'rpend j^— r -, tC ' 1 — r~7£ s are similar and mi curve df 

.ilar^jyglinj- • b0 defined <£, ,jo- 

1 ■ rta£<Lk-W 'u 0 l-i lwd area. of j.f B~.'T 

( .s the^L^^ V s ?g^j /\\ 

•hisj^ l \ v _,^ z iums having /V, i \\ 


er^a cui» i,fc v u,d tfteirwf*"- . 

1 <Uculnr(^^ lUC ^ fo e e q ual to thin 
Miles, ami w JSX 

common altiML. . tl lt> ,, e riia gtera 

oft^S^-Jkecome the ifflSaP 1 ' 
t{it^epe r -Ua^- ; um u n g circles, and 

bV altitude becomes the 

T ,the c< _ - <r Jine ot trn- 

Q*$eng ji imioT l 1 '' -i e -$e circles. 

r> .-u — Giiriaco 


X^^ 11 ,T UM vy v i 

g^eng j nnuoT/d' -i^-je circles. 

cor th of a generating «urtace 

1 „.e included between tin .. 
iere Vi ot her words , the curved „ 

| , generated h v the revolution id 


Fig- 63. 


lnciuaea oeeween mi, „_ t r c \ 4 

- Vi other words, the curved „ nlied by the ■ 

l .generated hv the revolution nf a er'ibed by j 'f*| 

| straight line PQ about any as i s in *• a . g. ijCunifeJ.eilC&. || 

iis may ahe s ame pla ne with it is equarto fPtf m ulti r ^ , 

<x aie an of the circumfe rences of the circles dost, ,, ,, of any 
/*” This is the same as the pro duct of PQ j nt.o the c. ' 
the circle described by its middle p ointj 

Next c onsider the sur fac e ge nerated by the revolution 
arc of a cur ve ~ T 1 w 


o f an 


I . generateu p v tne rpvonir.ion oi a 
straight line PQ about any axi s in 
iis may ahe s ame pla ne with it is oqunl~t<.T (/% 
^vaie an of the circumfe rences of the 
This is the same as the pro duct of 
the circle described by its middle po 


wit 1 citvie uescnueu uy its luiuuie p ouiv. ^i 

Next c onsider the sur fac e ge nerated by the revolution 
arc of a cur ve ~ ~T~ 1 

y=4> (#), Y. (] 

a bout the axis of a \ Taking any number of points in this arc, 
joining them by straight lines, we obtain an open polygon ; 
curved su rface is theii defin ed as the li miting value to which 
sum of the areas described bv the sides of the no! verm tends, u 


arc, anc 
>n ; the 
ich t he 


juiimig Limui vy siriii^uu uuus, wv uuta.iu au ujjfii pu*j 

curved su rface is then defin ed as the li miting value to which t he 
su m of the areas described by the sides of the polygon tends, whet 
the lengths of the sides are indefinitely diminished. Hence 1! 
PQJbe the chord of any element 8s of the generating curve, anc 
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surface is 

» equality to 8s, and y ma y be taken to 'biiUUaJie | y, fQ is in 

the curve; the surface is then" eutial to the li£ the oramate 
27T(f. 8s), that ittlT . - mtm| value of 

2t rlud^-.y?. A (2) 

taken over the proper lunge of s . 

\4$x. 1. In the case of tlio spljen^jthc coordinates of h 
the ge nerating cu rve may he written ny point ot 

x — n cos 6, ii = <t sin 6 , 

— ~ • ...( 3 ; 

whence ds d6 a 

Hence the surface of a zone bounded by planes perpendicular to ■>: is- 

r», 

2 ird- I sin 0 <16 = 2mtr (cos 6, — cos 0.,) 

Jo, / 

- ’2ira(x l - J-.J y. (.*>) 

where the suffi xes refer to t he bounding circles. Hence, th e zone is 
eq ual in ar ea to tlie corresponding zone of a circumscribing cylinder 
having its axis p erpendicular to the planes of the hounding circles. 
In particular, the whole .surface of the sphere is ’2wa . ’In, or 1 ira\ 

WEx. 2. To find the surface of the ring generated by the revolution 
of a circle of radius b about a line in its plane at a distance ,r. from, its 
centre, we may put 


*©~ 


and obtain 



The limits of 6 being 0. and 2?r. the result is 2irb x '2ira, which is equal 
to the curv ed surface of a right cylinder of radius b and leng th (2ira) 
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equal to the circumference described by the centre of the generating 
circle, y 

V&c. 3. To find the s urface generated by the revolution of the 
ellipse 

® = a'Sin<£, i/ = bco'*<j> (8) 

a bout the major ax is, we have 

Irrfyds- 2rrfy ^l<f, 

= Inal I J( 1 - e- sin“ <f>) il (sin <j>), (9) 

by Art. 111. If we put e sin <f> = sin 6, (10) 

' this 

- ? ,r ^ > j (jes* 6 (16 - V<i ~ + sin 6 cos 0] (11) 

To find the whole surface we take this between the limits </>= + ’ir, 
or 6 + sin -1 e. The result is 

“ 1r ^ > {sin -1 (J-f v /(l - c-)}, 

or 2ir #*-r2wt6 8U1 ~ ,# (12) 

By a similar process we find, for the su rface. generated. by the r evo- 
luti on of the ellips e about its minor axis, the value 

^ 2awA . . , . . //-% In 1 

---{siuh _l e +e J(\ +e-)), 
where e' - J{ir — b'JJk or 

•2wf l 2 +2 B -rth S,D, *,"‘ <? (13) 

, , , . ~ irra v -t-Trl 1 - ft . 7 SV»h~' 

This may also be put into the form 

^ 2ira a + ir6' J . ^ log | — (14) 

y'j 6 - 

v 114. Approximate Integration. ~J. 

Various methods have been devised for finding an approxim ate 

? [alu e of a. defibitc integral, when, the indefinite, integral oi the 
uncblon involved can not bo ob t ained . F or brevity oi stateme nt, 
we will consider the nroble in in its gcoro etncalfofin ; viz. it is 
required to find an appfox uiiate va lue of t he area included between 
a g iven curv e, the "axis of J', and two given ordinates. 


i>. i. c. 


17 
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The iflethoda referred to all consist in substituting for the 
ac tual cur ve an other which shall follow the s ame co urs e more o r 
l ess close ly, whilst it is represented by a function of an Qggjly 
integ-rable character. 

The simplest, and ro ughest, mod e is to draw n equidistan t 
o rdinates of the curve, and to join their extremitie s by straight 
lines - The re quired are a is thus replaced by the s um of a scri es 
of trapezium s. If h be the distance between consecutive ordinates, 
i *kid y u y. lt ...^yu the. lengths of the ordinates, the sum of the 
-"^trapeziums is 

i (2/1 + y a ) h + h (y a + y t ) h + . . . + l (y„_ a + y n ~i) h + I ( i/»_, + y n ) h 

= (|yi_+ y-i + ya + - ■ ■ + 2/n-a + y n - x + ly n ) • • .(l) 

t.%t_is, we add t o the a rithmetic mean of th e first, and last ordin ates 
the su m. Qf the int ervening ordinat es, and m ultiply the result by 
the common interval Ji. 

The value thus obtained will obviously be i n excess if the c urve 
is co nvexTo the axis of x. and in defect in the o pposite case . ' 



Another method, originally given by Newton and Cotes*, is to 
a ssume for y a rationa l integral express i o n 1 of degree w — 1 . thus 

y = A< ) + A l !c + A i a? + ... +A n _,iB n - 1 (2) 

* See the letter's tract lie Method b Differentiali, printed as a supplement to the 
Earmonia Hetuurarum, Cambridge, 1722. 
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and to d etermine the coefficien tsA,. A.,....A„_, 30 that.for then, equ i- 
dista nt values of #..v_shall ha ve the prescr ibed values Vi, y lt ...,.y n <v 
The area is then given by* - »- . * ' w 

Jydx, = A 0 x+ .^A J x , + j [ Aox‘+ ... +^A n ^x", ...(3) ^ 

taken between proper limits of.*. 

Thus, in the case of three equidistant ordinate s, taking the 
tiArigm at the foot of the middle ordinate, wo assume 

+ d. (4)-' 

with the conditions that 

y= Uu y*> y„ \ /rN 

for a :=—/<, 0, h, } 

respectively. These give 

Ao — Ai + A..=*y u A, t = y. i , A„ 4 - A, + A., — y 3 , ...(6) 

so that 


Hence 


Cf. Art. 109. 


A„ = y-u A, = A^-y,), A., = ^{y 1 + y,~2y_). 

S h 

uce I ydx—1 (A 0 + £ A.,) h 

J -~h 


£ =J(yj + 4ys + y s )/<. 


The method here employed is e quivale nt to r eplacin g the 
act ual curve by an arc of a parabola having its axis vertica l; and 
the Tesult represents the di fferenc e between the t rapeziux n 

A Hfr + yJ- 2/« - ‘ 

and the P" ru Vrflir 

B b&iih+yA-yl.M-, a c 
A see Art. 100. Ex. A , 3 V , 1 ' 


* *VJ 


tej In the case of four equidistant ordinates a similar process 
leads to the formula 

'i(yi + 3y*+3y 3 +yi)h, ( 9 ) 

”) whilst fo r five ordinat es we get 

A (ty» + 32y a + 12y s + 32y* + 7 y 5 ) h (10) 

17—2 
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With an i ncreasing number of ordinate s the co efficient s in 
this method become more and more unwieldy *. A simp le, but 
generally less accurate, rule was devised hv Simnsonf . Taking 
an odd number of ordinatesi the ar eas between alternate ordina tes, 
beginning with the first, arc calculated from t he 1 paraboli c ’ 
f ormula (8) , and the results added. We thus obtain 

4 \y x + + y* 

+y, + \y i + y i 

+ y* + 4y«, + y, 

+ 

+ yjn-i + tym + ym+l} ll 

= 4 {(y> + y*x + 0 + 2 (yj + y, + . . . + .I/m-,) + 4 (y . + y 4 + . . . + y.,,,)} h. ^ 

(11) 


That is , we take th e sum of the first and last ordinates, twice the 
sum of the in tervening odd ordinate s. amT~ Tonr times the sum of 
the e ven ord inates, and multiply one-third the aggregate thu s 
obtained by the common interval ft. 

YEjc, To calculate the value of ir from the formula 



<f.r 

1 + *h 


( 12 ) 


Dividing the range into 10 equal intervals, so that h = -1, we find 


Ifi-h 


//o C 

i-*'*' a) , 


i/J 6 = 


Hence 




y s — -9615385, 
y, -- -8620690, 
y 7 = -7352941, 
y» — '6097561. 


Vw = '0, 


y t -= -9900990, 
y 4 = '917-131 2, 

8000000, 
y 8 - '6711409, 
y,o= -5524862, 

.* 2/i+ya = l - 5, 
y 3 + y> + i/i + yt- 3-1686577, 

Vt + 'M+yti + ys + yv, - 3-9311573. 

The formula (11) then gives 

l* - SJ5 (1-5 + 6-3373154 + 15 7246292) 

= -78539815, , 

* The coefficients for the cases »= 3, 4, 0, ... 11,* Were calculated by Cotes; see 
also Bertrand, Calcul Integial, Art. 3 S3, 
t Mathematical Diutrtatione (1743). 
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114 - 115 ] 

whence, retaining only seven figures, 

ir- 3-141593. 

This is correct to the last figure. 

The form ula ( 1) would have given 

{it - -78493150, 7T- 3-139926, 
which is too small by about one part in 2000. 

i/ll5. Mean. Values. »* ■ > , 

Let y u t/, y n be the value s of a function <f> (x) corre- 

spondin g to n equidi stant values uT x d istributed over the range 
b — a , say to the values of x which mark the middle points of th e 
n eqna^ inter vals (h) into which this range may he subdivided. 
The limiting value to which the arithmetic moan 


+ + ••• +2/n) (U 


tends, as n is indefinitely increased, is called the ‘mean value' of 
th e functio n over the range h — m 

Since h =(b — a)'n, the expression (1) may be written 
j/i h + yjt + ... + y„ ft * 

b-a 

and the limiting value of this for n -*■ x ,h-*~ 0, is 

[ tf>{x)cLr v A 

.'W-- .X. J&. (2) 4 

A X* ' V - T 

^/In the ge ometrical re presentation the m<?ui_xalu£ is t h e alti- 

tude of the rectangle 011 base b — a whose area is equal to that 
included between the cur ve the extreme ordinates, and 

the axis of x. (iee Fig. 49, p. SJ1Q.. ^ 

i .uft/'. The theorein of Art. "91, 3° may now be stated as follow®: 

' iThe m ean va lue of a continuou s functio n, over any ra nge of th e 
1 indep ende nt variable. is equal to ihi^yaln e of the MjS^rtaBiT 'Tor 
|so me val ue of the. independent variable withiiTthe" range" 

The various form ulie of Art. 114 m ay be int erpreted as g iving 

I a pproximate expressions for the mean value o f a function, over 
a given r ange, m terms of a series pf values of the function t aken 
a t equ idistant intervals covering the mq ge >t . For exampler"ih 
terms or three and of four such values, the mean val ues, as given 
by Cotes’ method, qj;e 

i (2/i + 4y 2 + y 3 ) and ^ (y, 4- 3y 2 4 3y» + y 4 ), 
respectively. J ^ ^ = ^ ^ ^ 
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ception of a mean value it is essential to have 


at is the independent variable to which 
us, in the case 
ie an vaj ue 

of time t, from rest is 




1 rf , i /ti 

- / vdt -- - 1 gtdt -lyt-y ; 
'i Jo h Jo 


i.e. it is o ne-half the fina l v elocity . But if we seek the me an veloci ty 
f or equal infinitesimal increments of tile s/mee (s) 3 we have, since 

v'=22«, 




f'rdsJf r«-ds= r; ( 2 <//»,)- ^ 

/ *' Ja * }o . 
e. it is tu-o-tk ir ds the f inal velocit y. 1 4 ‘ 


'■fix. 1. The mean va lue of sin 6 for equidistant intervq Js^n f-4 
ranging from 0 to t t is ' 


UW' if- 


2 ^ 
sind(/d=: —'6366. .. 


l y Hence the mean value of the ordinates of a semicircle of ra dius a. 
Ms-awn th roufllL equidistant points of the arc . is *6'366«. » .- 

^ » n4V c " ; 

If the ordinates had been dratvn through equidistant plffiriwqif tab 
ftjn fmfifr. th e mean value would have been - •■» 

. , 1 /■« [I* •* '’" S 

J- a “ J — Jr 

ipr -7854a. It is eagilyjseen d }/riori why this latter mean should be 
| the greater. ' 

Kff*. 2. A disk has the form of a ve ry flat ellipsoid of r evolution. 

To find the ratio of its m ean thicknes s to the th ickness at the centr e, n*,. 

If a be the radius, the ratio of the thickness at a distance r from 
the centre to that at the centre is ^ 


yo-a- 


The required ratio is therefore 


™\C\A 1 "») Wr ‘ 3 


\Ex. 3. If the density p of a sphere be a function of the distance r 
from the centre, taking as the element of volume 

-«lf=*S(j7rr s ) = 4>rr ! Sr, 
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the mean density is * <■ ^ h J^ ' 

p -4ir r pr^dr- \ira s = \ f pr^dr, ?f\. (7) 

" to JO k 


tt - 1 - jffof 


) of the density at the 


M 

( 8 ) 


^ Jo 

if a be the external radius. 

Thus, if p x r", the mean density is 3/( 

.surface. ~ 

. Again, assuming that in t he Earth 

I -4-- < 8 > 

, 0.; , t( 

we find p- p„ (1 - j k) = \ (2p„ + 3 ft ), .'. (9)' 

where p, is the deiisity at the surface (r - a). If the above law of 
density be applicable to the case of the Earth, then since p = 2p, , roughly, 
we infer that p„ -Ip,, or the de nsity at the centre is 3.) tiffljfe the density 
a t the surfacer 71 ^" — ■ 

\^ 16 . Me an Centres of Geometrical Figures. * - r-a 

The ‘ mean centr e ’ ( G , say) of a system of geometrical points 

i. ( x r> l/i)> ( a ii yi)< •••> i. x n,y. i) (1) 

be de fined as^hc Poin t whose coordinates ary 


0 


.r = ^ (a, + »•..+ ...+ J’„) = ^ , 

1 , x 2 ($ 

y=,> + y,+ - + y«>=-'~. 




Since these relations arc linear, and since transformations of 
Cartesian coordinates are effected by linear formulas 'it easily 
fallows that the distance of G from any line is equal to the 
arithmetic mean of t he dist ances of the “given points from the . 
dine, these distances being taken of course with the proper signs 
according as they lie on onejjide of the line or the other. 


There is . in like manner, a mean centre of a plane curve , or of 
a .plane area, whose dis tance fi-om jiny~ line in the plane is the 
meaja (in the sense of ArOTSToTBmmstahces ofthe infinitesimal 


mean 

elements of the curve, or of the area, from the line. 
Thus, for a curve we have 

UG 






.(3) 


A-lt. via t M 
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x = lira 


2(*r8A) 

2(8A) ’ 


y = lim 


2(yS4) 

2(8A) * 


(4) 


where SA is an element of area. In the limi t the summations 
take theTorm of inte grals. 


Ex. 1. In the case of a circular arc, if. the on'gin be taken at the 
centre, and the axis of x along the medial line, we have y = 0, by 
symmetry. Writingjc = a cos 0, &*_= ahO, 

1 [* n sin a ... 

.r - la cos OdO = .a, (o) 

2aa./_ a a 

if 2a denote the angle which the whole arc subtends at the centre. 

As a increases from an infinitely small value to v, x decreases from 
a to 0. For the semicircle, we ka\ e a - hir, and 

•) 

x — ~ a = - 637 a. 

IT 


Ex. 2. For the area of a segment of the parabola 

y- — 4 ax 

bounded by the double ordinate x = A, we have 


•<«> 


v . 


fh rh , 

/ xydx I x‘dx 
To Jo _ . t 

("yds, f'xic u' K ' 

^ .. - pj r \ 


•(<> 


)/ The notion of the mean centre car? obviously be extended J*o 
'Tthree-. di mensi onul figuresy^iag|nces from a line being now replaced 
IJby distances from^apIanjjyrH/us in the case of a surfiice, we have 

,. 2(*8*S) • ,. 20/8*9) . ,. 2 (zBS) , D , 

' = lnn ’ = = ll,n xTsiii ’ • • ’ (8) 




2(8.9) 


— wm;re 8<S Hertdgfsffl elome ftt of A hfe' surface. Similarly, for a 
volume, 


_ .. 2(*8F) .. 2(y8F) .. 2(zSF) 

J ^ hm i (8 V) ’ y im 2 (8 V) ’ 3 “ nu 2 (8 V) ’ ' ” 


(8F) 


:(*»0 


( ( J) 


yhere 8 V is an element of volume. 

y In the case of a surface, or a solid, of revolution ^hc mean centny ^ 
L is evidently on the axis of symmetry, and if we take this as axis of 
pg^jgfi have only to calculate the value o f.x. If y be the” ordinate 
of the generating curve, we put, in (8), S*S> = \rryls, this being 

L-j %j 


/ 
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(Art. 113) the area ofjan annular element of surface, whose points 
are all at the same distance from the jjlane x = 0. _,Hence„ ^ 


. _ J-r . 2ir yds Asy <ht £t/S 

* *)!'& X K> / 2 t ryds \Jydx ^7j) 

milarly, in (9) we put 8F= try-hx, and obtain 

) = ■ ( - r : 7r ff r = -4r. (11) 

r Jyry-d.r fy-d.r 

\p£x For a zone of aj^hericalju ^rfa c-e, putting 

x ~ a cos 0, // = a sin 8, 8« = a86, (12) 


e have 


( cos 8 sin 6d6 

i* , cos'* a — cos 2 (5 

r-a = }n £ 

i • am ' pl,s a ~ eos P 
| sin 0(18 

• a 

= \n (cos a + cos fi) = \ (x, t j\), 


if a, (J lie the limits of 0, and a*,, a\ the abscissse of the bounding circles. 
Hence the mean centre- of the zone is on the axis, half-way between 
the planes of the hounding circles. 

For example, t he m ean centre of _a hemispherical surface bisects 
the axial radius. 

These res ults., might a lso h ave lieen inferred immediately from the 
equality of area of corresponding zones on the sphere anil on an. .en- 
v eloping cylinder (Art. 113, Ex. 1). 


4. In the case of a solid circular cone, tho origin being at the 
vertex, the section varies as xr, so that 

rh 

/ x’Jx 

=V‘ (14) 


if A be the altitude. 


f 1 

I x*dx 
Jo 


Jix. 5. For the segment of an elliptic paraboloid 


'lx = + - 

}> q 


cut off by a plane x - h, since the section varies as x, as in Art. 108, 
Ex. 1, we have 

r x-dx 

* = > ~ a ^ (16) 

I xdx 

h 



X - 


.(17) 
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Ex. 6. For a hemisphere of radius a, putting y 2 ■- re 3 - a?, we have 

f x (a 2 - k 2 ) dx 
Jo 

I (a- — ar) dx 
Jo 

The same formula gives the position of the mean centre of the half 
of the ellipsoid 

^+S+-. = 1 - ( 18 > 

a s b i c- ' 

which lies on the posit h e side of the plane y~, since f-{x) in this case 
also varies as a 2 — ar*. See Art. 108. Ex. 2. . - > f 

y* A' I r' 

vl 1 7. Theorems of Pappus. 

4°. if an arc of a plane curve revolve about an axis in its 
plane, not intersecting it, the mrfaoe generated is equal to the 
length of the arc multiplied by the length ot the path ol its mean 
centre. 

Let the axis of x coincide with the axis of rotation, and let y 
be the ord inate of the generating cun e. The surface generated 
in a complete revolution is, by Art. 1 13, equal to 

' h : - 

2w fyds, * 

the integration extending over the arc. But if y ref^r to, the mean 
centre of the arc, we have , j ", 1 

!>/<!$ 

U = 1 *’ /J. 

by Art. 116. Hence f *■ ' ’* £ 

2 -rrjyde = 2 mj x Jds, 

which is the theorem. £* 

„ », ra°. If a plane area revolve about an axis in its phtffeT not 
iri te me e ting it, the volume generated is equal to the area multiplied 
by, the length of the path of its mean centre. 

\ 1 If 8A be an element of the area, the volume generated in a 
complete revolution is 

lim 2 (2 try . 8A). 

But if y refer to the centre of mass of the area, we have 

.. 2<ySA) 
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'l 16-117] 

by Art. 116. Hence 


7 


lim £(2 mj . SA ) = 2mj x lim £(SA), 
hich is the theorem *. 


•( 2 ) 


The revolutions have been taken to bo complete, but the 
Restriction is obviously unessential. 

The theorems may be u£od, conversely, to find the mean centre 
of a plane arc, or of a plane area, when the surface, or the volume, 
Generated by its revolution is known independently. See Ex. 3, 
below. 

f 

Er. 1. The ring generated by the revolution of .a circle of radius b 
ibout a line m its own plane at a distance a from* its centie. 

^ * l , I i 

The surface is '2nb x ‘Ijra, - 4r ! ab , ' ’’’ - ' r fy r 

md the volume is rrh- / 'lira, — ‘2irab-. ♦ 

Jf. Art. 107, Ex. Si-aiuLArt. 113, Ex. 2. 
f ^ 1 1 * 

Ex. 2. A Segment the parabola y 2 - 4 ax, bounded by the double 
ardinate x h, revolves about this ordinate. j 

If 2 k lie tile length of the double ordinate, the aiea of the segment" 1 
is \hk, by Art. 100 , and the distance of its mean centre from the oidi- 
nate is zh, by Art 116, Ex. 2 Hence the volume generated is 

i 'v 


J 1 


i hkx\*h= \ :^k. 
> 




m .. A 

* Er. 3. For a semicirsulai jjrc revoIvin^a bout_ the diameter joining 

ite^attreiaitres, we have* ^ , r , *• , 

Tra x 2iry - ^ ^ - //,,, 

wfterttfe ' 1 








^ V 


1/ - rt, 
J w 


Nv o 


(r ^ 

Again, for a semicircular area rev olv mg about its IxnuicHiig diameter, 


whence 


\ irer x 2 Try -* 4 , 
_ 4 


va\ 




A similar calculation lends to a simple formula for the volume 
if a pris m pr a cy linder (of any form of cross-section) bounded by 
plane ends? ~ 

In the first pSto we vv ill ^uppose /that <fn 6 of the ends, which 
we will call thefbase, is perpendicular to the length Let P be 
my point of the base, and let VUe the terigth oFtne ordinate PP' 


* These theorems are contained m a treatise on Mechanics by Pappus, who 
nourished at Alexandria about a u. 300. They were given as new by Guldinus, 
ie centro gravttatu (1685 — 1642). (Ball, Ilutory of Mathematic*.) 
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drawn parallel to the length, to meet the opposite end in P\ and 
the ordinate of the ce ntre of the oblique end/ If &A, 8 A! 
pe corresDonding ^elements of area a t P and t?', we nave 


s = lim 


t(z.BA') 

2(8-4') 


= lim 


2 (z.BA) 
S(S A) 






since 8.4, being the orthogonal projection of & J is in a constant 
ratio to it. Hence the volume of the solid 


= S(*.8A)«cx2(6A)|t/. (3) 


'"that is, it is equal to th e area of the base multiplied b\ the ordinate 
isof the mean centre of the opposite face. It is easily seen that this 
sis the same as the ordinate drawn through the mean centre of the 
■base. 


A prism or a cylinder with both ends oblique may be regarded 
as the sum or as the difference o f two prisms or cylinders each 
having one end perpendicular To the length. We infer that in all 
c aa.es the volume is equal to the area of the cross-section multiplied 
by the distance between the mean ccntroToTthe two ends. 


,-f Ex. t, The -volume of the wedge shaped solid cut off from a right 
Circular cylinder by a plane through the centre of the base, making an 
''angle a with the plane of the lw.se, is f 

( -n 


War x — a tan a 
Ow 


-a' tan n, 


cf. Art. 11H, Ex. 


1 . 


o 

The theorems of Pappus may be generalised in various ways; 
but it maybe sufficient here to state the following extension of the 
second theorem. 

v f — If a plane af^a, constant or continuously variable, move about 
(in any manner in sp&cv/fbut so that consecutive position s of the 
ylplarie 3d not intersect within the area, the volumegeuerated is 
equal to > 

J.S’do-, (4) 

''v where <S is the area, and d<r is the pri 
l ocus o f the mean centre of the area‘s 



an element of the 
norm al to the plane. II 


as denote an element of this locus, and 6 the angle between ds and 
the normal to the plane, the formula may also be written , 

*-=- J 6’ cos dds (5) 


This theorem is the three-dimensional analogue of the gro- 
- 1 position of Art. 103, relating to the area swept over by a moving 
i lin& It is a simple corollary from the theorem above proved. 
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r l 1 8 . Multiple j n teg ralB. 

This book deals maiuly with functions of a single variable, and 
therefore, as regards the Integral Calculus, with problems which 
depend, or can be made to depend, upon a single integration. 
Multiple integrals occur however so frequently, as a matter of 
notation, in the physical applications of the subject, that it may 
be useful to give here a few explanations concerning them. We 
shall pass very lightly over theoretical points : what is wanting in 
this respect maybe supplied by a proper adaptation of the method 
of Art. 90. 


r 


Let z be a continuous and single-valued function of the inde- 
pendent variables x, y ; say 

z = <f>(.c, y) (1) 

This may be interpreted, geometrically, as the equation of a surface 
(Art. 34). Take any finite region S in the plane ay, and let a 
cylindrical surfacebe generated by a straight line ivhich meets 
always the perimeter of S, and is parallel to the axis of z. We 
consider the volume (K) included between this cylinder, the plane 
tty', and the surface (1). See Fig. (>K. 



If the region S be divided into elements of area 8A S , 

SA a and if z It z 3 , z j, ... be ordinates of the surface (1) at 

arbitrarily chosen points within these elements, then, the coordinate 
axes being supposed rectangular, the sum 

r,SAj + + 


( 2 ) 
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will give us the total volume - of a system of prisms, of altitudes 

z x , z t , z t standing on the bases &4 tl &4 a , 8A a , And if the 

func tion lx. .y\ be subject to certain generally satisfied con- 
dition s*. the above sum will, when the dimensions of &A U &A 2 / 
SA it ... arc taken infinitely small, tend to .a unique limiti ng v alue, 
viz. t he afo resaid volume V. , „ 

tha ^ubdivision of the region »S’ be made by lines drawn 
paralTelto the axes of x and y, the elements &4,, Svi a , 8d a> ... are 
r ectangul ar areas of the type hxhy, and the sum (2) may be denoted 
by 

ZSzBxSy, (3) 


where the sign !£ is duplicated because the summation is in two 
dimensions. The limiting value of this sum is denoted by 

\jzdady (4) 

and we have the formula 


V =jj 4> (a-, y) dxdy (5) *" 

The expression on the right hand is called a ‘ double integral ’ ; it 
is of course not determinate unless the range of the variables 
x, if, as l imited by the boundary of S, be specified. 

The volume V may, however, be obtained in another way. If 
f(x) denote the area of a section by a plane parallel to yz] whose 
abscissa is x, we have, by Art. 106, 

V*=f f{x) dx, ^ ( 6 ) 

J a 

where a, b are the extreme values of x belonging to the area S. 
But, by Art. 100, 

- \ /<®)=| * zdy, (7) 

' • — J 

j where a, ft a re the extreme values of y in the sectionj^ (x), and are 
| pherefore m'gehefdnimc'tidns of x. Hence we have 

- j a { / (*’ ^ ^2/} dX ( 8 ) 

or, as it is more usually written, 

V=J j <f>(x,y)dxdy (9)f • 

* The already stipulated condition of continuity is sufficient, but the proof i* 

simplified if we introduce the additional condition that <j> (r, y) shall have only 
a finite number of maxima and minima within any finite urea of the plane xu. 
Of. Art, 90. 

t The first J refers to the dx, and the second to the dy. There is not absolute 
uniformity of UBage, however, on this point. 
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If the limitg .ofiifiiA integrations be constants, i.e. if the region 
S tak e the form 6f~a rectangle having its sides parallel to a; and y, 
the volume 'F is expressed also by 

( jj n <£( r - y)<^j d y (io) 

and we may assert that 

I" f <f> (*, //) dxdy = f ( <f>(x,y)dydx (11) 


This is i llustra ted by Fig. 23, p. 63. In other oases the limitf 
of the respective integrations require to bo adjusted whc u we Invert 
the order. 

The above explanations have been clothed in a geometrical 
form, but this is not of the essence of the matter. The same 
principles are inyojved, for example, in the calculation of tEe”mas‘ 
of a plane lamina, having given the density at any point (x, y) oi 
it, and 7n many other physical problems. 

Another mode of decomposition of the area S is often useful 
Taking polar coordinates r, 0 in the plane xy, we may divide the 
area i qty qnasi-rectangular elements by means of concentnccirclei 
and radii. The area of apy one of these elements may be denotec 
by rSB.Sr, if /• be 'flu; ""arithmetic mean of the radii of the tw< 
curved" sides. The formula (8) is then replaced by 

V = ff zrd8dr, (12) 


where z is supposed given as a function of r and 8. 

After what precedes, the meaning of a ‘ triple-integral,’ 

Jjj >/, z)dxdydz (13) s 

will not require much development. If a finite region R be dividec 
into rectangular elements BxSyBz by planes parallel to the coordi 
nate axes, and if we multiply the volume of each of these element! 
by the value of the function <p (x, y, z) at some arbitrarily chosei 
point of jt, the expression (13) is used to denote the limiting valni 
tojyhich (under certain conditions) the sum of the products tend 
when the dimensions of the elements are infinitely small. .The sami 
limiting value may be obtained by a succession of three simph 
integrations, thus 

f { f (/ ^ ^ y> *) dz ) <%]■ djr ( 14f ) 


where the integration is with respect to z between the limits a an< 
b, which are in general functions of x and y, then with respect t 
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y between the limits a and £, which are in general functions of x, 
and finally with respect to x between the limits a and 6. 1^ the 

limits of integration be all constants, they are unchanged when the 
order of integration is varied. ^ 

, As an example, consider the determination of the mass of a 
l^eolid, whose density is a function of x, y, z. 

Ex. 1. To find the volume of the wedge included between the plane 
a =. 0, the cylinder 

r + y-=r ( 15 ) 

and the part of the plane ft - tan a for which s is positive. 

rn 

We have I jztlxdy - tun a I I xdxdy (1C) 

JJ Jo J \ 

The integration with respect to y gives 

r -Ktrt—J-O 

*y - ix J(a- - ar). 

L J-s(aJ-ri) 

We then have 

J 2x J(ar — x -') dx - (a- - x‘ l ) J = «•'. 

The required volume is therefore ; , 

“<r‘tan a ' (17) 


Ex. 2. To find the volume included within the sphere 


x- + f - ft 2 ^ a-, (18) 

by the cylinder x" + y- = ax (19) 


(The cylinder has a radius half that of the sphere, and its axis bisects 
at right angles a radius of the sphere.) 

If we introduce polar coordinates in the plane xy, the equation (19) 


takes the form 

r = n cost), (20) 

and (18) gives s = + ^/(a 2 - r 2 ) (21) 

The required volume is therefore given by 


Now 


and 


fin fa cos# f*n fa co*0 

2J J zrdOdr = 4 J J J{d- — r-) rd6dr. ...( 22 ) 

rocosS r- „ “tacos 0 

I ' Jia 1 - **) rdr = J (or - r 2 )* J = J a 3 (] - sin** 0), 

f (1 — sin J 6) dO - Jir — f r 
Jo 


The final result is 


a _ h n z 
;i 7ra — 0 a . 


(23) 
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EXAMPLES*. XXXVI. 

(Areas.) 

1. If a curve lx; such that 1 

//" x x ", 

the rectangle enclosed lietween the coordinate axes and lines drawn 
parallel to them through any point on the curve is divided by the 
curve into two portions whose areas are as m : n. 

2. The at on included Itetweeu the axis of x and one semi-undulation 
of the curve 

y ■ h sin rja 

is 2 ah. 

3. The area included lietween the catenary 

y = c cosh .cjc, 

the axis of x, and the lines x 0, x - a-, , is 

<•- sinh a’,/c. 

4. The curve try ~ ur(x + a) 

includes, with the axis of x, an area ,Va'-. 

5. The areas included lietween the axis of ./• and successive semi- 
undulations of the curve 

y e “•«' sin /?.>■ 

form a descending geometric series, the common ratio being e~™P. 

6. The area included lietween the axis of x and the parabola 

<7/ (.»• n) (.»• - h) 

is \(a-bf,r. 

7. Find the area included lietween the two curves 

-V - d.y = x - 1, >r - -x- 3. [".] 

8. Find the area included between the two parabolas 

y = :h~ - ,r - 3, // - — 2 j- + 4x + 7. [V-] 

9. Find the area of the segment of the paraliola 

// -- ,i- - 7.r + !) 

cut off by the straight line 

// - 3 - 2x. U-J 

10. The area included between the two parabolas 

y- _ 4« (x + ir), y~ - 46 (6 - x) 

is § (« t h ) sA«&). 

* Some further Ex am pies tor practice will be found at the end of the Chapter (ix ) 
on ‘Special Curves.' 


L. I. C. 


18 
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11. Prove that the whole area (when finite) included between the 
axis of x and the curve 



is independent of the value of u. 

12. The area included between the positive branch of the cur\e 

y = I) tanh .»• a, 

its asymptote, and the axis of y, is ah log 2. (See Fig. 20, p. 81.) 

13. The area common to the two ellipses 





l 


is iab tan“‘ b, a. 

14, The area included between the coordinate axes and the 
parabola 



is \ah sin u>, where «i is the inclination of the axes. 

[Put x a sin 1 6, y h cos 1 &.\ 

15. The area between the parabola 

'Icy — .r tr 

and the two tangents drawn to it from the origin is * a • c. 


16. The area common to the two parabolas 

y = 1 ax. r- 4 ay 

is V' rr. 

17. Prove by integration that the area of an ellipse is 

•tra.fi sin in, 

where a, ft are the lengths of any pair of conjugate semi-diameters, and 
oi is the angle between these. 

/ 18. The formula (Art. 80 (2)) for integration by parts may be 
written 

J tide - no - | nlu . 

in terpret this ge ometrically in terms of areas, 

19. A curve A ft in traced on a lamina which turns in its own plane 
about a fixed point 0 through an angle 0. Prove that the area swept 
over by the curve is 

J (CM 2 ~ OB 1 ) 6. 

20. Trace the curve 


Li ix.] 


and find its area. 


r -3 + 2 cos 0, 
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21. Find the area of that portion of the curve 
r - ‘la (l + cos 6) 
which lies outside the parabola 


'M 

r - - . 

1 + cos ft 


f 3w»* + -'•«*.] 

Prove by transformation to polar coordinates that the area of 
the ellipse 

A.r 1 + ’ll fry + By 1 1 

is irj J(AB - //■). 


23. A weightless string of length l , attached to a fixed point 0, 
passes through a small ring which can slide along a horizontal rod AB 
in the same vertical plane with 0, and the lower portion hangs ver- 
tically, eariying a small weight P. Find the locus of P, and prove 
that the area between this locus and AB is 


1 — A'-) — IP cosh l/lt, 

where h is the depth of A B below 0. 


24. Prove directly from geometrical considerations that the area 
included between two focal radii of a parabola and the curve is half 
that included between the curve, the corresponding perpendiculars on 
the directrix, and the directrix. 


25. What is indicated by the record of the wheel in Amsler's 
Planimeter when the bar PQ (Fig. 59) makes a complete revolution 
whilst the point Q traces out the closed curve ! 

26. In a certain form of planimeter the arm carrying the tracing 
point is pivoted at the other end on a vertical axis carried by a small 
waggon which can roll (without slipping) backwards and forwards over 
the paper, and has a recording wheel attached to it, to measure the 
rolling. Prove that when the tracing point descrilies a closed curve, 
the record gives the area, on a certain scale. 

27. If , tf n , .S',, be the areas of the closed curves described by 
three points A, B, C on a bar which moves in one plane, and returns to 
its original position without performing a complete revolution, prove 
that 

B< ’ . S A + CA . + AB. S c - 0, 

where the lines BO, CA, A B have signs attributed to them according to 
their directions, and the signs of .S'.,, S n , .S’,, are determined by the rule 
of Art. 101, 


28. If P be a point on a bar A B which moves in one plane, and 
returns to its original position after accomplishing one revolution, 
prove that 




a.5 „ + 5.5., 
a + b 


mil). 


18-2 
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where a = AP, b = PB, and the meanings of S A , S It , tip are, as in the 
preceding question. 

Hence shew that if the extremities. A, /> of the bar move on a 
closed oval curve 

X , - vab. (Holditeh.) 

29. If a straight line AB of constant length move with its 
extremities on two fixed intersecting straight lines, any point P on it 
describes an ellipse of area ir . AP . PB. 


EXAMPLES*. XXXVII. 

(Volumes.) 

1. The volume generated by the revolution of one smui-undulatinn 
of the curve 

// = b sin x/a 

about the axis of x is one-half that of the circumscribing cylinder. 

2. The volume of a frustum of any cone, with parallel ends, is 

; i / i| M 1+v /(d,d 2 ), a . j \, 

where A lt A a an* the areas of the two endB, and h is the perpendicular 
distance between them. 

3. In the solid generated by the revolution of the i octangular 
hyperbola 

JT — if = 

about the axis of x, the volume of a segment of height n, measured from 
the vertex, is equal to that of a sphere of radius a. 

4. The volume of a segment of a sphere bounded by two parallel 
planes at a distance h apart exceeds that of a cylinder of height h and 
sectional area equal to the arithmetic mean of the areas of the plane 
ends, by the volume of a sphere of diameter h. 

5. A plane is drawn parallel to the base of a hemisphere of radius 
a at a distance 2a sin 10° from the base. Prove that it bisects the 
volume of the hemisphere. 

6. The portion of a solid sphere of radius a which is included 
within a spherical surface of radius b ( ; 2a), having its centre on the 
surface of the sphere, is removed. Prove that the volume of the cavity 
is less than that of a hemisphere of radius b by Jw lA/tt. 

7. The volume generated by the revolution about the axis of x of 
the area included between that axis and the parabola 

ry = (x - a) (x - b) 

.I'rt’r (® - bflc?. 

* Sec the footnote on p. 278. 


is 
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8. If a segment of a parabola revolve about tbe ordinate, the 
volume generated is T *g- of that of the circumscribing cylinder. 

9. The volume of the solid generated by the revolution of a para- 
bola about the tangent at the vertex is | that of the circumscribing 
cylinder. 

10. The segment of the parabola = iax which is cut off by tbe 
latus-rectum revolves about the directrix. Prove that the volume of 
the annular solid generated is 

11. The segment cut off from the curve 

ay 2 - x' 

liy the chord x - h revolves about the axis of x. Prove that the volume 
generated is one-fourth that of a cylinder of height h on the same base. 

12. The volume of a frustum of a triangular priBtn cut off by any 
t wo planes is 

\ (h, 4 h., + h„) A , 

where /q. //, are the lengths of the three parallel edges, and A is the 

area of the section perpendicular to these edges. 

13. If li be the rudius of the middle section of a cask, and a the 
radius of either end, prove that the volume of the cask is 

,'-ir (3 ar 4- M> 4 Air) h , 

where h is the length, it being assumed that the generating curve, is an 
arc of a parabola. 

14. An arc of a circle revolves al»out its chord ; prove that the 
volume of the solid generated is 

JW sin o + jja-n 3 sin a cos 2 a — 2ira J a cos a, 
where a is the radius, and 2a is the angular measure of the arc. 

15. The figure bounded by a quadrant of a circle of radius a, and 
the tangents at its extremities, revolves about one of these tangents ; 
prove that the volume of the solid thus generated is 



16. The volume enclosed by two right circular cylinders of equal 
radius a, whose axes intersect at right angles, is - 3 -« 3 . 

If the axes intersect at an angle a, the volume is d' cosec a. 

17. If the hyperbola 

a* b- ~ 

revolve about the axis of x, the volume included between the surfaoe 
thus generated, the cone generated by the asymptotes, and two planes 
perpendicular to x, at a distance h apart., is equal to that of a circular 
cylinder of height h and radius b. 
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xa A right circular cone of semi-angle a has its vertex on the 
surface of a sphere of radius a, and its axis passes through the oentre. 
Prove that the volume of the portion of the sphere which is exterior to 


the cone is ffira? cos'* a. 

•V19. If in Simpson’s method (Art. 109) of estimating the volume 
included between two parallel sections A’, , S 3 the intermediate section S, 
is at unequal distances A, k from N,, S_„ respectively, the formula is 


h + k 
(>AX 


I (2A - k)kS, -) (A + kfH, + (2/. - A) hS',). 


EXAMPLES*. XXXVIII. 


(Carved Lines and Surfaces.) 


1. The length of a complete undulation of the <;ur\ e of sines 
y b sin x, a 

is equal to the perimeter of an ellipse whose semi-axes are ^/(a* + bi‘) 
and a. 


2. Prove the following formula for the length of the perpendicular 
( p ) from the origin on any tangent to a curve : 


/> 



(lx 
d* " 


Also prove that the orthogonal projection of tin- radius \ector on 
the tangent is 


cic 

ds 


+ !/ 


dy 

ds 


or 


/• 


dr 
tlx ' 


3. The surface generated by the revolution about the directrix of 
an arc of the catenary 

// - <• cosh .»■ r, 

commencing at the \ ertex, is 

it (rx 4 ys), 

where x, y, x refer to the extremity of the arc. 

4. The curved surface cut off from a paralxdoiil of revolution by u 
plane perpendicular to the axis is 

i J -K 

where A is the length of the axis, and A the radius of the bounding 
circle. 


S. The curved surface generated by the revolution about the axis 
of a? of the portion of the parabola if lax included between the origin 
and the ordinate x - 3a is s 3 n ira a . 


* See the footnote on p. 278, 
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6. The segment of a paraljola included between the vertex and the 
latus-rectum revolves about the axis ; prove that the curved surface of 
the figure generated is 1-219 times the area of its base. 


7. A circular arc revolves al>ont its chord ; prove that the surface 
generated is 

Iwr (sin a — a cos a), 


where a is the radius, and 2a the angular measure of the arc. 


8. A quadrant of a circle of radius a revolves about the tangent at 
one extremity ; prove that the area of the curved surface generated is 

or (tt — 2) o 1 . 

9. A variable sphere of radius r is described with its centre on the 

surface of a fixed sphere of radius a ; prove that the area of its surface 
intercepted by the fixed sphere is a maximum when ;• <t. 

10. A tangent cone is drawn to a sphere, and with the vertex of 
the cone as centre two spherical surfaces are described cutting both the 
sphere and the cone. Prove that the areas of the zones intercepted on 
the sphere and on < he cone are equal. 


EXAMPLES. XXXIX. 


(Approximate Quadrature. Mean Values.) 


1. 


2 . 


Apply Simpson's rule to calculate log, 2 from the formula 

r 1 <h- 


log. 


r ± i 

' h 1 1 


(The correct value is log, 2 -093147 . .] 

Calculate the value of ir from the formula 


Jo \/(l — ' ,£ ) 


3. If in Simpson’s method with three ordinates (Art. 114) the 
middle ordinate is at unequal distances h, k from y x , y. K , respectively, 
the formula is 

i K'< » *) + 4y s + //. )->-{(** * 2 ) (- ~ h V 2 - U * l V? ) ■ 

4. The mean of the squares on the diameters of an ellipse, drawn 
at equal angular intervals, is equal to the roctangle contained by the 
major and minor axes. 

5. A point is taken at random on a straight line of length a ; prove 
that the mean area of the rectangle contained by the two segments is 
Jo 11 , and that the mean value of the sum of the squares on the two seg- 
ments is !j a\ 
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8. If a point move with constant acceleration, the mean square of 
the velocities at equal infinitely small intervals of time is equal to 

A + ty), 

•where » 0 , r, are the initial and final velocities. 

7. Prove that in simple-harmonic motion the mean kinetic energy 
is one-half the maximum kinetic energy. 

8. The mean horizontal range of a particle projected with given 
velocity, but arbitrary elevation, is -0308 of the maximum range. 

9. The mean of the focal radii of an ellipse, drawn at equal 
angular intervals, is equal to the semi-minor axis. 

10. The mean distance of points on the curved surface of a hemi- 
sphere from the plane of the l>ase is one-half the radius. 

11. The mean distance of points of a hemispherical surface of 
radius a from the pole of the hemisphere is -9429«. 

12. Find the mean values of the reciprocals of the distances of the 

points of a circular area of radius a. from the centre, and from a point 
of the circumference. [2/a, 4/ira.l 

13. A rod has the form of a very elongate prolate ellipsoid of 
revolution, prove that its mean sectional area is two-thirds that at thu 
centre. 

14. The surface-density on all electrified circular disk of radius a 
varies as (a 3 - r 1 ) ~ 3 , where r denotes distance from the centre. Kind 
the ratio of the average density to the density at the centre. 

15. If the orbits of comets were uniformly distributed through 
space, their mean inclination to the ecliptic would lie equal to the 
radian (57-296°). 

16. The mean distance of the points of a spherical surface of radius 
a from a point P at a distance c from the centre is 

i a " i c 2 

c + >*. - or « + 1 - , 
c ~'a 

according as 1‘ is external or internal. 

17. The mean distance of points on the circumference of a circle of 
radius a from a fixed point on the circumference is l*273n. 

18. The mean distance of points within a circular area of radius a 
from a fixed point on the circumference is 1 -1 32a. 

10. The mean distance of points within a sphere from a given 
point on the surface is 'j, a. 
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20 . 

given by 


If the density at a distance r from the centre of the Earth be 
the formula 

sin kr 


P Pi > 


kr ’ 


where k is a constant, prove that the mean density is 
„ sin kn - ka cos kn 

a denoting the Earth's radius. 

21. If, in a spherical mass whose density p is a function of the 
distance (r) from the centre, /) denote the mean density of the matter 
included within a concentric sphere of radius r, then 


P 


n - ' r 


dD 
dr ’ 


EXAMPLES. XL. 

(Mean Centres.) 

1. Prove by integration that the mean centre of a trapezium 
divides the line joining the middle points of the parallel sides in the 
ratio 2« ■ /> ■.</+ 2b, w here «, b are the lengths of the parallel sides. 

2. The mean centre of the area included between one semi 
undulation of the curve 

// b sin r a 

and the axis of .*■ is at a distance \irb from this axis. 

3. The mean centre of the area included between the cur\e 

a' 

H 

a- + .r- 

and the axis of .<• is at the point (0, |<r). 

4. Prove that the mean centre of the area of the circular spandril 
formed by a quadrant, of a circle and the tangents at its extremities is 
at a distance •2234o. from either tangent, a being the radius. 

*5. The mean centre of the area included lietween the coordinate 
axes and the parabola 



is at the point (Jo, \b). [Put x- a sin 4 6, y —b cos 4 6. \ 

6. The distances from the centre of a sphere of radius a of the 
mean centres of the two segments into which it is divided by a plane at 
a distance c from the centre of figure are 

3 (o ± c)-‘ 

4 2 a + c 
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7. The figure formed by a quadrant of a circle of radius a and the 
tangents at its extremities revolves about one of these tangents ; prove 
that the distance of the mean centre of the solid thus generated from 
the vertex is ‘869rt. 

8. A solid ogival shot has the form produced by rotating a portion 
APN of a parabolic area, where A is the vortex, and PN an ordinate, 
about PN ) prove that the mean centre divides the axis in the ratio 
5:11. 

9. AP is an arc of a parabola beginning ai the vertex, and PN is 
a perpendicular on the tangent at the vertex : prove that the mean 
centre of the solid generated by tho revolution of the figure A PN about 
A N is at a distance from A equal to J A N. 

10. The mean centre of the volume included between two equal 
circular cylinders, whose axe s meet at light angles, and the plane of 
these axes, is at a distance from this plane equal to [} of the common 
radius. 

11. A quadrant of a circle revolves about the tangent at one 
extremity ; prove that the distance of the mean centre of the curved 
surface generated, from the vertex, is '876 a. 

12. The mean centre of either half of the surface of an anchor- 
ring cut off by the equatorial plane is at a distance 2b jv from this 
plane, where b is the radius of the generating circle. 

13. The mean centre of either half of the volume of an anchor- 
ring cut off by the equatorial plane is at a distance ib '3ir from the 
plane, where b is the radius of the generating circle. 

'jfi. If the ellipse 1 

revolve about the axis of s, the mean centre of the curved surface 
generated by either of the two halves into which the curve is divided 
by the axis of y is at a distance 

2« i + iib - b~ a 

3 a -r b bin (sin 1 r )/» 

from the centre, where e is the eccentricity, it being supposed that 

6 a. 

Obtain the corresponding result when b . n. 

15. Apply the theorems of Pappus to [find the s olume and the 
curved surface of a right circular cone, and of a frustum of sucli a cone. 

16. A groove of semicircular section, of radius 6, is cut round a 
cylinder of radius a ; prove that the volume removed is 

Also that the surface of the groove is 
"lirnb - iirb". 
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17. A screw-thread of rectangular section is cut on a cylinder of 
radius R. Prove that the volume of one turn of the thread is 
2irabR + it aW, where a, b are the sides of the rectangle, a being that side 
which is at right angles to the surface of the cylinder. 

18. If a straight line be drawn through the mean centre of the 
perimeter of a closed curve, the surfaces generated by the revolution 
about this line of the two portions into which the perimeter is divided 
will be equal. 

10. If an area A, revolving about the axes of .c and y, generates 
volumes U and V, respectively, find the area generated when it revolves 
about the line 

.r cos a • y sin a = jj, 
assuming that this line does not cut the area. 


EXAMPLES. XLI. 


(Multiple Integrals.) 

A. Find the values of the integrals 

[I l* x r) *** \fj ( i T - J) <**'* 

taken over the area of the ellipse 


a? y* 
a 1 " b* ’~ 


I. 


y/'2. Prove that the volume enclosed by the cylinders 

)r = -■ - 2't.r 

is We 1 '. 

ifS. A sphere of radius 2a is described with its centre on the 
surface of a cylinder of radius « ; prow that the area of that portion of 
the surface of the cylinder which is within the sphere is 1 6(7-. 

y’i. The volume included between the elliptic paraboloid 

■**■' . tr 

P ’ 7 ’ 

the cylinder ,if,+ y- = a-, and the plane, z 0, is 

* a *(P + <l) 

V/ 
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1 ^ 119 . Algebraic Curves with an Axis of Symme try. 

The method of tnicmgjilgebftuc curves of the typo 

1 U =.tV') (!) 

whore f(a) is a rational function, including tjic delemunation of 
asymptotes, maximum and minimum ordinates, and points of in- 
flexion, has been illustrated in various parts of this book : see 
Arts -NUy*, 51.J6V 

The sthdy of algebraic curves in general is beyond our limits, 
but a little space may be devoted to the discussion of curves of the 
type 

,y- (2) 

Tw o poin ts of novelty here present themselves. Since the equation 
gives two equal, but oppositely-signed, values of y foi every value 
of x, the curve will be symmetrical with respect to the axis of x ; 
also since y 1 must be positive, there can be no real part of the curve 
wjthin those r ange s of x (if any) for which /(x) is negative. 

i Thus if f{x) contain a simple factor x — ,r u so that the equation 
' is of the form 

^ 4>{.,) (3) 

the right-hand member will change sign as x passes through the 
value x t . Hence opsone side of the point (x lt 0) the ordinate is 
imaginary. Jj 

^Also, we ha ve/h^J^ds. point, “ 

4 /%Y = !r . M r> tX 

\Sx) {x — x,f x — Xi ’ ''' y ' . 

and therefore, d yjdx = x . The tangent is therefore perpendicular 11 
Joj9*. “ - 3 L 

y If, on the other hand, f(x) contain a double factor, say 

y-^ix-xtftix) (4) 
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the right Jjand side does not change sign as x passes through the 
value x x . Hence the Ordinate is real on both /iudes of the point 
(«,, 0), o r {imaginary on bot h sides. Hi the former^ ease we have 
two _branches (tf tne cufve'lntersocting at an angle and forming 
what Is called a ‘ node VSn the latt er case (x,. 01 is an is olated or 
‘ c onjugate ’ point on ine locus. The directions of the_ta iigent -^ 
lines iit thy node are given by 


If f(j) contain a trip le factor, say 

f =*U 


(5) 


the right-hand side changes sign at the point 0): the curve is 
therefore imaginary on one side of this point. Also since <1yjd:r 
here =0, the curve touches the axis of j. 

We proceed to some examples, beginning with cases where 
fix) is integral as well as rational. 


Ex. 1. In the cases where_/'(a-) is of five first or second degree, say 

f Ax i II. if -Ii- 1 -r /lx - V. ..j^ (6) 

the curve is 11 conic having the axis of ./• as a principal axis. 


Y Ex. ± The cubic curves 

y l Ax’ + lljr «• ('./•+ b (7) 

include some interesting varieties. 


(a) If the jiflp ar factors of the right-hand side in* realjuul d istin ct, 
we may write 

"!T - (-r - a; (.»• -P){.r-y), (8) 


(ind there is no loss of generality in supposing that u is positive and ‘J 
n. i/3-. yA The ordiuatea are then imagina ry for x a, and for ft ^ x< y. - 
Between (a, 0) amf^/j, 0) there is a maximum value of if. The curve 
^consists therefore of a cl osed oval, and of an infinite braneh. Fo£3arge 
values of x we have 




!? 

r 1 




so that the curve tends to become mote ami more nearly perpendicular 
to tile axis of x. 

(6) If the expression on the right-hand of (7) has only one real 
factor, we may write 

if -(r a)(jr + pj + 9 ), (9) 

where f -- 4y . Tlie curve then only meets the axis of .<• once. 
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(e) The transition from the form (8) to the form (9) may be i mayned - 
to take place. in two ways. In the first wayJDthe intermgGate cnSZal 
case is marked by the coal oscen.ce of the two greater of the quantities 
a, /3, y, so that 

nf = (jc a) (x - p)", (10) 

Here y is imaginary for ,r •< a, and real for * > a, but vanishes for x - p. 
The point (P, 0) is here a node ; it may be regarded as due to the. union 
of the oval in the former case with the infinite branch. 

(d) If, however, the two smaller of the quantities a, p, y coalesce, 
so that 

aif = (•£ - a)" (x - y), (11) 

y will be imaginary for x < y, except for x — o, when it vanishes. The 
point (a. 0) is therefore an isolated point ; it may lx; regarded as due to 
the evanescence of the oval in the first case. 



Fig. 69. 

All these cages_arg _ illust ra ted in Fift. 6 9. Beginning on t he right 
we have a curve of the t ype (9) , consisting of a single infinite" brShch. 
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Next to it comes the case of tyi infinite branch associated with an isolated 
point (at 0), the equation Wing of the t ype (I i t~i N ext in order comes 
an ffafinite branch, an d with it ova l surrounding the point 0 ; the 
equation is now of the type WT0 ]Tn the next stage, the o val and the 
in finite bra nch have united tof orm a node .with a ]oop, the correspond- 
ing type of equation being /lO’T ' finall y, we. have a single branch 
passing outside the loop in the last case ; the equation is again of the 

typejl)j 

( e ) In the ve ry special case where all three quantities a, fi, y, in (8), 
coincide, so that 


"if - (* 


( 12 ) 


the curve is known as the ‘ semhcubicul parabola.’ It has a ‘cusp’ at 
(a, 0}j this may bo regarded as an e x trcme~7 o rm "of a node, due to the 
evanescence of the loop. See Fig. 70, where a = 0 



\ 


Fig. 70. 

If, in the equation (2),/(.r) be rati onal but nttt, integral, the 
real roots (if any) of the denoiuinator will give.Asyi^totesyiarallel 
to y, p rovided _t hat, for values of ,r differing infinitely little from 
these roots , i /Hio {)< ^ i ti ve. 

* The curves in the figure ha\c been traced from the equation 
j,2=J(.r‘-ar- + C). 

where V= -2, 0, 2, 4, (1. The relation between them is most easily conceived by 
regarding them as sucoessi ve contour-lines of a surface (Art. 34), as in the neighbour- 
hood of a pinnacle on a mountain side. 
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• /Ex. 3. (13) 

* a- x 

The axis of y is an asymptote. Also, for large values of a. we have 
y — ±n, nearly. There is no real part of the curve between ,r-0 anti 
x = n. See Fig. 71. 



liere y is imaginary for x negative, am] for .<■ u. See Fig. 72. The 
curve is known as the ‘witch ’ of Agnesi. 


Exh - y 1 < J5 > 

There is a node at the origin, and the curve cuts tlu: axis of ,c again at 
(— a, 0). For a :>b, and x< — a,y is imaginary. The line .r -- h is an 
asymptote. See Fig. 73. 

^• 6 - < 16 > 

This is obtained by putting a = 0 in (15). The loop now shrinks into a 
cusp ; see Fig. 74. The curve is known as the ‘ cissoid.’ 
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Ex. 7. ( 17 ) 

x — a 

Since y is imaginary for a> v > - a, except for x - 0, the origin is an 
isolated point. To find the oblique asymptotes we have 

-±( i+ >^ + •••) < is > 

Hence the lines y - + (.r + «) (19) 

are asymptotes. See Fig. 7 

y/120. Transcendental Curves ; Catenary, Tractrix. 

We proceed to the discussion of s ome important curves, mainly 
t ranscendent al, which are tyiost conveniently defino ijf by equation s 
of the type already referred to m A7i T>T/\'iz.‘ ~ 

or = (f)(t), y = x {t), (1) 

where t is a variable parameter. 

The ‘catenary’ is the curve in which a uniform chain hangs 
freely under gravity. It appears from elementary statical prin- 
ciples that i f s b e the arc ot the curve measured from the lowest 
^ *nbint (.1 ) up to any point i J , and vjr the inclination to the horizontal 
of the tangent at P, then 

' -v = a tan yjr, (2) 

where a is a constant. Hence if x, y be horizontal and vertical 
coordinates, we have 

dx dx ds . . . . ) 

= ds dyjr = CUS * ' “ 8 ° C * = ° S, ' C I 

dy dy ds „ , , , I ^ ^ 

~ ds d> = 8111 ^ ■ W S ‘“ C * = " taU * W ‘ C +■ J 

Integrating, we find 

x = a log tan (lir + \ ^r), y = uficc-\jr (4) 

The omission of the additive constants merely amounts to a special 
choice of the. origin, which was so far undetermined. Since the 
formulae (4) make x = 0, y = a for vjr = 0, it appears that the origin 
is at a distance a vertically beneath A. 
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From (4) the Cartesian equation can be deduced without diffi- 
culty. We have 

X 

= log tan (1 w + ^ ^r) = Jog (sec yfr + tan yjr), 
tc 

whence sec yfr + tan yfr = e r/a , ) 

and therefore sec i/r — tan yfr = e~ xla . j '' 

Hence, by addition and subtraction, 


// = a sec y}r = a cosh - , 

T a 



Fig. 70. 


Some further properties follow easily from a figure. If PN be 
the ordinate, FT the tangent, P(f the normal, NZ the perpendicular 
from the foot of the ordinate on the tangent, we ha\e 

NZ = y cos yjr = a, FZ= a tan y/r = s. 

Since PZ is equal to the are of the catenary, it is easily seen that 
the consecutive position of Z is in ZX; in other words, ZN is a tangent 

19—2 
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to the locus of Z. Hence this locus possesses the property that its 
tangent ZN is of constant length. The curve thus characterized is called 
the ‘tractrix,’ from the fact that it is the path of a heavy particle 
dragged along a rough horizontal plane by a string, the other end (JV) 
of which is made to describe a straight line (OX). 


A 



The curve has a cusp at A, and the axis of x is an asymptote. 

Many properties of the tractrix follow immediately from the constancy 
(in length) of the tangent. For example, since two consecutive tange.nts 
make an angle with one another, the area swept over by the tangent 
is given by 

JJVAty, 

taken between the proper limits. The whole area between the curve 
and its asymptote is thus found to be 1, vd l . 

y/lfel. Liaeajous’ Curves. ^ tf' ‘ ‘ 

These curv es, which are of importance in Acoustics, resplt from* 
the composition of two simple-harmonic motions in perpendicular 
directions. They may therefore be represented by 

y » * = « cos (nt + e), y = 6 cos (n't + e') ( (1) 

^and it is further obvious that we may give any convenient value 
[Jto one of the quantities e, since this amounts merely to a special 
'choice of tKe origin of t. , 

When the periods 2 •jrjn, 2t r/n fire coin in ensurabl e, we can by " 
elimination ofToEfarn T he relation bet ween x and y in an algebraic 
form. ^ 


Ex. 1. In the case n'--n, we may write 

x = a cos (nt -t c), y - b cos nt, 

, x y . . v . . - 

whence — , cos e - - sin nt sin c, . sin e cos nt stn «... 

no - b 

Squaring, and adding, we find 


JC 3 
a ? 


2xy y 2 . 0 

— f coa c + = sin 2 c. 

ah o* 


’ / 


..(■ 2 ) 


( 3 ) 
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T his represents an ^ ellip se. In the special case of « - 0 or t = ir, the 
ellipse degenerates into a straight line 


x _ v 

+ T 

a 0 


0 


•( 4 ) 


If the equality of periods be not quite exact, the figme described 
jnay be regarded as an ellipse which gradually changes its form owing 
to a continuous variation of tlir relative phase ft) of the two component 

motions' 



When the ellipse (3) ls’ refeired t o its pun cipal axe^tlie coordinates 
of the moving point take the foi ms ^ 

c-u cos (nt + 1 ), 1 / b sin (i/t + t) (5) 

We identify lit + t w itli the ‘ eccenti ic angle ’ , and since this increases 
uniformly with till time it appears that the point (x, 1 /) moves like the 
orthogonal piojection of a point describing a circle of radius a with a 
constant velocity >ta Since in the transition from the circle to the 
e llipse any infinitely s mall e hord is altei ed m the s une ratioas the iadius 
pa rallel to it, we see tiiat 'n the elliptic motion the velocity at any point 
P will he n CD , w heie CD is the semi diameter conjugate to CP, C being 
the centre. 

The ty pe of motio n hue considered is called ‘elliptic harmonic ’ / 
Ex 2. If ii' = ’2ii, vve may wute 

x - a cos at, if = b cos (2 at + e) ... (6) 

Here y goes through its period twice as fast as x, and the point (0, -boost) 
is passed through twice as nt increases by 2ir. The curve therefore con- 
sists in general of two loops. 

' " — i , 
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For t = ± y 7r, the curve i$ sy mmet poal with respect to both axes, the 
algebraic equation being 



When < = 0, or s-, the curve degenerates into an arc of a parabola, viz. 



When the relation of the periods is not quite exact the curve oscillates 
between these two parabolic arcs as extreme forms*. 

yl22. The Cycloid. 

The ‘cycloid’ is the curve traced by a point on the circumference 
of a circle which rolls in contact with a fixed straight line. It 
evidently consists of an endless succession of exactly congruent 
portions, eachjof which represents a complete revolution of the 
circle. The points (such as A in the figure) where the curve is 
furthest from the fixed straight line or ‘base’ (Jil>) are called 
‘vortices’; the points (D) half-wav between successive vertices, 
where the curve meets the base, are the ‘cusps.’ A line (AH) 
through a vertex and perpendicular to the base is called an ‘ axis ’ 
of the curve. It is evidently a line of symmetry. 



* A method of constructing LiBaaious ' curves in indic ated in Fig. 78, where the 
vertical and horizontaHines, being drawn through equidistant points on the respec- 
tive auxiliary circles, mark out equal intervals of time. 

There are numerous optical and mechanical contrivances for producing the 
ourv£8.^_For a description of these, and for specimens of the curves described, we 
must refer to books on experimental Acoustics. 
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It is convenient to employ the circle described on an axis AB 
as diameter as a circle of reference. Let TFT be any other position 
of the rolling circle, / the point of contact with the base, G the 
centre, T the opposite extremity of the diameter through /, and 
let P bo the position of the tracing-point. Draw PMN parallel 
to the base, meeting TI and AB in M and N respectively, and the 
circle of reference in <2- If A'l\ AB be taken as axes of x and y, 
the coordinates of P will be 


x = NP = BI + MP, y = AX — GT- CM. 

Let a be the radius of the rolling circle, and 0 the angle (PCT) 
through which it turns as the tracing point travels from A to P. 
We have, then, BI = «9, PM = a sin 6, CM = a cos 6 and therefore 

x = a (6 + sin 8),) 

y = a (1 — cos 8). f ^ 

From these equations all the properties of the curve can lie 
deduced. Thus it denote the inclination of the tangent to AT, 
or of the normal to BA, we have 



_ dy , dx _ sin 8 _ 

~ do/ de~ i + eo7d~ tan 


\e, 


wheneo y/r = j8 (21 

Since the angle TIP is one-half of TCP. it follows that IP is the p 
normal, and PT the tangent, to the curve at P. Cf. Art. l+fijTielow. !> 

Again, to find the arc (#) of the curve, ws* have 

Cw) + Id#) = U " ^ + C ° S + S ' n " ^ ~ ' ia ' c '’ v - 

w hence, by Art. Ill, 

s = 2«J cos \8d8 = 4a sin 8, 

or, in terms of yfr, s = 4a sin ^r, . v * (3) ' 

no additive constant being required, if the origin of s be at A. 
This relation is important in Dynamics. 

Since TP= TI sin we have 

arcAP = 2TF = 2 cho rd J Q._ (4) i 

In particular, the length of the are from one cusp to the next is 8a. 

If we put if — IM = a (1 + cos 6), (5) 

the area included between the curve and the base is given by 

/ ydx = u' J J(l + cos dfdd = 4u a Jcos 4 $ 6d8 — Sa’Jcos 4 yjrdyjr. 
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Taking this between the limits + ^tr, we find that the area included 
between the base and one arch of the curve is three times the area 
of the generating circle. 



The curve traced by any point fixed relatively.to a circle which rolls 
on a fixed straight line is called a ‘trggJyjhjL’ 

. If, in Fig. 79, the tracing point be in the radius CP, at a distance 
k from the centre, its coordinates will be 

x = ad + k sin 6, y = a - k cos 6 . 


■(«) 
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When k > a we have l oops, which in the particular case (A — «) of the 
cycloid degenerate into cusps. When k ^ a, the curve does not meet the 
base. Fig. 80 shews the cases k -\n, k- n, k-'^n. 

It is readily proved from (6) that the normal at any point of the 
trochoid passes through the corresponding position of the point of contact 
of the rolling circle. Cf. Art. 140. 


Vf23. 


Epicycloids and Hypocycloids. 


The path 1 raced out by a point on the- circumference of a circle 
which rolls in contact with a fixed circle is willed an ‘ epic ycloid ’ 
or a ‘ hypoo ycloid ’ according as the rolling circle is outside or inside 
the fixea circle*. Those epicycloids in which the rolling circle 
surrounds the fixed circle maybe refeiTed to, when a distinction is 
desired, as ‘ peric ycloids.’ 

Let 0 be the centre of the fixed circle, C that of the rolling 
circle in any position, I the point of contact, P the tracing point; 
and suppose that, initially, the other extremity P' of the diameter 
POP' was in contact with A. We take as our stand a rd case that 
in which each circle is external to the other. Let 


OA-tt, CP = b, z 10 A = 6, z/f 



The inclination of CP to OA will be 6 + <f>. Hence if we take 
0 as origin of rectangular coordinates, and OA as axis of j\ we find, 
by orthogonal projections, that the coordinates of P are 

x - (a + b) cos 0 + b cos ( 0 + <p), | m 

y = (a + b) sin 6 + b sin (0 + <f>), j * ' 

* This is the definition as improved by Proator in his Trcatiic on the Cycloid, etc. 
(1878). 
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or, since 


<(0*arc Al — axc, P'I — b(f>, 

x — (a+b) cos 8 + b cos 8, ) 

y = (a b) sin 6 + b sin <X ~ - 0. | 


( 2 ) 

( 3 ) 


The epicycloid traced out by P’ is found by changing the sign of b 
in the coefficient of the second terms ; viz. we have 

X = (fT + b) COS 6 — 1) cos a 7 6 

0 

y - (n + h) sin 6 /> sin J ^ 6 

This has a cusp at .1. 

In the' fabnve / .tandnrd case the circles lie ou opposite sides of 
the tangent at 7 Tf they lie on ^he same side, as in the ‘peri- 
cycloids’ and 1 hypoeyeloids,’'we have merely to reverse the sign of 
b throughout, the formuhe corresponding to (d) being then 

,r = (a - b) cos 6 — 1) cos , -- 6, ) 

» i 

; ( 3 > 

>) = (u — b) sin 8 + b sin ^ - 6. j 

The Aerification is left to the reader i see "Fig. 82. In the hypo- 
cycloids weTiave a > b, in the pericycloids a < b. 
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Similarly, for the locus of P' we obtain 


. , a — h 

x = (« - b) cos 0 + o cos ^ 0, 

y-(a-b) sin 0 -b sin ° ^ ^ 0. 



.... ( 6 ) 


To find the tangent, at any point of an epicycloid, we have from 
(1), since d<f>/dd = njb. 


(f.'l 

<Is 


cos 6 + cos (6 4- <t>) 
sin ti + sin (8 + <j>) 


= — cot (0 + \ <f>). 


( 7 ) 


On reference to Fig. HI, we see that 9+l<j> is the inclination of 
IF to (JA . Hence IP is normal to the epicycloid at P. A similar 
result can be deduced, of course, for the periey eloids and hypo- 
cycloids, trom the equations (5). (T. Art. 140. 

Again, from (1 ), 


(dr y , (dtf \- (it , _ , 4 (u + hytr 

U' + U)" «• ^ + 

<ir + i-m b<fi (8) .» 

(/(f) a 

Hence m = ^ + ^ ^ sin .v^ (9) 

a 

no additive constant being necessary, if ,v = () for <£ = (>. 

If wo denote by the inclination of the normal IP to OA , wi 
have 

^-=d+\<f> = a tj l, <f> do) 


and therefore s — ^ ^ ^ ^ sin " . (11) 

(i a + 26 ' 

The formula (9) has a simple interpretation. It appears from 
Fig. 81 that 27* = 26 sin ^ <£, whence 

&■ = 2° x chord 27* (12)* 

— a — • - v 


In particular, the length of the curve from one cusp to the next is 

8(a+6)6/tt. . 

The corresponding results for the peri cycloids and hypocycloidi 
are easily inferred by changing the sign of 6. 


* Newton, Prinelpia, lib. i., prop. xlix. 
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The curve traced out by a point of the rolling circle which is not on 
the circumference is called an ‘ epitrochoid,’ or a ‘ hypotroehoid,’ as the 
case may be. If k denote the distance of the tracing point from the 
centre of the rolling circle, the expressions for the coordinates x, y in 
the various cases are obtained by writing k for b in the coefficients 
(only) of the second terms. 


S pecial Cases. 

1°. If the radius of the fired, circle be infinitely great we fall 
back on the case ofTfio cycloid. The corresponding equations are 
easily deduced from Art. 123 (1), writing x 4- n for r, a& — b<f>, and 
(finally) 0 = 0. 

2°. Again, making the radius of the rolling circle infinite, we 
get the path described by a point of a straight line which rolls 
on a fixed circle. The curve thus defined is called the ‘ involute 
of the circle ’ ; see Art. 144. The equations may be obtained as 
limiting forms of Art. 123 (4), or they may be written down at 
once from a figure. We find 


■r = a cos 0+a0 sin 0, ^ 
y — a sin 0—a0 cos 0 . | ' 


.( 1 ) 



The corresponding trochoidal curve is 

x - (a + h) cor 0 + a.0 sin#,) 
y (a + A)sin0H a0 con 6,1 ' 

where h - 1 J Q in the figure, Q being the tracing point. The particular 
case of h — — a gives the 4 spiral of Archimedes,’ see Art. 1 26. 

3°. If the radii a, b be commensurable, then after some exact 
number of revolutions the tracing point will have returned to its 
original position, and its subsequent course will be a repetition of 
the previous path. In such cases the curve is algebraic, since the 
trigonometrical functions can be eliminated between the expres- 
sions for x and y. Sometimes the equation is more conveniently 
expressed in polar coordinates. 
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Figs. 84, 85, 86 shew the epi- and hypo-cycloids in which the 
ratio of the radius of the rolling circle to that of the fixed circle 
has the values 1 , 1, -J, respectively. 



Fig. SO. 


We proceed to notice in detail one or two of the cases which 
have specially important properties. 

Ex. 1. The ‘ cordioidj 

If in Art. 123 (3) we put b = <r, we get 

x—ia cos 0 + a cos 20, y = 2a siu 0 + a sin 20, 
whence x + o = 2a(l + cos0) cos0, y - 2»(1 + cos 0) sin 0 (3) 

This shews that the radius vector drawn from the point (- a, 0) as’pole 
is given by 

r =■ 2a (I + cos0) (4) 

This is otherwise evident from Fig. 87, p. 302, where 

A’P = 2A'N =2(0/+ A'M). 

The corresponding trochoids are given by 

x = 2a cos 0 + k cos 20, y = 2a siu 0 + k sin 20. 
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Referred to the point (— k, 0) as pole these formuhe are equivalent to 

r-2(a + kcoa 8), (5) 


which is the polar equation of the ‘ lima^on ’ (Art. 127). This equation, 
again, is easily obtained geometrically. 



Ex. 2. A circle rolls inside another of twice its radius. 

If in Art. 123 (C) wc put b - la, we get 

x - a cos 8, y - 0 ; (0) 

i.e, the tracing point on the circumference of the rolling circle traces 
out a diameter of the fixed circle. 

Again, the corresponding trochoidal curve is given by 

x - (b + k) cos 0, >j — (l> - k) sin 8 (7) 

and is therefore an ellipse of semi-axes /> + /,. Moreover if the rolling 
circle have a constant angular velocity, the motion of the tracing point 
is elliptic-harmonic. 

These results also follow easily from geometrical considerations. 
The rolling circlo passes always through the centre 0 of ( he fixed circle ; 
also, if P bo the point of the rolling circle which initially coincides with 
A, the arc IP is equal to the. arc I A, Hence, since the mdii are as 
1 : 2, the angle which the arc IP subtends at the circumference of its 
circle must be equal to the angle which the arc IA subtends at the 
centre of its circle ; that is, OP and OA coincide in direction, and P 
describes the fixed diameter OA. Again, since the angle POP' is a 
right angle, the other extremity of the diameter PI" of the rolling 
circle describes the diamefer of the fixed circle which is perpendicular 
t<5 OA. Hence PP‘ is a line of constant length whose extremities move 
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on two fixed straight lines at right angles to one another. It is known 
that under these circumstances any other point on PP describes an 
ellipse. Cf. Art. 145, Ex. 1. 



Imr. SB. 


Ex :l. A circle lolls on the outside of a tixeil circle of one-half the 
radius, which it encloses. 

The formula* (.">) of Art. 123 give, for h - 2a, 

x a cos 0 - 2a cos \0, y - a sm 0 — 2<» sin \0, 

or x -a 2a (1 +eos cos *0, //- — 2« (1 t cos ^0) sin 10. (8) 

(f we put 6' - ‘0 + 7t, 

ii appears that the perieyeloid, referred to the point yu, 0) as jiole, has 
I he eijuution 

r 2a (1 cos 0 ), (9) 

and is tlieref ire a cardinal. 

The connection between this result and that of Ex. 1, above, will 
appear in Art. 150. 

Ex. 1. The ‘ foui-cusped hypocycloid.' 

If in Art. 123 ((!) we put l> - ]</, we get 

x - cos 0 +- j« cos 30 = a cos 1 0, '( . 

y = : j \a sm 0 - \<t sin 30 a sin J 0, / ' ' 

from which the curve is easily traced. The Cartesian form is 

x*‘ +y‘ - a' (11) 

This curve is sometimes called the ‘astroid.’ It possesses the 
property that the length of the tangent intercepted between the co- 
ordinate axes is constant. If, m Fig. 89, V be the tracing point, TP is 
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the tangent, and it is easily seen that the angle CTP is double the angle 
AOC. Hence IIK= 20T=a. See also Fig. 1 25, A rt. 1 45. 


B 



O HA 


Fig. 89. 

Vl 25. Superposition of Circular Motions. Epicyclics. 

The cycloidal and trochoidal curves discussed in Arts. 122 — 124 
present themselves in another manner, as the patliR of points 
whose motion is compounded of two uniform circular motions. 

If an arm OQ revolve about a fixed point O with constant 
angular velocity n, its projections on rectangular axes through 0 
may be taken to be 

x = c cos nt, // = c sin nt ( 1 ) 

where r = OQ, provided the origin of t be suitably chosen. If 
another arm OQ' revolve about 0 with constant angular \ elocity 
iif, starting simultaneously with OQ lrom coincidence with the 
axis of x, the projections of OQ' will be 

x = c' cos n't, y = c' sin u't, (2) 

where c' = OQ'. If we complete the parallelogram OQPQ', the 
vector OP will represent the geometric sum of OQ and OQ', and 
the coordinates of P will be 

x = c cos nt + c cos n't, y = c sin nt + c sin n't (3)* 

Since QP is always equal and parallel to OQ', the path of P is 
that of a point describing uniformly a circular orbit relatively to 
a point Q which itself has a uniform circular motion about 0. 
Curves described in this manner are called ‘ epicyclics.’ If the 
angular velocities n, n' have the same sign, the* epicyclic is 

* It the parallelogram OQPQ' consist of four jointed rods, and if OQ, OQ’ be 
made to revolve at the proper rates about 0, the distance of P from any fixed line 
through 0 will represent the sum of two simple-harmouio motions of periods 
Sir In, This iB the principle of Lord Eelvm’s ‘tidal clock,’ which performs 

mechanically the superposition of the solar and lunar tides. 
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said to be ‘direct’; if they have opposite signs it is said to be 
‘ retrograde.’ 



Fig- 90- 

Figs. 91 — 94 shew some .specimens of direct and retrograde 
epieyclies*. 



Fi g . 93. Fig. 94. 


* The variety of such figures is of course endless. Epieyclies are easily described 
mechanically with a lathe ; a number of very interesting diagrams obtained in this 
manner are reproduced in Proctor’s treatise cited on p. 297 ante. 
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Since the path of F may be equally well defined as that of a 
point moving in a circular orbit relatively to a point which 
itself is in uniform circular motion about 0, we see that every 
epicyclic can be generated in two distinct ways. 

It is evident that every epi- or hypo-cycloid, and (more 
generally) every epi- and hypo-trochoid, is an epicyclic, since if 
the rolling circle has a constant angular velocity its centre C will 
describe a circle uniformly about 0, the centre of the fixed circle, 
whilst the radius CF which contains the tracing point F has a 
uniform rotation about Nee Figs. SI, 82. 

Conversely, it may be proved that every epicyclic is either an 
epi- or a hypo-trochoid : more particularly that every direct epi- 
cyclic is an epitrochoid, and every retrograde epicyclic is a hypo- 
trochoid. This may be shewn by a comparison of (3), above, with 
the results of Art. 123. A simple geometrical proof will be given 
later (Art. 150), in connection with the theory of the ‘ instantane- 
ous centre.’ 

The connection of t he direct and retrograde epicyclics in Figs. 9 1 — 9 1 
with the lbur-cusped epi- and hypo-cycloids will be apparent. 

Epicyclics played a great part in ancient Astronomy. Tf we ignore 
the eccentricities and inclinations of the planetary orbits, the Sun may 
be regarded as describing a circle round the Kirth, and any other planet 
describes a circle in the same plane about the Sun. The path of the. 
planet relatively to the Earth is therefore an epicyclic. Tin's was the 
accepted view of the matter from the time of Ptolemy down to the 
sixteenth century, when it was gradually superseded hy the simpler 
mode of describing the phenomena diseovered by Copernicus. 

The relative orbits of the planets have loops, as in Fig. 91. This 
accounts for the ‘stationary points’ and ‘ retrograde motions,’ which 
were in fact the occasion of Ptolemy's invention of epicyclics. 

The orbit of the moon relatively to the sun, oil the other hand, 
though an epicyclic, hits no loops , it i-, moreover, everywhere concave 
inwards. 

Ex. 1. Tf the angular velocities of the component circular motions 
are equal and opposite (n 1 - — n), we have 

x = (c 4 c) cos nt, y - (c - c') sin nt, (4) 

so that the resultant motion is elliptic-harmonic. In the particular 
case of c = r, the ellipse degenerates into a straight line. 

This example is of importance in Physical Optics. 

Ex. 2. The special form assumed by an epicyclic when c‘ . c may 
be noticed. 

The equations (3) then become 

x=2c cos l (n + n')l. cos J (n — n') t, I 
y — 2c sin \(n + n) t . cos \ (n - n') t, J 


( 5 ) 
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or x-r cos 8, y = r sin 8 (6) 

where 8 - i(n + n')t, r=2ccos ,8 (7) 

n + v 

The polar equation of the curve is therefore of the form 

»• a cos m6, (8) 

where m £ 1, according as the opicyclic ih direct or retrograde. 

Fijjs. !)2, 94 on p. 305 correspond to the cases m = ’r, m ~ 2, re- 
spectively. 

Curves referred to Polar Coordinates. The Spirals. 

There are several curves of interest whose equations are most 
conveniently expressed in polar coordinates. We begin with the 
‘ spirals.’ 

1". The ‘ equiangular spiral ’ is defined by the property that 
the curve makes a constant angle with the radius vector. 

Denoting this angle bv a, we have, by Art. 03, 

^ =ri ‘ oU 0) 

the solution of which is (Art. 38) 

r = «e emi " (2) 



Fig. BO. 

As 6 ranges from — ao to + ao , r ranges from 0 to oo . See 
Fig. 95. 


20—2 
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Since by Art. 112, we have drjds = cos a, it appears that the length 
of the curve, between the radii r lt r._,, is 

f ' dr = (r 2 - r,) sec (3) 


2“ The ‘spiral of Archimedes’ is the curve described by a 
point which travels along a straight line with constant velocity, 
whilst the line rotates with constant angular velocity about a fixed 
point in it. 

In symbols, r — vt, 6 = >it, 

whence r — it8, (4) 

if a = u/n. 



Fig. 96 shews the cur\e. The (lotted branch corresponds to nega- 
thc values of 6. Another mode of generation of this curve has been 
explained in Art. 124. 

3". The ‘ reciprocal spiral ' is defined by the equation 

r — ujd (5) 

If y be the ordinate drawn to the initial line, we have 

a sin $ 
y-r smO- a ^ . 

As 6 approaches the value zero, r becomes infinite, but y approaches the 
finite limit a. Hence the line y = a is an asymptote. 
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The dotted part of the curve in Fig. 97 corresponds to negative 
values of 6. 

Y l 



127. The Limacjon, and Cardioid. 

If a point 0 on the circumference of a fixed circle of radius \a 
be taken as pole, and the diameter through 0 as initial line, the 
radius vector of any point. Q on the circumference is given by 

r = a cos 6 (1) 



Fig. 98. 
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If on this radius we take two points P, P' at equal constant 
distances c from Q, the locus of these points is called a 1 limagon.’ 
Its equation is evidently 

r = a cos 9 + c (2) 

This includes the paths both of P and of P', if 6 range from 0 to 2n. 
If c < a, the curve passes through 0 when 
0 = cos -1 (— c/a), 

and forms a loop. See t.he curve traced by t.ho points P., P' in 
Fig. 98. If c >it, r cannot vanish ; see the cun e traced by P„ P/ 
in the figure. 

In the critical case of c — a, the loop shrinks into a cusp. The 
locus is now called a ‘eardioid' or heart-shaped curve. Its 
equation is 

r = a (1 4- cos 9) (8) 

See the curve traced by P,,P,' in the figure. Also Fig. 84, p. .‘101. 


'128. The Curves r“ = o ' * cos n0. 

A number of important curves are included in the tyjve 

/•" = a" eos i)9 (1) 

The curves corresponding to equal, but oppositely-signed values 
of n, are ‘ inverse ’ to one another ; see Art 180. 

Thus if n = ± ] , we have the circle 

?' = ttcos0 (2) 

and the straight line 

r cos 0 = a (8) 

If w — + 2 we have the ‘lemniscate of Bernoulli ’ 

r 2 = a? cos '10 (4) 

and the rectangular hyperbola 

r J cos 20 = a-’ (5) 

The equation (4) makes r real for value's of 6 between + \ir, imagi- 
nary for values between \-k and Jv, and so on. Also r- is a maximum 
for 6-0, 9 w, etc. It follows that the lemniscate consists of two 
loops, with a node at the origin. See Fig. 106, p. 821. 


If n = + \ , we have the eardioid 

/•* = a‘ cos $6, or r — Aa(l + cos 0), (0) 

and the parabola 

r J cos£0 = a\ or r=. a 

1 + cos 9 


( 7 ) 
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If we differentiate (1) logarithmically, we find, if </> denote the angle 
between the tangent und the radius vector, 

cot <i> ^ J L- — tan (8) 

r do ' 

or i i> \ir 4 116 (9) 

Tlie student slioulil examine the meaning of this result in the various 

sppcial eases mentioned above. 

^1^9. The Tangential-Polar Equation. 

If p bo the perpendicular from the origin on au\ tangent, and 
r the radius vector of the point of eonlaet, p will in general be a 
function of r. 'I'he equation expressing this relation is called the 
‘tangential-polar’ equation of the curve. 

If the ordinary polar equation be given, the tangential-polar 
equation is to be found by eliminating 0 and cj> between the 
formula* f 

P — r sin tf>, 

(for which see Art. till) and the given equation. 

From (1 ) we obtain 

p- = l + f ‘ U,i = l + r 1 (!/d) 

It is occasionally comenient to employ the teciprocal of the 
radius vector instead <>f the radius ilsell. If we write 

I , dn 1 dr 

ui ' h:vu ' dr ~?«6 & 

and the formula (2) tak<*s the shape 

I . N u \* 

It is important, with a view to so me app lications in Dynamics,! 
fo notice that if the tangential -pola r equation Tie give n, say ’’ ( 

y S P = /V). (a) 

the curve is determWue save as to orientation. For we have 

dO p . 

r , = tan <f> = „ ... , (b) 

dr ^ V(r- -p>) 

(,) 

i j/AvftriatiOii of the julditm^conslant a has merely the effect of 
Sonriug the curve bodily through au angle about 0 . 
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Ex. 1. In the equiangular spiral, we have 

p =rsin a (8) 

Ex. 2. In the circle r = 2a sin 6 (9) 

we have, as in Art. G3, <f> - 6, and therefore' p, r — rj‘2a, or 

p - i^j'la (10) 

Ex. 3. In the parabola 

r a see 5 10, (11) 

where the focus is the pole, we find </> - Jv — V - r cos J0, whence 

l ? = ar. (12) 

This is a well-known property of the curve. 

This example, like the preceding, is included in a general result 
embracing all curves of tin* type 


c" .= a' 1 cos ii 6 (13) 

By Art. 128 (9) we ha\e 

p-rsin^ = r cos n6. (14) 

whence, eliminating 0, 

p r” + ' a n (13) 

Thus in the case of the oardioid (n = l), we ha\e 

p ! = (•',« (16) 

"Jex. 4. The tangential-polar equations of the central conics may 
be. jriven hero, as they are sometimes employed in Dynamics, although 
the-proofs do not require the use of the Calculus. 

First let the origin bo at the centre. The Cartesian equation of 
the conic being 

- 1 < l7) 


w e have, if (3 bo the conjugate semi-diameter, 

p/3 - ah. and (F ± i* — b- ± a 2 , (18) 

by known properties of central conics. Hence 

a ti.s 

~ -b 2 ±a 2 + r i (19) 

In the particular case of the rectangular hyperbola we have 

pr - a\ (20) 

.•since (3 = r. This is also obtained by making n — 2 in (1 5) above. 

s Ex. 5. Again, taking a focus as p ole, let us denote the perpendicular 
and radius vector corresponding to the other focus by p’ and r' . Since 
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the tangent makes equal angles with the two focal radii, we have 
pjr = p'j /, and therefore 

/>; ^ vv 

r * rr' ' 


Now pp' - V s , and, in the ellipse, r + r' = 2 a. Hence, for tins curve, 

p‘ t r = b~j(2a — r), 

or, if l denote the seini-latus-rectum (b-ja), 

l 2 1 

- (21) 

p- r a 

In the hyperbola, we find 

1 2 1 

p- r a ' ' 

the upper sign relating to the branch nearest to tin* origin, the lower 
to the further branch. 


Ex. 6, To find the curve in which 


p = r’/fi- 

Substituting in (G), and integrating, we find 

a i i ■ ] r ' 


,f s /(«‘-»') 3 «•-” 

r- a- sin 2(6 — a), (21) 


a lenuiiscate. 


/ 130. Related Curves. Inversion. 

There are various geometrical theories in which one curve is 
associated with another^ connected with it hv a definite relation. 

A simple instance is that of ‘ inversion.’ 

If from a fixed origin 0 we draw a radius vector OP to any 
given curve, and in OP take a point P' such that 

~OP . OP' = ir- (i) 

where k is a given constant, the locus of P' is said to be the 
‘ inverse ’ of that of P. The point. 0 is called the ‘ centre,’ and 
P is called tiro ‘ constant,’ of inversion. 


Q' 



Fig. 99. 
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A cur ve a nd its inverse make supplementary angles withthe 
ra dius ~vcctor. For if P, Q be the consecutive points of a curve, 
and P, Q' the corresponding points on the inverse curve, we have 
OP . OP' = OQ . OQ', and therefore , £ 

OP j 0Q = OQ' i OP', i .(2) 

Hence the triangles POQ, Q'OP' are similar, and the angles OPQ , 
OP'Q' are supplementary. In the limit, when Q is infinitely close 
to P, these are the angles which the respective tangents make 
with the radius vector. 


It follows that if two curves intersect., the respective inverse 
Curves will intersect at the same angle. In particular, orthogonal 
curves invert into orthogonal curves. 

' It is proved in books on elementary Geometry that the inverse • t 
of a circle is a circle, except in the particular case where the 
centre of inversion is on the circumference, when the inverse locus 
becomes a straight line. 

There are various devices by w hich t lie inverse of a given curve 
can be tr aced mechanic ally. 

VT". Pea it cellin'* Link age. 

This consists of a rhombus PA formed of four rods freely 
jointed at their extremities, and of two equal bars connecting 
two opposite comers J, li to a fixed pivot at 0. 

It is evident that, whatever shape and position the linkage 
assumes, the points P , Q will always be in a straight line with 0. 

If N be the intersection of the diagonals of the rhombus, we have 


OP . OQ = OX- ~ PX- = 0A- ~ AP - = const ( 1 > 



Hence if P (or Q) be made to describe any curve, Q (or P) will 
describe the inverse curve with resfiect to 0. 

In particular if, by a link, P be pivoted to a fixed point S, 
such that 80 = SP, the locus of P is a circle through 0, and 
consequently the locus of Q will be a straight line perpendicular 
to 08. This gives an exact solution of the important mechanical 
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problem of converting circular into rectilinear motion by means 
of link- work. 


v 2°. Hart's Link-aye. 

This consists of a ‘crossed parallelogram’ A BCD formed of 

K 



four rods jointed at their extremities, the alternate sides being 
equal. A point O in one side Aft is made a fixed pivot and P, Q 
are points m Al) and BC such that 

A P : PJ) = CQ : Qft = A O : OH = m : a. say. 

Evidently O. P , will he in a stiaiglit line parallel to Ad anti 
JiD. If II, K be the orthogonal projections of A. 0 on BJ), and 
X be the middle point of have 

AC . Bl) = 'IX II . iXB = 1)H- - BIl - = Al)-- Alt-. 

Now OP ; Bl) — AO : A B = in : in + n, 

and OQ : AC = BO : A B = n : m + u. 

Hence OP . 00 = ,.{AD-- ABA = const (2) 

* (WI + it V ' ' 

Hence P and Q describe inverse curves with respect to 0. 

As before, by connecting P to a fixed pivot by a link Pi S' 
equal to SO, we can convert circular into rectilinear motion. 

J3l. Pedal Curves. Reciprocal Polars. 

If a perpendicular OZ be drawn from a fixed point 0 to the 
tangent to a curve, the locus of the foot Z of this perpendicular 
is called the ‘ pedal ’ of, the original curve with respect to the 
origin 0 . 
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which OZ makes witf 

en to be the polar coordi- 
Henee if the relation T>e- 
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Thus : the pedal of a parabola with respect to the focus is the tan- 
gent at the vertex. The pedal of an ellipse or hyperbola with respect 
to either focus is the ‘ auxiliary 

If OZ = p, and if 
fixed straight line/t he _____ 

natesTof Z with respect to 0 as pole. 

tween p and i fr can be found, the polar equation of the pedal can 
be at once written down. , 

' 'l T !< ' < ; 1 < 

„ •• The angle which the tangent makes wrth the radius vector 
at corresponding points is the same for a curve 
and its pedal. For let OZ, OZ' be the perpen- 
diculars from 0 on two consecutive tangents 
PZ, PZ', and let OU be drawn perpendicular 
to ZZ‘ produced. The points Z, Z' lie on the 
circle described on OP as diameter. Hence 
the exterior angle OZU of the quadrilateral 
OZZ'P is equal to the interior and opposite 
MJPZ'. In the limit these arc the angles which 
OZ and OP make with the tangent to the pedal, 
and with the tangent to the original curve, re- 
spectively. 

Also, by similar triangles, we have 

OU : OZ=OZ' 

. » '• 

r be the radius vector df the original curve, p the 
oendicular from 0 on the tangent, and p the perpendicular 
from 0 on the tangent to the pedal, we have, ultimately. 




p'!p = p!>\ or p = jfi/r. 


( 2 ) 


} Again, if OZ' meet PZ in N, we may write 

OZ = p, 0Z' = p+8p, z ZOZ' = Z ZPZ = Sf. 
Neglecting small quantities of the second order, we have 
8p = NZ' = PZ'. Syfr. 


.V 


Hence, proceeding to the limit, when PZ' coincides with PZ, we . 
obtain an expression for the projectio n of the radius vector on the 
tangent t o a curve, viz. 

pz ~a+ 


.(3) 


t This result enables us eusily to solve the problem of ‘negative 
pedals,’ viz. to find thejiurve having a given pedal. Taking 0 as 
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origin, and the initial line of i/r as axis of x, the coordinates of the 
ppintiiLBfiWtact £ M9 given by 

x = OZ cos yjr — ZP sin yfr, y = OZ sin \fr + ZP cos yfr, 


or 


d/> . \ 

x = pco*f- d ^s in 


y = J) sin i/r + cos yjr. 


•(*> 


Ex. Y! Tf the origin lie at the centre of the ■ 


Jr + * 1 
a- “6- ’ 


■< 5 > 


and i p lie the angle which y makes with Ox, it is shewn in hooks on 
Conic Sections that 

/r - nr cos" 1 1/ + Ir sin- if/. (6) 

Hence the polar equation of the pedal is 

1 - <r cos 2 B + Ir sin 2 B (7) 

In the case of the rectangular hyperbola 

x- - >/- = «- (*) 

the pedal is the leinniscate 

r s. ti~ cos '16 (9) 

Ex. 2. 1 n the case of a circle of radius n, the pole 0 being at a 

distance <• from the centre V, and the line OC being the origin of \b, we 
have at once from a figure 

yi = a <• cos i )/ (10) 

Hence the jiedal is the lima^on 

r - it + c cos 6 (11) 

If 0 be on the circumference, we have <* - «, and the pedal is the 
cardioid 

r - o (1 + cos 6) (1 2) 

Ex. 3. To find the curve w hose pedal is the cardioid 

r « (1 t cos B) (13) 

Writing /> «(l+cosi/i), (14) 

the formula? (4) make 

x a cos tj/ ■ i a, y — <t sin \p, 

whence (x - a)' 1 t/- ir, (15) 

a circle through the origin. 
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V-'The locus o f the Npolc of the tangentft o a curve S, with respect 
to a'rixecf conic X, is called the ‘reciprocal p ilar’ of £ It is proved 
in booEs on Oomcs that if S' be the'Tocus of the poles of the tan- 
gents to S then $ is the locus of the poles of the tangents to S'. 
This explains the use of the word ‘ reciprocal.’ 

We shall here only notice the case where the fixed conic S is 
a c ircle . If 0 be the centre of this circle, and k denote its radius, 
tfie pole P ‘ of any tangent, to the cnn e S is Joujid _l^nl rawing OZ 



perpendicular to this tangent, and by taking in OX a point P' 
such that 

OZ .OP = k>. (16^ 

Hence the reciprocal polar is in this case the inverse of the pedaV 
of the given curve, with respect to tin* point O. 

By the reciprocal property above cited, the original curve must 
be the i nverse of th e pedal of. the locus of P'. This is easily 
verified ; for if P be the point of contact of the tangent to the 
original curve, and if UP meet the tangent to the locus of P' in 
Z', the angles OPZ' and OJ‘Z will be equal. Heuce UZ'P' is 
a right angle, and Z' traces out the pedal of P’. And, since 
PZP'Z' is a cyclic quadrilateral, we have 

OP . OZ' = OZ . OP' = /;'■> (17) 

Hence P describes the inverse of the locus of Zf 


Ex. 4. The reciprocal polar of a circle with respect to any origin 
is a conic having the origin as focus. 

As in Ex. 2, the formula for the pedal of the circle is 

p = a + c cos ^ (18) 

Writing 8 for <j/, and tf/r {or p, we get the equation of the reciprocal 
polar in the form 

/r 

— = a + c cos 6, 


( 19 ) 



SPECIAL CURVES 


319 


•which represents a conic, having its focus at the origin, of eccentricity 
c/a. Hence the conic is an ellipse, parabola, or hy]>erbola, according 
as the origin is inside, on, or outside the circle. 


Ex. 5. The pedal of the conic 


•ir u- 
+ ' 7 1 

or rr 


( 20 ) 


with respect to the centre, is given by 

/r - a“ cos'- {)/ ± Ir sin 5 \j/. (21) 

Hence the reciprocal polar is 
k* 

- or cos* 0 + Ir sin 5 $ (22) 

or n"x' + try* k 4 , (23) 

a concentric conic. 

' v l32. Bipolar Coordinates. 

A curve may be defined by a relation between the distances 
(r.r')of any point P on it from two fixed points, or foci, N, S'; thus 

f (>\ >' )=o. (i) 

If we denote the angles PSfi', J'S'S by 0, respectively, and 
the singles which the radii r. r' make with the tangent by </>“</>', we 
have, as in Art. 11 2, ; ’* ... ’ 

dr , dr' UU) 

<>« (ls i 

de . , ,<w . ,, | 

r , - sin <p. r - , = sin 0 . 

(Is r (Is I 

We have, in addition, the relations 

r sin 6 - r' sin &, r cos 6 + r cos 6' ~ 2c, (3) 

where c = .( N S'. 
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\4itc. i. 

In the ellipse we have 



r + r'- 2a 

(4) 

and therefore rfr + dr _ 

as as 


that is, 

cos <f> + cos <f> = 0, or <£' = 7r - <f>. 

(5) 

The focal 

distances therefore make supplementary 

angles with the 


qune. 

Similarly, in the hyperbola 

r ^ r - 2a, (G) 

we find cos <f> cos <£' (7) 

or, the focal distances make equal angles with the curve on opposite 
sides. 

/ Er. 2. To find the form which a reflecting or refracting surface 
must have in order that incident rays whose directions pass through 
a fixed point may be reflected or refracted in directions passing 
through a fixed point S'. 

The case of reflection is merely the converse of Ex. 1 . The surface 
must have the form generated by the revolution of an ellipse or hyjier- 
bola about the line joining the foci (S, S'). 

In the case of refraction, we have, if p and p' be the refractive 


indices of the two media, 

M sin X - p' sin x ' (8) 

where X == ±(i’ r “ < ^)> X=±(l v ~ &) (9) 

Hence p cos + p' cos </>' - 0, (10) 

or ^(/‘'•±pV) 0 (11) 

Integrating, we have 

pr ± n' r' - const (12) 


These curves, in which the sum (or difference) of given multiples of 
the two radii is constant, are called ‘Cartesian ovals,’ after Descartes, 
by whom the optical problem was first discussed. 

When the lower sign in (12) is taken, the family includes the circle 

rlr'^filix'. (13) 

Sec Fig. 105. 

\/Ex. 3. The ‘ovals of Cassini’ are defined by 

rr' = k\ (14) 

k being a given constant. Since for a point 1 J in SS' the greatest 
value of rf is c 2 , it follows that the curve will consist of two detached 
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ovals surrounding S, S', respectively, or of a single oval embracing both 
points, according as k 5 r. 



In the critical case of k -- c the curve is known jus the ' lonniiscate 
of Bernoulli ’ : this presents itself in various mathematical problems. 
Tf O, the middle point of S'S, be taken as pole, and OS as initial line, 
of a system of coordinates r,, we have 

r- - >‘i~ + c" - 2 cr, eos 0 , . r'~ - ty + <■- + 2cr, cos 0, ; 

the equation of the lemniseate is therefore 


which reduces to 
Cf. Art. 12S. 


(rf + (••)" 4c-r," cos" 0 l - c 4 , 


r, a 2r'-cos 2fr|. 


(15) 



l, i. c. 


Fig. 100. 


21 
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V Ex. 4. The magnetic curves. 

If S, S' be the N. and S. poles of a magnet, the forces at any point 
P may be represented by y-jr 1 along SP, and fi/r'- along PS'. A ‘ line 
of force ’ is a line drawn from point to point always in the direction of 
the resultant force. Expressing that the total force at right angles to 
the line is zero, we have 


H, It 

sin <f> + <#> 0, 

r~ r~ 


or 


1 <10 1 f Iff 
r d* r c/s 


(16) 


Hence, since r sin 6 - r' sin 6', we have 

. .<10 . o ,d0' n 

sm 6 , + sm 6 , 0, 

(IS <ls 

or cos 0 + cos O' - const (17) 

An ‘ equipotential line’ is a line such that no work is done on a 
magnetic pole describing it. Expressing that the total force in the 
direction of the line is zero, we find 



^ cos <f> - ^ cos &' 0, 

i~ r - 


or 

1 dr 1 dr' 

? ds r' s ds ° 

(18) 

whence 

1 1 

, — const 

r r 

(HI) 


The equipotential lines will necessarily cut the lines of force at right 
angles. 


EXAMPLES. XLII. 

(Algebraic Curves.) 

1. Trace the curves 

y 1 = 4x(l-ai), y 1 = a?‘ t x+\. 

2. Trace the curve 

« if —a? {a — x), 
and shew that it forms a loop of area a 2 . 

Find where the breadth of the loop is greatest. [x . $«. j 

3. Trace the curve 

ay = X s (a 2 — or), 

and shew that it forms two loops, each of area j}o’. 
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4. Trace the curves 


t - •* 1 ), 

5. Trace the curve 

«Y- ^(« J - 


and shew tliat it encloses an area ]7ra J . 

6. Trace the curve 

a 2 y 4 x* (a- jr), 

and shew that it encloses an area "a-. 

7. The length of an are of the cur\ p 

ay- j- 1 

(Fig. 70), from the vertex to the point whose abscissa is s, is 





a. 


8. Tin* mean centre of the area included between the 
tiy i ~r l and the line x h is at the jtoint (2/t, 0) 


curve 


9. If the cut \ c ay - .r' revolve about the axis of x, the volume 
included between the surface generated, and any plane pet pendieular 
to the axis, is one-fourth that of a cylinder of the same length on the 
sumo circular base. 


10 . 

11 . 


Trace the curses 



1 

a (!--<)' 


The area included between the cuive 


>r » - ■>' 

a' / 

(Fig 72) and its asymptote is trtt*. 

If the same curve revolve about its asymptote, the volume of the 
solid generated is 1 -rr l a *. 


12. 

Trace the curves 

JT - 1 

, r 2 — l 



jc 1 

ir ~T ' 

13. 

Trace the curves 

,Hf 1 

.r- - 1 


>r 

" x 1 9 

tr 

14. 

Trace the curves 

,»• 

, * 


y x 

1 J **’ 

■ // ' = l-x J 


Determine the maximum and minimum ordinates (if any), and the 
points of inflexion. 


21—2 
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15. The area included between the curve 


(Fig. 74) and its asymptote is fira*. 

If the same cur\e revolve about its asymptote the volume of the 
solid generated is |jrV. 


16. Trace the curve 


n-r~ 

V ... . 


and shew that the area included between its two branches and either 
asymptote is 2a 2 . 

17. Shew that the area included lietweeu the curve 

„ it -i- .»■ 

</- x- 

n - t 

(Fig. 73) and its asymptote is 1 (it * 4) 

18. Trace the curve 

.»•* 

?/‘ .. . > 
a- j- 

and shew that the area included between the curve and either 
asymptote is lira 2 . 


19. Trace the curve 


ir- ■>' ■ 

ir h .r 


and shew that it forms a loop of area ?, (w - 2) it-. 


20. Trace the curve 


0C“ 

if , ( 2a - x) (x - II ), 


and shew that it encloses an area ^irn‘. 

21. Tract* the curve 


y" - (*-/<)--* 

Uf 


22. Trace the curve 


— t — l" t y 1 t 4 , 

for real values of t ; and prove that it forms a loop of area JJj. 
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EXAMPLES. XLIII. 

(Catenary, Cycloid, etc.) 

1. Provo that, in the catenary y r cosh x, r. 

*- = //■’ — <■-. 

2. Prove that the catenary is the only curve in which the perpen- 
dicular from the foot of the ordinate on the tangent is of constant 
length. 

3. Of all the catenaries which pass through two given points at 
the same level, and have their axes vertical, shew that there is one 
in which the depth of the directrix below the given points is a 
minimum. 

Also prove that in this catenary the tangents at the given points 
meet on the directrix. 

If 21/ be the distance between the given points, the depth of the 
directrix is b sitih a, the arc of the curve is b (sinlt u) >i, and the 
inclination to the horizontal at the gi\ en points is cos -1 (sech u), where 
n is the positive root of u tanli n - 1. 

4. The coordinates of any point on the traetrix mav be expressed 
in the forms 

.«• n (u tanli ti), i/ - it sech ii, 
where n is a variable parameter. 

5. Prove that, in the traetrix, 

>J z (tfi-’ «, 

the are s being measured from t lie cusp. 

6. The volume of the solid generated by the revolution of the 
traetrix about its asymptote is H 

The surface of the same solid is lr<r. 

7. If the coordinates of a moving point be 

.r a cosh nt, y - b sinh lit, 

where t is the time, the path is a hyperbola, and the velocity varies as 
the length of the semi-conjugate diameter measured up to its inter- 
section with the conjugate hyperbola. 

Also shew that the area swept over by the radius vector increases 
uniformly with the time. 

8. The area of either loop of the Lissajous’ curve 

x - a sin 2 (nt — e), y~b cos nt 

is \ab cos 2t. 
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9. Prove that the Lissajous’ curve 

x— a cos at, y — b cos 3»< 
consists of part of the curve 

b a \ «* J 

Trace this curve. 

10. If, iu the cycloid, the rolling circle has a constant angular 
velocity, the velocity of the tracing point V is proportional to the 
normal IP (see Fig. 79). 

11. The volume generated by the revolution of a cycloid about its 
base is lijr 2 «r J , if a be the radius of the generating circle. 

The surface of the same solid is "J rat 1 . 

12. The portion of a cycloid between two consecutive cusps re- 
volves about the tangent at the vertex; prove that the area of the 
surface generated is vd 1 . 

Also prove that the volume included by the above surface and the 
planes of the circles described by the cusps is tra '. 

13. The volume generated bv the revolution of a cycloid about its 
axis is J(9?r- 16) war. 

14. The surface of the same solid is (3ir - t) irrr. 

15. The mean centre of the arc of a cycloid, from cusp to cusp, is 
at a distance ifi from the base. 

16. The mean centre of the area included between a cycloid .and 
its base is at a distance [ja from the base. 

17. Prove that, in the curve 

•i 5 3 

*’ -r y' - « 

the intercepts made by the tangent at any point on the coordinate 

SI SI . 

axes are a s y\ respectively. 

Hence verify that the length of the tangent intercepted by the 
axes is constant. 

18. Prove, from the equations 

x — a cos' 6, y a sin 8 6, 

that, in the astroid, 

dn , 
ia - 3 a sin 6 cos 6, 

Uf/ 

and thence that the whole length of the curve is 6«. 

19. Prove that the area of the astroid is giro 1 . 
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20. The volume generated by the revolution of the astroid about 
the line joining two opposite cusps is va*. 

21. The length of a quadrant of the curve 

x a cos 3 0, ;) = h sin 3 6, 

is (ff- + nb f l>‘)j(il r b). 

The area enclosed by the same curve is £irab. 

22. The whole perimeter of ati //-eusped epi- or hypo-cycloid is 

H (?/ + 1 ) 

'ii 

where a is the radius of the fixed circle. 

23. Sketch the curve obtained by compounding two uniform 
circular motions when the radii of the circles are equal, but the 
periods slightly different, (i) when the rotations arc in the same 
direction, and (ii) when they are in opposite directions. 

24. Provo that in an epicyclic the tangent line cannot pass through 
the centre unless nc - /('»•'. where r is the greater of the two quantities 
c, r'. (Art. li>5.) 

25. Prove that the length of a complete undulation of the 
trochoid 

x -- uO + X- sin <h y-u—k cos 6 

is equal to the jierimeter of an ellipse whose semi-axes arc a - k, a — k. 


EXAMPLES. XLIV. 


(Polar Coordinates.) 


1. Prove that all equiangular spirals of the same angle are identi- 
cally equal. 

2. Prove that in an equiangular spiral of angle a the area swept 
over by the radius vector (r) is 

1 fa* -*■,“) tan «*, 

where r,, r.j are the extreme values of r. 

3. Prove that in the spiral of Archimedes the angle (if>) between 
the tangent and the radius vector is given by 


cos t p - - ■ 


v /(«“ + r") 


4. Prove that in the reciprocal spiral the area swept over by the 
radius increases proportionally to the radius. 
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5. Shew that all chords drawn through the pole of a cardioid are 
of the same length. 

Does the same hold of the limaeon 1 

6. The area of the cardioid 

r — a ( t -i cos 6) 

is “’nr. 

7. Trace the curve 

t < i + 2a cos 6, 

and prove that the area of the inner loop is "S 

8. Prove that, in the eardioid. 


cie 


■ 2a cos \0. 


and thence that the whole perimeter is 

9. The volume generated by the revolution of the cardioid about 
its axis is “mt 3 . 

10. Prove that, in the cardioid, the maximum breadth (perpen- 
dicular to the axis) is .},/•)", and that the double tangent cuts the axis 
at a distance Jo from the pole. 

11. Find the maximum ordinate, and the minimum abscissa, in 
the limaeon 

r - , i cos 0 r. 


12. The area of the limaeon 

r - a cos 0 s e, 

when c > n, is tt (r- t .la-). 

13. Prove geometrically that if two straight lines, touching two 
fixed circles, make a constant angle with one another, their inter- 
section traces out a limaeon. 


14. The whole area of the lenmiscate 

r' ! - a" cos 20 

is or. 

15. The perimeter of either loop of the same curve is 

9 d6 

~ U )„ V( l “ 2 sil ' 2 0) 

Prove that, in the notation of elliptic integrals (Art. Ill), this is 
equal to 
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16. The mean centre of the area of either loop of the lemniscate 
is at a distance l J’lva from the pole. 

17. Shew that the area included by one loop of the epieyclie 

r -- a sin »i6 

is ra-/4m. 

18. Trace the curve r- (tr cos 6. 

19. Prove the following properties of the ‘solid of greatest 
attraction’ (viz. the figure gcncintcd by the revolution of the curve 
r 2 - ft* cos 0 about the initial line) : 

(1) The volume is ; 

(2) The greatest breadth i*- l'2408a, at a distance '41589a 
from the pole ; 

(3) The mean centre of the volume is at a distance '!;« from 
the pole. 

20. If the ‘polar subtangent' of a our\ e lie defined to be the 
length intercepted by the tangent on a perpendicular drawn to the 
radius vector from the, pole, prove that it is equal to r~dd dr. 

Prove that in the reciprocal spiral the polar suhtangent is constant. 

21. The tangential-polar equation of the involute of a circle of 
radius n is 

j> : r- i/ 2 , 

the centre being pole. 

22. Shew that in the spiral of Archimedes (Fig. Ill) 

»•* 

V 

‘ <r + i" 

23. Shew that in the reciprocal spiral (Fig. 97) 

1 1 1 
i 

jr r or ’ 

24. Shew that, in the curve 

a 

cos mO 

1 1 nr nr 

, ~ , + , . 

jr r a- 

25. Shew that in the curves 


a a 

cosh mO ' sinli mO ’ 

1 1 + nt“ _ >n J 



respectively. 
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28. Prove that, in the epicycloid (Art. 123), 


(a + 2b)- P ' 

What is the corresponding formula for the hypoeycloid 1 

27. Find the Cartesian equation of the curve such that 

]) - a sin i fi cos i j/. [j; 5 + y* = o^. ) 

28. Find the jx>lar equation of the curve in which 

4r* 

p u 4 + ; 5/' 1 ‘ 


29. Prove the formula 

/' rdr 

for the arc of a curve whose tangential-polar equation is given. 

30. Prove the formula 

ptls _ /•-(/#, 

and give its geometrical interpretation. 

Hence shew that if the area swept over hy the radius vector of a 
moving point increase uniformly with the time, the velocity will vary 
inversely as the perpendicular from the origin on the tangent to the 
path. 


EXAMPLES. XLV. 


(Related Curves. Bipolar Coordinates.) 

1. The inverse of an equiangular spiral with respect to the pole is 
an equal hpiral. 

2. The inverse of a hyperbola with respect to the centre has a 
node at the centre. 

3. The inverse of a rectangular hyperbola with respect to the 
centre is a lemniscate of Bernoulli. 

4. Prove by means of the polar equations that the inverse of 
a straight line is a circle through the pole of inversion, and conversely. 

5. Prove by means of the polar equation that the inverse of a 
circle is a circle. 

8. The inverse of a parabola with respect to the focus is a 
cardioid. 

The inverse of any conic with respect to a focus is a lima^on. 

7. Prove that the inverse of the ellipse 

a? , y* 
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with respect to the centre is the curve 

^ + ^) a= ^C + 3- 

Also shew that the curve, where it cuts the axis of y, will be 
concave or convex to the origin according as b" ^ 2r< 2 . 

8. From the fact that the cardioid is the inverse of a parabola 
with respect to the focus, or otherwise, prove that the normals at the 
extremities of any chord through the cusp are at right angles, and 
that tlio lines joining their intersection to the cusp is perpendicular to 
the chord. 

9. Prove by inversion, or otherwise, that the cardioid-' 

r <t ( 1 cf»s 0), r = b( 1 — cos 6) 
cut one another at right angles. 

10. If (Ik, <1k he corresponding elements of a curve and its inverse, 

(Ik : d*' : k~ - L- : r z , 

where r, r' are the radii. 

11. The pedal of a parabola with respect to its vertex is the 
cissoid (Art. 119 (10)). 

12. If two tangents to a curve make a constant angle with one 
another, the locus of their intersection (/’) touches the circle through 
P and the two points of contact. 

13. Prove that the area of a pedal curve is given by the formula 

14. Prove that the are of a jtedal curve is expressed by 

i r( K'- 

15. The area of the pedal of an ellipse, the centre being pole, is 

A 7r (rr t- (r), 

where a, b are the semi-axes. 

16. The pedal of the hyperbola 



with respect to the centre consists of two loops, each of area 
hub -r h (tt* — Ir) tan -1 \ . 

17. Jf p„, p, be perpendiculars on the tangent to a curve from 
the origin of (rectangular) coordinates, and from the point (x\, y,) 
respectively, prove that 

l>\ - Pd ~ -A cos ^ - /A sin if/, 

where ip is the inclination of the perpendiculars to the axis of x. 
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18. If A 0 , A, be tho areas of tho pedals of a closed oval curve 
•with respect to the origin 0 and with res|iect to the point («,, y,), 
both these points being within the curve, prove that 

riw pbr n 

- A„-x, I p „ cos 4> ihfr - y, I sin if, dip ■* W (■>■? + y , 8 ). 

Jo Jo 

19. Prove that the locus of a point such that the pedal of a given 
closed oval curve with respect to it as pole has a given constant area 
is a circle ; anil that the circles corresponding to different values of 
the constant are concentric. 

Also that, if 0 be the common centre, the area of the pedal with 
respect to any other point P exceeds the area of the pedal with 
respect to 0 by the area of the circle whose radius is 01". 

20. The negativ e pedal of the parabola 

!P — Lr.i: 

with respect to the vertex is the curve 

27 iii /'- pr — 4u)\ 

21. In what case is 

j> - a cos 1 1/ ! 

22. Prove that the curve for which 

ji < i sin ijr cos ip 

is the astroid 

x' b y~ - a . 

23. State what property follows by differentiation with respect to 
the arc (*) from the equation 

r‘ + /•'" — kr, 

and verify the result geometrically. 

24. Prove the following construction for the normal at any point 
/’ of a Cassini's oval : hi PS, P S' take points (J, (/, respectively, such 
that P(p — PS', and Plf = J‘S ; the line joining P to the middle point 
of QQ is the required normal. 

25. A system of parallel rays is to be reflected so as to pass 
through a fixed point . prove that the reflecting curve must lie a 
parabola. 

26. A system of parallel rays is to be refracted so that their 
directions pass through a fixed point ; prove that the refracting curve 
must be a conic, and that the eccentricity of the conic will be equal to 
the ratio of the refractive indices. 

27. Prove that the equation of a Cartesian oval, referred to either 
focus as pole, is of the form 

r 2 — 2 (« + b cos 6) r + c- — 0. 

28. Prove that a Cartesian oval is necessarily closed, if we except 
the case where the curve is a branch of a hyperbola. 
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133. Measure of Curvature. 

As regards the applications of the Calculus to the theory of 
plane curves we have so far been concerned chiefly with the 
direction of the tangent at various points. We have not con- 
sidered specially the manner in which this direction \aries from 
point to point. 

The subject of curvature, to which we now proceed, can be 
treated from several independent stand- points, and although all 
the methods lead to identically the same formula*, it is important 
tor the student to observe that they are in their foundations 
logically distinct. 

In the first of these methods*, we begin by defining the ‘total’ 
or ‘integral’ curvature of an are of a curve as the angle (ci|r) 
through which the tangent turns as the point of contact travels 
from one end of the arc to the other. 

The ‘ mean curvature ’ of the arc is defined as the ratio of the 
total curvature to the length (8s) of the arc; it is therefore equal to 

S\jf 
8s • 


The ‘curvature at a point ' R of a curve is defined as the mean 
curvature of au infinitely small are terminated by that point. In 
conformity with the previous notation it is denoted by 

dv|r 


•(1) 


In a circle of radius R we have 8s — U8\jr, and therefore 

(fv/r _ l 
ils ~R’ 

i.e. the curvature of a circle is measured by the reciprocal of its 
radius. Hence, if p bo the radius of the circle which has the 
same curvature as the given curve at the point V, we have 

ds 

^ d\Jr 

* Other methods are explained in Arts. 136, 137. 


( 2 ) 
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A circle of this radius, having the same tangent at P, and its 
concavity turned the same way, as in the given curve, is called 
the ‘ circle of curvature,’ its radius is called the ‘ radius of curva- 
ture,’ and its centre the ‘centre of curvature.’ 

The length intercepted by this circle on a straight line drawn 
through P in any specified direction is called the ‘ chord of 
curvature’ in that direction. If 6 be the angle which the direction 
makes with the normal, the length (q) of the chord is given by 

q = 'Ip cos 8 (3) 

If £. T) be the rectangular coordinates of the centre of curvature, 
we have by orthogonal projections 

f = x— p sin yjr, 7/ = y + p cos yfr, (4) 

provided the zero of yj/ bo whim the tangent is parallel to the 
axis of r. 


The centre of curvature is the intersection of two consecutive 
normals to the given curve. For if PC, l y C be the normals at 
two consecutive points, including an angle Syjr, and if 8s be the 
arc PP’, then drawing the chord PP’ wo have (sis* Fig. 107) 

CP _ sin CP'P 
PP' ~ sin 8yfr ’ 


or 


CP = sin CP'P 


PP' 8+ 8s 
8s ’ sin 8yjr ’ 8\/r ’ 


When P' is taken infinitely near to P, the limiting value of 
each factor on the l ight hand, except 
the last, is unity. Hence, ultimately, 

CP = dsfdyjr = p. 

In modern geometry a curve is re- 
garded as geneiated in a two-fold way, 
first as the locus of a point, and secondly 
as the envelope of a straight line (see 
Art. 141). Considering any continuous 
succession of these associated elements, 
the straight line is at any instant rota- 
ting about the point, and the point is 
travelling along the straight line ; and 
the curvature dif//cU expresses the relation between these two motions. 



If at any point the curvature is zero, the rotation of the tangent 
is momentarily arrested, and we have what is called a ‘ stationary 
tangent.’ The simplest instance of this is at a point of inflexion 
(Art. 67), where the direction of the rotation of the tangent is reversed 
after the stoppage. 
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If at any point the radius of curvature ( tJtsjdty ) vanishes, the motion 
of the point along the line is momentarily arrested, and we have a 
‘stationary point.’ The simplest instance of this is at a ‘ cuBp’ such 
as we have met with in Figs. 70, 74, 79, 83, etc. The direction of 
motion of the point is in such cases reversed after the stoppage. In 
the examples of Art. 119a cusp was regarded as due to the evanescence 
of a loop: this shews in another way why the radius of curvature 
should vanish there. 


The consideration of curvature is of importance in numerous 
dynamieal and physical problems. For example, in Dynamics, if the 
force acting on a moving particle be resolved into two components, 
along the tangent and normal to the path, respectively, the former 
component affects the velocity, and the latter the direction of motion. 
If from a fixed origin we draw a vector (>V to represent the velocity 
at any instant, the polar coordinates of V may he taken to be r, if/, 
where t’ — <1* <!t. Hence the radial and transverse velocities of V will 
(see Art. 119 (6)) he 


tfr 

(it 


and r 


rlif/ 

<it’ 


(- r >> 


respectively. These are the rates of change of the velocity estimated 
iu the direction of the tangent and normal to the path of the particle. 
Since 


r/ip rlji (/> p* 

tit ( In <1/ p ’ 


( 6 ) 


the latter component is equal to the product of the curvature into the 
square of the velocity. 


134. Intrinsic Equation of a Curve. 


The formula 



( 1 ) 


is of course most immediately applicable vv hcu the relation between 
s and yfr for the curve in question is given in the form 


*=/m ( 2 ) 

This is called the ‘ intrinsic ’ equation of the curve, for the reason 
that its form does not depend materially on space-elements extra- 
neous to the curve. The only arbitrary elements are the origin 
of s and the origin of yjt, and a change in either of these merely 
adds a constant to the corresponding variable. 

If the intrinsic equation be not known, wc may employ one or 
other of the formula; of Art. 1 35 ; or we may, in particular cases, 
have recourse to special artifices. See Exs. 4, 5, below. 
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Ex. 1. In the catenary we have 

s - a tan ip, (3) 

whence p -- a sec 11 ip = y sec ip, (4) 


the notation being as in Art. 120. On reference to the iiguro there 
given it appears that the radius of curvature is eijual to the normal PG. 

Ex. 2. In the cycloid (Art. 122) we have 


x 4« sin ip, (5) 

and therefore p = 4o cos i p (6) 


Hence in Fig. 79, p. 294, we has e p = 2 PI, or the radius of curvature 
is double the normal. 


Ex. 3. Again, in the epicycloid we bine (Art. 123 (1 1)) 

4 (a + b)b . n , 

* Mil ... l//, (<) 

a a + 2I> ' ' 

and therefore 

i (ft + b) b a 4 (ft T b) b , 

p= cos ip cos \<p (*) 

a H 2/i it 4 2b T a 2 b 

Hence, on reference to Fig. SI, i>. 297, it appears that 

2(a + b) 

' d+26 w 

where PI is the length of the normal between the tracing point and 
the fixed circle. 

Ex. 4. In the parabola y 1 4«x we have 

y— 2a cot (10) 

. dy 2 ii <lip 

whence sin ip - , , 

as sin - ip as 

or p - , (11) 

the negative sign indicating that ip diminishes as s increases. 

Ex. 5. If the ellipse 

x-acostp, y -barntp (12) 

be supposed derived by orthogonal projection from the circle 

x-a cos <j>, y — a sin <p, (13) 

we have ^ = /3, (14) 
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whore P is the conjugate semi-diameter. For the element of are is 
altered from to Sx, and the parallel radius from a to /3. Also since 
and \a 2 S<f> represent eorresjiomliiig elements of area, we have 

fi'fy ■ ^ x aZ &4>, 

or (l0) 

,u dx p' 

HenW '* 1/4, dip tbp ~ fib < 10 > 

If \> he the perpendienlar from the centre on the tangent-line, we 
have />p itb, so that our result may also he written 

p- <rb- 

" p' wr " = / (1<) 

Since jr — ir cos 2 4 ’ + b" sin 2 >//- a- ( 1 - r- sin 2 <p), 

the last form is equivalent to 

P " v ( 18 ) 

(1 — e- sill*’ 1 p)- 

Tliis formula leads to an important result in Geodesy. The figure 
of the Earth being taken to lx 1 an ellipsoid of revolution, the expression 
for the radius of curvature in terms of the latitude 4/ is, if we neglect «*, 

■In 

. -a (1 — < J + je 2 sin 2 ^) it (1 - ' c - ;!« cos 2\p), (19) 

4l// 

where < (a - b) it J,« 2 ; that is, * denotes the ‘ellipticity ’ of the 
meridian. Integrating (19) we find, for the length of an arc of the 
meridian, from the equator to latitude i/^, 

k --a (1 - lf)4 l ~ i'<* s ' 11 -'I' ( 20 ) 

Kx. ti. Tn the equiangular spiral (Art 126), we have 

\p--0-r a, (21) 

whence dip dx <16 ilx = (sin a) /\ 


Hence the radius of curvature subtends a right angle at the origin. 

135. Formulae for the Radius of Curvature. 

The expression difr/dx for the curvature is easily translated 
into a variety of other forms. 

1°. In rectangular Cartesian coordinates, we have 


J.. i. c. 

t 
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sec 


^ A ( d v) m ^ =cm ^ d !i 

* ds ds \dx) da? ds ’ da? ’ 


whence 



( 2 ) 


This form shews, again, that the curvature vanishes at a point 
of inflexion, where d 3 y/dx 3 = 0 (Art. 67). 


When dyjdx is a small quantity the formula (2) gives, approxi- 
mately, 


1 _ d-y 
p da ’ 


(3) 


the proportional error being of the second order. This formula is 
an obvious transcript of d\fr/ds, since when yfr is small we may 
write dyidjr (= tan yjr) for yp, and d/d.r for d'ds. It has important 
practical applications, e.g. in the theory of flexure of bars. 


2°. It was proved in Art. 131 that the projection (£) of the 
radius on the tangent is given by 


dp 

dip' 


(4) 


If OU, 0 V be the perpendiculars from the origin on two conse- 
cutive normals PC, P'C, and if 0l T ' meet PC in N, we have, 
ultimately, 


OP -017= U'N = CNty, or St = CM+. 



Fig. 106. 


2 
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The limiting value of CU or CN is therefore dt/dyfr, whence 

,-or-os + cir-, + £-,+!* ( 5 ) 

3°. With the notation of Art. 112 wo have 


- = cos d> = 
r r 


dr 

ds' 


( 6 ) 


Since 


ds _ ds dr dp _^ds dr 
dyfr dr dp dyfr dr dp ’ 


this gives 


P = 



( 7 ) 


a form which is very convenient of application when the tangential- 
polar equation (Art. 129) is given. 


Ex. 1. In the catenary 


we have 


,hj 

dx 


sinh - 


dry 

dx 1 


y - a cosh (x a) 



whence. p - a cosh 2 (x'n) -y 3 .a 

Since y - a sec i this agrees with Art. 131, Ex. 1. 


(8) 

•W 


,.c. a. 


we liave 


In the parabola 


P- 


r - jr a 

dr 2/> J 2-~ < 

' dp ~ a - 1 ' 


Ex. 3. In the central conics we have (Art. 129, Ev. 4) 

aVr _ „ 

b-±«-+ )- 

P- 


and therefore 
Of. Art. 134, Ex. 5. 


P -± 



( 10 ) 

( 11 ) 


( 12 ) 

(13) 


136. Newton’s Method. 

In another method of treating curvature, employed by Newton*, 
a circle is described touching the given curve at P, and passing 
through a neighbouring point Q on it, and we investigate the 
limiting value of the radius of this circle when Q is taken infinitely 
near to P. 

* Principia, lib. i., prop, vi., cor. 3. 

22—2 
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\ 

\ 


We can easily shew that in the limit the circle becomes identical 
with the ‘ circle of curvature ’ at P, as 
defined in Art. 1 33. For if G be the 

centre, then, since CP = CQ, there will - I \^ Q , 

be some point (P') on the curve, be- 
tween P and Q, such that its distance 
from C is a maximum or minimum, 
and therefore* such that CP' is normal 
to the curve. In the limit I •‘'approaches 
P indefinitely, and C, being the inter- 
section of consecutive normals, will 
coincide with the ‘centre of curvature.' 

Newton's method loads to a very 
simple formula for the radius of curva- Fig. ion. 

ture. Let Q'QT be drawn peipemli- 

cular to the tangent at P, meeting the circle again in (/, and the 
tangent in T. Since 

TP- = TQ . TQ'. 


\ 


v\ e have 


ip - lim TQ' = lim ^ . 


<1 > 


If Q'QT be drawn at a definite inclination to the normal at P, 
instead of parallel to this normal, the limiting value of the same 
fraction gives the chord of curvature in the corresponding direc- 
tion. It occasionally happens that the chord of curvature in some 
particular direction can be found with special facility ; the radius 
of curvature can then be inferred by the formula (3) of Art. 133. 

For instance, we can deduce the formula for the radius of 
curvature in Cartesian coon li nates. Thus, referring to Fig. 42, 
p. 153, and denoting by q the chord of curvature parallel to the 
axis of y, we have 

1 or OV 

-=lim pp-liui A H , . cos a ifr = £<£" ( (/ > cos* ifr, ...(2) 


where ifr is the inclination of the tangent at. /’ to the axis of x. 
Since 

q = ip cos ifr, tan ^ = <£' (a), 

it follows that 


= <f>" (a) cos 1 ifr = 


*"<«) 

[1 + {f («)}*]' 


■( 3 ) 


This is identical, except as to notation, with the formula (2) of 
Art. 135. 


Sue Art. 63, Ex. 2. 
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Ex. 1, Tn the parabola, let Qll be a chord drawn parallel to the 
tangent at P, to meet the diameter tli rough 
P in 1"; see Fig. 110. We have, then, 
from the geometry of the curie, 

(fl n --- WP . PY , 

where 8 is the focus. Hence, for the 
chord of curvature ( q ) parallel to the axis, 

q lint ^py - 4»S7*. (4; 

If 0 be the angle which the normal 
at P makes with the axis, we have 

cos 0 SZ, S/\ 

where SE is the jierpendicular from the 
focus on the tangent at P. lienee 

, „ .SJ 



Fie. 110. 


■6 


•y - ■> 

sz - 


SP 

pa'- ' 


....(- 5 ) 


since SZ- - SA , SI‘, A being the vertex. 

Ex. 2. In the ellipse (or hvjK'ibola), if Qll, diaivn parallel to the 
tangent at either extremity of the diameter PC!*, meet this diameter 
in V, we have 

QY-.PV.YP' (7 IP : CP 1 . 



- -O' 

where CD is the semi-diameter conjugate to CP. Hence, for the 
chord of curvature (q) through the centre, 

.. v r- cip cd- 

q -= Inn j>r lun - Jf , .M - 1 c] , (C) 

If CZ be the perpendicular from the centre on the tangent at 
P, and 6 the angle which CP makes with the normal, we have 
cos 6-CZI CP, and therefore 

1 A V1)i 

p - i./ sec 0 - 

in agreement with Art. 134 (17). 


( 7 ) 
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Again, if O' be the inclination of either focal distance to the normal 
at P, it is known that cos O' = CZjCA , where A is an extremity of the 
major axis. The chord of curvature ( q ') through either focus is there- 
fore given by 

n m 

<1 - 2p cos O' = 2 - CA (8) 


Ex. 3. To find the radius of curvature (p 0 ) at the vertex of the 
cycloid 


We have 


x - a (6 + sin 0), y - a ( 1 — cos 0). 


(9) 


2,i/ 


- a (0 s sin 0)-- 5-4 sin 2 i0 = a ^1 




whence 



•Aw. 


( 10 ) 


137. Osculating Circle. 

A slightly different way of treating the matter is based on 
the notion of the ‘osculating circle.’ If Q and 72 be two neigh- 
bouring points of the curve, one on each side of P*, wo consider 
the limiting value of the radius of the circle PQR, when Q and 72 
are taken infinitely close to P. 

We can shew that if the curvature of the given curve be 
continuous at P, this circle coincides in the limit with the * circle 
of curvature.’ For if C be the centre ol the circle PQR , there will 
be a point P, between P and Q, such that CP' is normal to the 
given curve, and a point P", between P and R, such that CP’ is 
normal to the curve. Let PC and P"C meet the normal at P in 
the points C and C", resjiectivelj’. Under the condition stated, 
C and C" will ultimately coincide with the centre of curvature at 



* This condition is no essential, but it simplifies the proof, and meets all 
ordinary requirements. 
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P, and, since GC < CC", C will a fortiori ultimately coincide with 
the same point. 

Since, before the limit, the circle 1‘QR crosses the given 
curve three times in the neighbourhood of P, it appears that the 
osculating circle will in general cross the curve at the point of 
contact. Hoe Fig. 1 16, p. .‘150. 

If in Fig. 41, p. 151, QV meet the circle through P, Q, P’ 
again in W r , we have 

VW = PV 1 /QV, 

and therefore, for the chord of curvature of the curve y — <f>(x) t 
parallel to the axis of' jj, 

)j =* lim = I ini j^ 2 cos- yfr = \<t>" (a) cos= f, 
as in Art. 136(2). 

A\r. If in Fig. 1 1 0, }>. 341, the circle PQR meet J’V in IF, we have 
QV. VJi P V . V IF, and therefore VW -* 4 SP. 

Hence the chord of curvature parallel to the axis of the parabola 

is 4.S7\ 

A similar argument may l>e used to find the chord of curvature 
through the centre, in the case of the ellipse (Fig. Ill, p. 341). 

138. Envelopes. 

Suppose that we have a singly-infinite system, or family, of 
curves differing from one another only in the value assigned to 
some constant which enters into their specification. Two distinct 
curves of the system will in general intersect; and we consider 
here, more unrticulorly, the limiting positions of the intersections 
when the change in the constant (or ‘ parameter,’ of the system, 
as it is sometimes called), as we pass from one curve to the other, 
is infinitely small. On each curve we have then, in general, one 
or more paints of ‘ ultimate intersection ' with the consecutive 
curve of the system. The locus of these points of ultimate inter- 
section is callt'd the ‘ envelope ’ of the system. 

Jix. 1. A system of circles of given radius, having their centres 
on a given straight line. The parameter 
here is the coordinate of the centre. 

If C, C' be the centres of two circles 
of the system, the line joining their in- 
tersections bisects CC at right angles. 

Hence the points of ultimate intersection 
of any circle with the consecutive cirelc 
are the extremities of the diameter which 
is perpendicular to the line of centres. 
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The envelope therefore consists of two straight lines parallel to the 
line of centres, at a distance equal to the given radius. 

Ex. 2. A straight line including, with the coordinate axes, a 
triangle of constant area (P). 

If AB, A'B’ Ik* two positions of the line, intersecting in /', the 
triangles A PA', JiPJf will bo equal, ■whence 
PA. PA' PB.Pir. 

Hence, ultimately, when A A' in infinitely small, P "ill he the middle 
point of AB. If .r, y be the coordinates of /', and o> the inclination of 
the axes, we have, then, OA ±c, OB "ly, and therefore 

i ry sin <>> P. 

The envelope is therefore a hyperbola having the coordinate axes as 
asymptotes. Pig. 114 illustrates the case of m ’ir. 



139. General Method of finding Envelopes. 

The equation of any curve of the* system being 

y, a) = 0 (1) 

where « is the parameter, then at the intersect ion with another 
curve 

<t> y, a!) - 0 (2) 

we have, evidently, 

</>(•'■* ?/* a)~<f>(a\ y, «) =n 
a' — a 

When the variation a' — a of the parameter is infinitely small, this 
last equation takes the form 

e & - 4> (•>’> y > «) = 


( 4 ) 
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where d/da is the symbol of partial differentiation with respect 
to a. See Art. 34. 

The coordinates of the point, or points, of ultimate intersection 
arc determined by (1 ) and (4) as simultaneous equations, and the 
locus of the ultimate intersections is to be found by elimination 
of a between these equations. 


Ex. 1. The circles considered in Art. 1 3K, Ex. 1 may be repre- 
sented by 

(■'■ - ^ >f - (•’>) 

Differentiating with respect to a, we find 

j - — a 0, (fi) 

Eliminating u between (.">) and (6) we get 

y--±<* (") 

the envelope required. 

Ex. 2. Tf a particle be projected from the origin at an elevation 0, 
with the velocity ‘due to" a height h, the equation of the parabolic 
path is 

!/ .<■ tan 8 — ] ^"sec-' 0, (8) 


where the axes of x. y are respectively horizontal and \ertical. Writing 
o for tan 0, we get 

.'/ «■<•- ] '^"(1 - « e ) ( 9 ) 

To find the envelope of the paths for different elevations, and 
therefore for different values of a, we differentiate (9) with respect to a, 
and find 

.«• jT=o (io) 

“ ft 

This is satisfied either by x 0, or by o.r - 2/t. The former makes 
y- 0, and shews that the origin is part of the locus, as is otherwise 
obvious. The alternative result leads, on elimination of a, to 

.r- 4 h(h y ), (11) 

a parabola having its axis vertical, its focus at the origin, and its 
vertex at an altitude h*. 


140. Algebraical Method. 

If in the equation 4>( >\ >/, a} = 0 (1) 

4> be a rational integral function of a, the rule of the preceding 
Art. may be investigated otherwise as follows. 

* This problem is interesting historically as being the first instauoe in which 
the envelope of a family of curved lines was obtained (Bernoulli). The general 
method of finding envelopes appears to be due to Leibnitz. 
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If we assign any particular values to x, y, the equation deter- 
mines a, that is, it determines what curves of the system pass 
through the given point (x, y). If the equation be of the nth 
degree in a, the number of these curves (real or imaginary) will 
be n, and these n curves will in general be distinct. But if the 
point in question be at the intersection of two consecutive curves, 
two of the values of a will be coincident. Now it was shewn in 
Art. 50 that the condition for a double root of the equation in a is 

§£$(*. V> a )^° ( 2 ) 

The ultimate intersections are therefore determined as before by 
(1) and (2) as simultaneous equations, and the envelope by elimi- 
nation of a between them. 

If the equation (1) be of the first degree in «, only one curve 
of the system passes through any assigned point, and there is of 
course no envelope. Examples of this art' furnished by the parallel 
lines 

lx + my = a, (3) 

and by the concentric circles 

a?+if~a (4) 

If (1) be a quadratic in a, say 

IV + 2Qa + Ji=0 (5) 

where P, Q, R are given functions of ,v and y, the condition for 
equal roots is 

PR = (/ i . (6) 

This is therefore the equation of the envelope. 

Ex. 1. If the straight line 



(7) 


include with the coordinate axes a triangle of constant area k Q , we have 


cij8 sin w = 2i~, (8) 

where <a is the inclination of the axes. Hence, eliminating /8, the 
equation of the variable line is found to be 


a s i/ sin <o - 2 ale 1 + 2 Wx - 0 (9) 

Expressing that this quadratic in a has equal roots, we Hnd for the 
envelope 


as in Art. 138, Ex. 2. 


2xy sin u ~ if 1 , 


( 10 ) 
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Ex. 2. One leg of a right angle passes through a fixed point, and 
the vertex describes a fixed straight line; to find the envelope of the 
other leg. 

If the fixed straight line be the axis of y, and the fixed point be at 
(a, 0), the equation of the second leg is easily seen to be 

V W1 * + *’ ( U ) 

where m is the tangent of the inclination to the axis of x. Writing 


the equation in the form 

nrx — )ui/ + n 0, (12) 

we see that the envelope is the parabola 

- 4 ax. (13) 


141. Contact-Property of Envelopes. 

The examples already given will have prepared the student 
for the following theorem : 

The envelope of a systerq of curves touches (in general) at 
each of its points the corresponding curve of the system. 

The equations </> (x, y, a) = 0, (1) 

and a) = 0 (2) 

determine x, y as functions of a, say 

x = F(a), y - f (a), (3) 

and the latter pair of equations define the envelope. If we 
substitute from (3) on the left-hand side of (1 ) we obtain a function 
of a which must \uuish identically, and the result of differentiating 
this function with respect to a must also be zero. Hence, by the 
rule of Art. 59, 1", we must have 


d(f> dx <5<£ dy d<f> n 

dx da dy da da da ’ 

(4) 

which reduces, in virtue of (2), to 


d<f>d.r ^d(f)dy _ (l 
dxda dy da ’ 

(5) 

dy d<f> 

da dx 

° r dZ'-Zj 

da dy 

(C) 

Now, by Art. 61, the left-hand side of this equality is the value of 
dyjdx for the envelope ; and the right-hand side is, by Art. 59 (10), 
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the value of dyjdx for tht* curve (1). Hence at the point of 
ultimate intersection the curve (1) and the envelope have a 
common tangent line. 

The geometrical basis of the theorem may be indicated as follows : 

Let the figure represent portions of two curve 1 , of the system, 
corresponding to values a, of the parameter a, and intersecting 



Fig. 115. 


in P. Let P { , and J\ he the corresponding points on the envelope ; 
viz. 7‘ 0 is the limiting position of P when, a,, being fixed, a, is taken 
infinitely nearly equal to a„; and is the limiting position of P when, 
a, being fixed, a„ is taken infinitely lieai ly equal to a,. Since these 
variations of a ait* in opposite senses, and since the coordinates of P 
are as a ink* symmetric functions of u„, a,, the corresponding displace- 
ments of P, viz. PP 0 and will in general, when a, - a,, i is very 
small, be in nearlv opposite directions, and P„PP , will be a very obtuse- 
angled triangle. Hence, ultimately, when | a, - «„ is infinitely small, 
the chords PJ\ and will coincide in direction ; i>. the tangent to 
the envelope is identical with the tangent to the variable curve. 

The foregoing investigations break down in certain cases. As 
regards the analytical proof, it is plain that no inference can lie drawn 
from (i>) whenever at the point in question we have 


d<f> 

Px 


- 0 , 





simultaneously; i.e. when the value of <lt/jd.i: for the curve (1) is not 
uniquely determinate. This peculiarity occurs at a ‘singular point,’ 
whether it be of the nature of a node, a cusp, or an isolated point (see 
Art. 119). It appears that the locus of the singulai points of the 
given family, when such a locus exists, is included in the result of 
eliminating a between (1) and (2), but this locus dues not in general 
* touch ’ the given curves, 'in any projier sense of the word. The full 
investigation of this matter is beyouri our limits*, but a simple example 
may be given. Consider the family 

a {>/ - af - x' (.r + b) (8) 


* It iB given in bookb on Differential Equations, under the head of ‘ Singular 
Solutions.’ 
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It appears from Art. 119 that there ir a node, a cusp, or an isolated 
point at (0, a), according as b is positive, zero, or negative. The 
process for finding the envelope gives y - a . 0 and therefore 

r(^6)- 0 (9) 

The line a; = 0 gives the locus of the singular points, and does not touch 
the original curves; the line .<•- h on the other hand does so (unless 

/j-0). 

Tn the geometrical view of the matter it was assumed that there is 
no other intersection of the curves a,,, a, in the immediate neighbour- 
hood of P. In the case of a node we have usually two adjacent inter- 
sections, whose ^-coordinates (for instance) are of the forms f («„, a,) 
and f (a,, a„), respectively ; but /' (a,, «,) is not a symmetric function of 
a„, a,. The argument docs not therefore apply to the node locus. 
Again, in the case of a cusp the displacement of the point P in 
Fig. 115, due to an infinitesimal variation of a 0 or a,, is found not to 
be of the first order ; and the {mints P, are as a rule on the game 
side of P. In the neighbourhood of an isolated point there is no real 
intersection of consecutive curves. 

142. Evolutes. 

The ‘ evolute ’ of a curve is the locus of its centre of curvature. 
Since the centre of curvature is (Art. 133) tile intersection of two 
consecutive normals, the evolute is also the envelope of the normals 
to the given curve. Hence the normals to the original curve are 


tangents to the evolute*. 

Ex. 1. In the paraliola 

y- = 4 (, .r (1) 

we have x a cot 2 <i/, y = in cot i/i, (2) 

and (by Art. 134, Ex. 1) 

p- — ‘Jo, sin 3 >fr (3) 


The coordinates of the centre of curvature are therefore 
£ - x — p sin \j/ — 3x + 'In, 
rj = y + p cos if/ = — y i , in- 
Hence T - y s /l 6<* 4 = 4 J?;a - (£ - 2 «)" a. 

The evolute is therefore the semi-cubical parabola 

ay* - (x~ 2 a)* ( 5 ) 

Otherwise : it is shewn in books on Conics that the equation of the 
normal is of the form 

y = m (ar — 2«.) - am* (G) 

* It being evident that the exceptional cases noted at the end of Art. 141 cannot 
present themselves in the envelope of a ttraight line. 
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To find the envelope of this we differentiate partially with respect to m, 
and obtain 

x — 2a = 3am?, y = 2am 1 (7) 

The elimination of m leads again to the result (5). 

The curve is shewn in Fig. 116. 



Ex. 2. The normal at any point of the ellipse 



x - a co» <j>, y-b tin <f> 

(8) 

is 

, -. 

cos 9 sin 9 

(») 

Differentiating 

with respect to <f> we find 

ax by 

(10) 


cos 3 ^ sin 3 <£’ ’ ^ 

Substituting in 

(9), we have 



k-at-b 1 

HD 


Hence the coordinates of the centre of curvature are 


a? - 6 s 
cos 1 ' <j>, 


a? ~ b* . 
y=-- - b 8in 


•r- 


( 12 ) 
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and the evolute is 

(««•)*+ (ty)U(rf-P) s . (13) 

This curve, which may be obtained by orthogonal projection from the 
astroid, is shewn in Fig. 117. 

The centres of curvature at the points A, B , A', B‘ are E, F, E', F', 
respectively. 



Ex. 3. To find the evolute of a cycloid. 

At any point P on the cveloid APE (Fig. 118), we have, by Art. 134, 
Ex. 2, 

P = 2PJ. (14) 

Let the axis AB lie produced to D', so that BD' -- AB ; and produce 
T1 to meet a parallel to BI, drawn through D\ in /'. If a circle be 
described on IF as diameter, and PI lie produced to meet its circum- 
ference in P', we hat e P'l PI, so that P' is the centre of curvature 
of the cycloid at P. And since the arc P'l' is equal to the arc TP, and 
therefore to HI or />'!', the locus of is evidently the cycloid generated 
by the circle IP' I', supposed to roll on the under side of D'F, the tracing 
point starting from D'. That is, the evolute is a cvoloid equal to the 
original cycloid, and having a cusp at D'. 

It appears, further, from Art. 122 (4). that the cycloidal arc P'l) is 
equal to 27/*', or P’P. Hence 

arc D’P' + P'P- const (15) 

Tho lower cycloid in Fig. 118 is therefore an ‘involute’ (Art. 144) of 
the upper one*. 

* This example is interesting historically in connection with the theory of the 
cycloidal pendulam. The results are due to Huyghens (1679). 
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Whenever a curve is defined by a relation between p and yfr, 

say 

P=/m o<>> 

the ^volute is given by p = f'(^r) (17) 



provided that in (17) the origin of yjr be supposed moved for wan Is 
through a right angle. This is seen at once on reference to Fig. 108, 
p.338, since OU, the perpendicular from the origin on the tangent 
to the evolute, is equal to PZ, or dpldyjr, when the symbols refer 
to the original curve. 

Ex. 4. To find the evolute of an epi- or hypo-cycloid. 

If in Fig. 81, p. 297, a perpendicular p be drawn from 0 to TP, the 
tangent to the epicycloid at P, we have 

p - 0T cor PIC -- (o + 2b) cos 1 <£, 

<* P = (« + 2b ) cos (f ® 26 (18) 

If the origin of ij/ correspond to a cusp instead of to a vertex, the cosine 
of the angle must be replaced by the sine. 

Hence, for the evolute, we have 

a i 

a+lb*' 


p — — a sin 


(19) 
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which can be brought to the same form as (18) by an adjustment of the 
origin of i (/. The evolute is therefore a similar epicycloid in which the 
dimensions are reduced in the ratio «/(/* + ‘2b). 

For a hypocyeloid we have merely to change the sign of b*. 

143. Arc of an Evolute. 

The difference of the radii of curvature at any two points of a 
curve is equal to the arc between the corresponding points of the 
evolute. 

To prove this, let the normals at two neighbouring points P 0 , 
P, of the curve meet in ('; and lei < (\ be the corresponding 

centres of curvature. Hy Art. 141, (J ,('(}„ is in general an obtuse- 
angled triangle: and when P„. 1\ are taken infinitely close to one 
another, (\C + (JC„ is ultimately in a ratio of equality to 

Also since the distance from ('of a variable point on the curve 
is stationary at 1\, the difference between ( ’l\ and CP,, is ultimately 
of the second order of small quantities, and may therefore be neg- 
lected. Hence 

c,p,-c,,p,, = c\c+(:c„=(\r„. 




Hr. 119. 




It follows that if p lie the radius of curvature of the original curve, 
and a the are of the evolute. we have 8p = 6cr, ultimately, or 


dp 

da 


= I. 


• 0 ) 


Hence, integrating, p = a + (2) 

where C is an arbitrary constant depending on the origin of 
measurement of a. 


Otherwise : by differentiation of the equations 

$ x- psin if/, r) - y + p cos if/ (3) 

* It appear? ou examination that the equation 

p = c cow in ip, or p - c sin m\p, 

represents an epi- or a hypo-cycloid according as m j 1, provided we include the 
perioycloids among the epicycloids, in accordance with tho definition of Art. 123. 

The pedal of an epi- or a hypo-cycloid with respect to its centre is therefore an 
epioyolic of the special type referred to in Art. 125, Ex. 2. Thus Fig. 92 represents the 
pedal of a four-cusped epicycloid, and Fig. 94 that of a fonr-cusped hypocyeloid. 

23 
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ol Art. 133, we find, since 

dx / da = cos \f/, dyjda - sin i (/, d\j//ds =■ 1/p, 

dp 


di dp .. dr> 
da ~~ da Sin r?/» 


da 


cos ij/. 


Hence 


dr) 

d£ 


- cot. \b. 


(4) 

(5) 


which shews that the tangent to the evolute is normal to the original 
curve, and 

t-s/{(£Hl’)K p <«> 

which gives on integration the result (2). 

For the case of the cycloid, this property lias been already obtained 
in Art. 1 12 (15). 

A curious consequence of the above theorem is that the circles 
of curvature of adjacent points on a curve do not in general inter- 
sect. For the distance between the centres is a chord of the evolute, 
and is therefore in general less than the corresponding arc, i.e. less 
than the difference of the radii. 


.Again, if the intrinsic equation of a curve be 

... «=/w 

we have a = p + C=/'(yjr) + V. ... 


(7) 

( 8 ) 


If we alter the origin of .by a right angle, this is the intrinsic 
equation of the evolute. The additive constant may be omitted if 
we adjust the origin of <r. 


'y/Ex. 1. The radii of curvature of an ellipse of semi-axes a, b, at the 
extremities of these axes, are Ir/a and respectively. Hence the 
length of any one of the four portions into which the evolute is divided 
(see Fig. 117) by its cusps is 

(djb - b^jn or (a n — fr')/ol>. 

‘Ex. 2. The intrinsic equation of the cycloid being 


a=kbin^/, (9) 

that of the evolute is <r =. k cos i p (10) 


The evolute is therefore an equal cycloid, as already proved. 


' 144. Involutes, and Parallel Curves. 

If a curve A be the evolute of a curve B, then B is said to be 
an * involute ’ of A. 

We say an involute because any given curve has an infinity of 
involutes. To obtain an involute we take any fixed point 0 on the 
curve, and along the tangent at a variable point P measure off a 
length PQ in the direction from 0, so that 

arc OP + PQ = const. 


( 1 ) 
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Ifc is easily shewn, by an inversion of the argument of Art. 143, 
that the tangents to the given curve are normals to the locus of Q, 
so that this locus fulfils the above definition of an involute. And, 
by varying the ‘ constant,’ we obtain a series of involutes of the 
same curve. 

As a concrete example we may imagine a string to he wound on a 
material arc of the given shape, being attached to a fixed point on it. 
The curve traced out by any point on the free portion of the string will 
be an involute. This is in fact the origin of the term. 

Ex. 1. The tractrix is an involute of the catenary ; see Art 120. 

Ex. 2. In an involute of a circle of radius a we have, evidently, 

% m » < 2 > 

if the origin of \[i Ih 1 properly chosen. Hence, integrating, 

* - aifr, (3) 

no additive constant being required, if s Is* measured from the cusp 

(^- 0 ). 

In this particular case (of the circle) it is evident that all the invo- 
lutes are identically equal. It is therefore customary to speak of the 
involute of a circle. The curve is shewn in Fig. 120 



If a constant length be measured along the normal to a given 
curve, from the curve, the locus of the point thus determined is 
called a ‘ parallel ’ to the given curve. 


23—2 
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If CP, CP' be two consecutive normals to the given curve, and 


a' 



c p a 


Fir. 121 . 

Q, Q' the corresponding points of a parallel curve, we have 

PQ = P'Q’. 

Since the difference between CP and CP' is of the second order of 
small quantities, it follows that the same holds of the difference 
between CQ and CQ', and thence that the angles at Q and Q' in 
the triangle CQQ' are ultimately right angles. Hence CQ, CQ' are 
normals to the parallel curve. 

Hence two parallel curves have the same normals, and there- 
fore the same evolute ; in other words, parallel curves are involutes 
of the same curve. 

Conversely, it is evident that the various involutes of any curve 
are a system of parallel curves. 


145. Instantaneous Centre of a Moving Figure. 

The theory of the displacements, in its own plane, of a figure 
of invariable form, though belonging properly to Kinematics, has 
some interesting geometrical applications. 

The first proposition of the theory is that any such displacement 
is equivalent to a rotation about some finite or infinitely distant 
point. 

The following is a proof. If A, P be any two points of the figure 
in its first position, and A', 1C the 
same points in the second position, 
the new position P’ of any third 
point originally at P is found by 
constructing the triangle A! PTC 
congruent with A PH. Hence tin* 
positions of two points are sufficient 
to determine the position of the 
moveable figure. 

Now', considering any point what- 
ever of the figure, let P be its initial 
and Q its final position ; and let It 
lie the final position of that point of 
the figure which was originally at Q. 

Since PQ and Qlt are two positions of the same line, they are equal. 
Hence if 1 be the centre of the circle PQR, the triangles PI It, QIR are 
congruent j that is, / represents the same point in the two positions. 
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The displacement is therefore equivalent to a rotation aljout I. This 
point is called the * centre of rotation.’ 

It may happen that PQ, (fit are in a straight line. The displace- 
ment is then equivalent to a tranxlntiov of the figure, without rotation ; 
or, we may say, the centre of rotation is at infinity. 

Next, considering any continuous motion of a plane figure in 
its own plant', let us fix our attention on two consecutive positions. 
The figure may be brought from the first of these to the second by 
a rotation about the proper centre. The limiting position of this 
point, when the two positions are taken infinitely close to one 
another, is ea'led the ‘ instantaneous centre.’ 

If P, P' be consecutive positions of arn the same point of the 
figure, and BO tilt' corresponding angle of rotation, the centre of 
rotation (/) is on the line bisecting PP' at right angles, and the 
angle PIP' is equal to BO. Hence, ultimately, the infinitesimal 
displacement of any point P at a finite distance from I is at right 
angles to IP and equal to IP . BO. 

If we introduce the consideration of time, and denote by B>t the 
interval that elapses between the two positions, the limiting value 
of BO/Bt, viz. dO'dt, is called the angular velocity’ of the figure. 
The velocity of that point of the figure which coincides with the 
instantaneous centre I is zero, that of any other point P is at right 
angles to IP, and equal to IP. dO'dt. 

The fact that in any motion of a plane figure (of invariable 
form) the normals to the paths of the i arums points all pass through 
the instantaneous centre is often useful in geometrical questions. 
If we know the directions of displacement of two points of the 
figure, the instantaneous centre is determined as the intersec- 
tion of the normals at these points to the respective directions. 
We can thence assign the directions, and relative magnitudes, 
of the displacements of all other {joints. 

Again, considering any line (straight or curved) in the moving 
figure, it is evident that the point or {joints of ultimate intersection 
of this line with a consecutive position are the feet of the normals 
drawn to it from the instantaneous centre. For any other point 
of the line is moving in a direction making a finite angle w ith it. 

Ex. 1. The extremities of a straight line AB of constant length 
describe two straight lines OX, OY at right angles to one another. 

It is known that any point P of the line describes an ellipse whose 
principal axes arc along OX, OY. The above theorem now gives us 
a construction for the normal to this ellipse at P ; viz. if we draw 
Af, III perpendicular to OX, OY, respectively, I is the instantaneous 
centre, and //’the required normal. See Fig. 123. 
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Ex. 2. In the preceding Example, the point of ultimate inter- 
section of the moving line AB with a consecutive position is at the 



Fig. 123. Fig. 121. 

foot Z (Fig. 124) of the perpendicular from the instantaneous centre 
I. Now if 

AB-h, _ OAB -<j>, 
the coordinates of Z are given by 

jr - BZ cos 4> - BI cos 2 tf>- k cos J 
y - AZnin <f> - A 1 sin 4 <f> -k sin 3 <f>, I 
and the envelope of AB is therefore the ustroid 

x i + yl ~k’ (2) 

Cf. Art. 124, Ex. 4. 



Fig. 125. 


X 
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Ex. 3. An arm OQ revolves about one extremity 0 with angular 
velocity <a ; a bar is hinged to it at Q and is constrained to pass always 
through a fixed point C ; it is required to find the velocity of this bar 



in the direction of its length. (The arrangement is that of the crank 
and piston rod of a steam-engine with oscillating cylinder, the point 
C being on the pivot-line of the cylinder.) 

The instantaneous centre is at the intersection of OQ produced with 
the perpendicular to the piston rod at C. Hence, if OS be the per 
pendicular from 0 on CQ , produced if necessary, the velocity of the 
point of the rod which coincides with C is 

v.OQx^-v.OQ*™ u '- ox - (S) 

146. Application to Rolling Curves. 

Suppose that we have two plane figures, each of invariable 
form, and that a curve fixed in one rolls, without sliding, on a curve 
fixed in the other. Any point of either figure will then describe 
a curve relatively to the other: a curve so described is called a 
' roulette.’ 

The eases where the rolling curves are circles have been con- 
sidered in Arts. 122 — 1 24. 

The general theory of roulettes is of some importance in Geo- 
metry and in Kinematics, owing to the fact that any continuous 
motion whatever of a figure in its own plane may be regarded as 
consisting in the rolling of a certain curve fixed relatively to the 
figure on a certain curve fixed in the plane. See Art. 149. 

When one plane curve rolls upon another, which is regarded as 
fixed, the instantaneous centre is at the point of contact. 
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We will suppose, in the figure, that it is 
which is fixed. Let A be the point of contact, 
and let equal infinitely small arcs A P, AP' 

(= 8s, say) be measui od off along the t wo curves. 
Let the normals at P and P' meet the common 
normal at A in the points 0 and O'. Then 
ultimately we have 

OA = R, O'A = A", 

where R, R' are the radii of curvature of the 
two curves at A. After an infinitely small 
displacement, P'O' will come into the same 
straight line with UP, the two curves being 
then in contact at P. Hence the angle (80) 
through which the rolling curve will turn, 
being equal to the acute angle between OP 
and P'O'. is equal to the sum of the angles at 
0 and O', so that 

& (u 
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the lower curve 
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ultimately. Again, the chords AP, AP' are 
ultimately equal, and they include an infinitely small angle at A. 
Hence the distance PP ' is ultimately of the second order in 8s. It 
follows that when 8s is indefinitely diminished the limiting position 
of the centre of rotation (I) coincides with A, for if it were at a 
finite distance from this point, the displacement of P\ being equal 
to IP ' . 80, by Art 145, woidd be of the first order in 8s. 

It follows that when a curve rolls upon a fixed curve, the* normals 
to the paths of all points connected with the moving curve pass 
through the point of contact. We have already had instances of 
this result in the cycloidal and trochoidu! curves discussed in 
Arts. 1 22, 1 23. Again if a straight 
line roll on a curve, it is normal 
to the path traced out by any of 
its points (Art. 144). 

Further, if we consider any 
line (straight or curved) which is 
carried with the rolling curve, the 
points of ultimate intersection 
of the carried curve with its con- 
secutive position are the feet of 
the normals drawn to it from the 
point of contact. And the 
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velope of the earned line is the locus of these feet. 
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Ex. 1. If a circle roll on a fixed straight line, any diameter 
envelopes a cycloid. 

Let C be the centre of the rolling circle, I the point of contact, IZ the 
perpendicular on the diameter BQ. .Since Z is on the circle whose 
diameter is £77, it is easily seen that if this circle lx* supposed to roll always 
with twice the angular velocity of the large circle, it will always have 
the same point of contact with the fixed line, ami the point Z will 
move as if it were carried by the small circle. Its locus is therefore a 
cycloid. 

Ex. 2. Similarly if a circle ( A ) roll on a fixed circle (E), the envelope 
of any diameter of A is an epi- or hypo-cycloid which would l>e generated 
by the rolling of a circle of half t he size of A on the circumference of B. 

147. Curvature of a Point-Roulette. 

To investigate the eurwittue <>f the path of any point P fixed 
relatively to the rolling curve, let 1 he the point of contact, and 
let 1' be a consecutive point of contact, 7" the corresponding 
position of P. Since the displacement <>i the point of the rolling 
curve which comes to 7' is of tin second order of small quantities, 
the angle through which the figure lias turned is 

M-tPI’P’, (1) 

ultimately. Let the normals to the path of P. viz. PI and P'l', be 
products! to meet in If 8\fr be the inclination of these normals, 
we have 

= ^ /<?/' = (-> 

VI 

p 


/ 



Fig. 129. 
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if <f> be the angle which IP makes with the normal at I. Also, 
from the figure 

Byjr = ^ PI'P' — Z I PI' 

8s cos <f> 

PI 


= 80 


--G 


1 cos d> 

+ Ji'~ PT 


)■ 


•(3) 


by Art. 14(5 (1\ if B and R' be the radii of curvature of the fixed 
and rolling curves. Equating (2) and (3), we find 


cos 


*{c. 


INI 1 
Cl + IPj ~ It + It ' ' 


•(4) 


This gives the limiting position of C, i.e. the centre of curvature of 
the path of P. The radius of curvature (p) is then found from 

p = CP=CI+IP (5) 

The result contained in (4) and (5) may be put in a simple 
geometrical form as follows. On the normal 
at I mark off a length IH such that 

1 («) 


1 _ 1 

IH ~ R + It' ’ 


1 1_ 
Cl + IP : 


•( 7 ) 



and describe a circle on IH as diameter. 

Let IP meet this circle in Q. We have 
then 

TQ = IH cos <j>~{.R + H'} R0C 
and the relation (4) takes the form 

1 

iQ "• 

This shews that if P coincide with Q, Cl is infinite : i.e. any point 
of the moving figure which lies on the circle just defined is at a 
point of inflexion of its path. For this reason, the circle in question 
is called the ‘ circle of inflexions.’ 

From (7) and (5) we find 

rr _IP.IQ _II» , a , 

The latter result shews that p changes sign with QP ; that is, the 
paths of the various points of the moving figure are concave or 
convex to 7, according to the side of the circle of inflexions on which 
they lie. In the standard case represented in the figures, the paths 
are concave or convex according as P is outside or inside the circle. 
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An example is furnished by the trochoidal curves figured on 
p. 296. The circle of inflexions has in this case half the size of the 
rolling circle. 

We have taken a.s our standard case that in which the two 
curves are convex to one another, as in Figs. 127, 129. Any other 
case nmy be included by gh mg proper signs to R and R'. 

The preceding theory has an application to the problem of ‘rocking 
stones’ in Statics. When one rough body rests on another, with a 
single point of contact, its centre of gravity must be vertically above 
this point. And for stability of equilibrium it is necessary that the path 
of the centre of gravity, in any possible rolling displacement, should be 
concave upwards. 


Ex. 1. In the cycloid, if « be the radius of the generating circle, 
we hav c 



H=-jo, JP n, IP 2ircos<f> 

0» 

Substituting in 

(4), wc find 



Cl 2« cos <f> IP, . ... 

• (10) 

and therefore 

p UP. 

ni) 

Ex. 2. In the epicycloid (Art. 128) we have 



It ", /."-A, IP 'lb cos 

. (12) 

whence 

- af ‘ . n n> 

Cl cos <f> „ • 77'. 

« r 26 a + 26 

. . . .(13) 


2 (a + 6) 

P .. -IP 

d -t In 

(U) 


We note that if 6 a, we have p x ; cf. Art. 1'24, K\. 2. 

148. Curvature of a Line-Roulette. 

The curvature of a line-roulette, 
i.e. of the envelope of a straight line 
carried by the rolling curve, can be 
found still more simply. The perpen- 
diculars IZ I’Z' let fall on two con- 
secutive positions of the line, from the 
corresponding positions (in space) of the 
instantaneous centre, are normals to the 
envelope, and the angle which they make 
with one another at their intersection 
( C ) is equal to the angle of rotation 80. 

Hence if <f> be the angle which IZ makes 
with the normal to the rolling curve at 
/, and II' = 8s, we have ultimately 

8s cos <f> = Cl .80 (1 ) 



Fig. 131. 
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Hence, substituting the value of 86 from Art. 146 (1), wo have 

COS <f> 1 1 , 9 , 

67 “ It + R' K ) 

The radius of curvature of the envelope is then given by 

p = 01 + 1% (3) 

If, along the normal to the rolling curve at 7, but in tin' direction 
opposite to that chosen in the preceding Art., we measure off a 
length IK such that 

1 1 1 

IK ~ It + It' (4) 


and describe a circle on this line as diameter, it appears from (2) 
that C lies on this circle; in other words, the locus of the centres 
of curvature of all liue-roulettes, in any given position of the rolling 
curve, is a circle. Also, when the carried hue pusses through K, 
Z coincides with 0, and V is a ‘ stationary point ’ (Art. 133) on the 
envelope. The aforesaid circle is therefore called the ‘ circle of 
cusps.’ 

Ex. 1. Regarding a cycloid as the envelope of the diameter of a 
circle which rolls on a fixed straight line (Art. 14(5, K\. 1), we infer that 
the radius of curvature is double the normal. 


Ex. '1. If an epicycloid lie generated as the envelope of the diameter 
of a circle rolling on a fixed circle, then, to conform with the notation 
of Art. 123, we must write R - <t, It' 2 b, and therefore, from (2), 


'lab a 

6/ - ... cos<£- 

m 26 it i : 


•lb 


. !E. 


in agreement with Art. 147, Ex. 2. 


149. Continuous Motion of a Figure in its own Plane. 

Consider any continuous series of positions of a plane figure 
moveable in its own plane. The instantaneous centre will have a 
certain locus in space, and also a certain locus in the figure. The 
curves so defined an* called ‘ centrodes the former is distinguished 
as the ‘ space-eentrode,’ and the. latter as the 1 body-eentrode.’ The 
theorem referred to in Art. 146 is that the given motion of the 
figure can be represented as due to the rolling of the body-controde, 
without slipping, on the space-eentrode. 

Considering any given position of the figure, let J be the 
instantaneous centre, and let /', J' be adjacent corresponding 

S )ints on the body-controde and space-centrode, respectively. Let 
1 be the angle through which the body turns as the instantaneous 
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centre is transferred from I to J' . We have then, ultimately, by 
Art. 145, 

and rJ' = U'.B0. 

The angle I'U' therefore ultimately vanishes. The tangent lines 
to the two loci at / therefore coincide, and corresponding elementary 
arcs of the two curves are in a ratio of equality. 

Ex. A straight line Alt of constant length moves with its exti emities 
on two fixed straight lines OX, OY 

7 



1 is. 132. 

The instantaneous centre / is at thu intersection of perpendiculars 
to OX, 0 Y at the points A, It respeetiv oly. The points A, B lie on the 
circle described on 01 as diametei : and since in this circle the chord 
AB, of given length, subtends a constant angle AO It at the circumference, 
the diameter is determinate, lienee* the space locus of I is a circle with 
centre 0. Again, since t he angle .1 / It is constant, the locus of I i elativ e 
to All is a circle whose diameter is equal to the constant value of 01. 
Hence the motion is equivalent to the rolling of a circle on the inside 
of a fixed circle of twice its size. This knul of motion has been con- 
sidered in Art. 1 24, Ex. 2, and it has been shewn that any point P fixed 
relatively to ,1 />' w ill descrila* an ellipse, which in certain cases, viz. w hen 
P is on the circumference of the rolling circle, degenerates into a straight 
line. 

160. Double Generation of Epicyclics as Roulettes. 

As a further example we return to the mechanical method of 
compounding uniform circular motions, by means of a jointed 
parallelogram OQPQ' , referred to m Art. 125. 

We will suppose for definiteuess that the angular velocities n, 
it, of the bars OQ, 0Q\ have the same sign. 

The instantaneous centre (I) of the bar QP will be a point in 
QO such that 

n.Ql = n.0Q. (1) 
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For the velocity of any point rigidly attached to QP will be made 
up of a translation n . OQ at right angles to OQ, and a rotation with 
angular velocity n' relatively to Q. Hence under the above con- 
dition the velocity of the point attached to QP which at the instant 
under consideration is at I will be zero. The two cpntrodes for the 
motion of the bar QP arc therefore the circles described, with 0 
and Q as centres, to pass through /. 



For a similar reason, the instantaneous centre (/') of the bar 
Q'P will be a point in Q'O, such that 

n.QT = n'.OQ' (2)* 

Hence, for the motion of the bar Q'P, the two ceutrodes are the 
circles described, with 0 and Q' as centres, to pass through I'. 

Since P is a point on each of the bars QP, Q'P, we see that any 
direct epicyclic can be described in two ways as an epi trochoid. 

In the particular case where QP = QI, it follows from (1 ) and 
(2) that 

QP : OQ = QI : OQ = n : a' = OQ' : Q '] ' = QP :Q’l', 
whence Q'P = OQ = Q'l'. 

The path of P is in this case an epicycloid, and we learn that any 
epicycloid can be generated in two ways, viz. by the rolling of 
either of two determinate circles on the outside of the same fixed 
circle f. See Fig. 134. 

■* The figure corresponds to the case of n' > n. If «' -~n, l will lie in QO prodaoed, 
and I' between Q' and 0. 

t This proposition is due to Euler (1781). 



iso] CURVATURE 367 

As an instance, we have the double generation of the cardioid 
explained in Art. 124, Exs. 1, 3. 



Fit-. 131. 


The case where the angular velocities /i , ?/' have opposite signs 
may be left to the reader to examine. It will appear that any 
retrograde epicyclic can lx- generated in two distinct ways as a 
hypotrochoid. And, in particular, any hypocycloid can be generated 
in two ways by the rolling of either of two determinate circles on 
the inside of the same fixed circle. 


EXAMPLES. XL VI. 


(Curvature.) 

1. Fro\e that the circle is the only curve whose curvature is 
constant. 


2. Prove that the coordinates of the centre of curvature at any 
point (x, y) of a curve can be evpressed in the forms 


Jy 


y+ 


dx 
ihf / ' 


3. Prove that the intrinsic equation of an equiangular spiral is of 
the form 


x - ae* D0 1 «. 


4. Prove that the intrinsic equation of the tractrix may be written 
s = a log cosec 

Prove that the curvature varies as the normal. 
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5. By differentiation of the formula; 

dx dv 

ds = COS x\f, J- — sin if/, 


prove that 


1 _ (Px jdy <Py W.r 
p (hr / ds </«-/ 1 hs ' 

MS'*©' 


6. If a curve be defined by the equations 

.r=>(o, y-n o. 

prove that ^ 

P (x’ 2 + ir)3 

where the accents denote differentiations with respect to t. 


7. Apply the preceding formula to the cases of the ellipse 

.»• — a cos ^>, y — b sin <f>, 

and the hyperbola 

x a cosh ii, y -. 6 silih «. 

8. Shew how to express the coordinates r, y of a point on a curve, 
whose Cartesian equation is given, in terms ot the inclination (if/) of 
the tangent, and prove that 

'■VlCHt)}- 

9. Prove that the curve whose intrinsic equation is 

s - k sin i (r 

is a cycloid. (Use the method of Art. 120 (3).) 

10. Given that in the ‘ catenary of equal strength ‘ 

p - k sec if/, 

where <fr is the inclination to the horizontal, prove that if the origin be- 
at the lowest point 

x — Inf/, y-h log sec if/, 

the axes of x and y being horizontal and vertical. 

11. Given that the intrinsic equation of a curve is 

s - k sin 2 if/, 

deduce the Cartesian equation 

as 2 + y l - (|A) 8 . 

12. If p = arjy, prove that 

y 3 - C — 2a 2 cos if/. 
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13. Find the curve whose intrinsic equation is 

* - a hoc* ip. [ay- -- Jar'.] 

14. If the coordinates r, y of a point on a curve he given functions 
of l, prove that 

iPx drs 1 (th . 

dP dP Y ,, \dt J r 


rpil (Pit . , 1 /d*\- 

+ 008 * 


and give the kineinatical interpretation of these results. 
Hence shew that 

s-CMUZf-Ql-O'- 

15. Prove that, ill tin* astroid 

,r - « cos '6, y a sin • t), 
lP-T- 0 , 


and thence shew that 


- ."{« sin (j cos 6. 


16. Tf .c aP, y -at, 

the coordinates of the centre of curvatuie are 

a (2 + HP), — 2nP. 

17. Prove from the Cartesian formula of Art. 135 (2) that in the 
rectangular hyperbola ,ry = k- 

(.H , y'-)- 
p 2k"- ~ ' 

18. Also that, in the ellipse 

a- tr *’ 

(it- - eV)’ 

«/, • 

19. Also that, in the hyperbola 

ar >f _ . 
a*' IP ~ ’ 

(i'V a -)' 1 


20. Also that, in the parabola if ■- iax, 

2 (a + x) s 


I.. I. c. 


24 
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21. Also that, in the semi -cubical parabola ay* =9?, 

(4a + z^ 

^ 6a 

22. Also that, in the cubical parabola ary = z\ 



23. Also that, in the astrohl 

j - 1 + y' - «“, 

p = - 3 (axy)' 1 . 

24. Shew by differentiating the expression 

(■r-iY + i!/ - lY 

for the square of the distance of a \ .-triable point (.r, y) of a curve 
from a fixed point (£, 17 ) that when this distance 1 is stationary the point 
(*, y) must 1 m- at the foot of a normal from ($, i/) to the cur\e. 

Also that the distance is then u minimum or maximum according 
as the point (£, rj) is nearer to or further from the curve than the 
centre of curvature. 

25. If a curve Ik- transformed by the substitution 

y ax, y - fiy, 

the curvature at any j>oint is altered in the ratio 

ap 

I > 

(a' cos" if/ + p- sin- if/)-' 

where if/ is the inclination of the original curte to the axis of .r. 

26. Prove that 

flf, V/--(l +P") r 
dx~ ~ ' (f 

where y—dyfdr, q cPy/dx", r d‘y i dc\ 

27. The curvature at any point of an ellipse is 

a cos $tf> 
rr ’ 

where r, r are the focal distances, and <f> is the angle between them. 

28. In the rectangular hyperbola r* cos 2 6 - a 3 , 

p = y/a?. 

28. In the lemniscate r 2 - a" cos 26, 

ft = a s j 3r. 
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30. Tn the curve r m — a ,u cos m$, 

r 1 a m 

( 111 + 1 ) j> (m + 1 ) r"’- 1 ‘ 

31 Apply the formula p - rdr dp to find the radius of curvature 
at any point of an epicycloid. (See Ex. 26, p. 330.) 

Examine the case of the involute of a circle. 

32. If the equation of a curve he given in the form r f(p), the 
chord of curvature through the pole is 


Prove that the chord of curvature through the pole of a cardioid is 
1 times the radius vector. 

33. Prove that the chord of curvature, through the pole, at any 
point of the curve r'“ =- n"‘ cos mB is 2r (/« + 1 ). 

34. Prove that the curvature of the pedal of a cui \ e r /()>) with 
ivspect to the origin is 

2 p 
;■ - r 

where r, p, p refer to the original curve. 

35. Prove that the curvature at any jHiint of the pedal of an 
♦■llip.se of semi-axes o, b with respect to the centre is equal to 

3 n ! + lr 


where r is the radius vector of the corresponding point of the ellipse. 


36. Prove the formula 


1 _ n _ 1 f Jr \\ tpr i _/ 1 _ 

p \r r \<l»J </» 2 1 i \d*J I 

and apply it to deduce the conclusions of Ex. 24. 

37. Prove that in polar coordinates the condition for a stationary 
tangent is 

(Pu 

where « 1 jr, 

38. From the formula 

</' = * + <M0+cot- 1 * J 


24—2 



372 INFINITESIMAL CALCULUS [CH. X 

deduce the formula for curvature in polar coordinates : 

cs-w-cay- 

where n - 1 r. 

39. With the same notation, prove that the chord of curvature 
through the origin is 

-£♦*)• 

EXAMPLES. XL VII. 

(Newton’s Method. ) 

1. The radius of curvature of the curve 

fry- (.<; — a) (.r - fiY 
at the point (a, 0) is (a- /3)" 2ff. 

2. Prove by Newton’s method that the radius of curvature at 
the vertex of the catenary 

// - a cosh 3-,'rt 

is equal to a. 

3. The radius of curvature of the curve 

!/- - rt J (/* • x), x 

at the point ( rr, 0) is \<i. 

4k. The radius of curvature of the * witch ’ 

if «“(« — x) IX 

at its vertex is la. 

5. Find the radius of curvature of the curve 

rt'-y ---x? (a-x) 

at the point (a, 0). 

6. Find the radius of curvature of the parabolu 

(r - y)- - ia (.<: + y) -r or 0 
at the points where it touches the coordinate axes. 

7. Find the radius of curvature of the curve 

y 4 sin x — sin 2a; 

at the point x = l 7r. 


[ 2 - 795 .. .] 
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8. The length of the chord of curvature, parallel to the axis of y, 
at the origin, in the paralrola 

.I s 

il nu- + 

a 

in (1 + w**)rt, and the equation of the circle of curvature is 
3? 4 y ( I + nr) n (// - /»./•). 


9. Find the curvature of the curve 

y iiw i a ( k — ay ( r — by 


at the points («, 0), (//, 0). 


rd ■*- i 
Li« (« - f>) 2 J 

10. Find the equation of the circle of curvature, at the origin, of 
the conic 

y Aur + -II ■ry + Ily- . 

and prove that it meets the curve again on the line 

(A-li)y^'lH,. 


11. If the polar equation of a curve he r <f> (0), where <f>(8) is an 

even function of 8, the curvature at the point 6 0 is 

<M0) -<*>■’ (l>, 

!<Wr ' 

12. Prove that in the meridian-curve (/•-’ = <r cos 6) of the ‘solid of 
greatest attraction’ (see Kx. It), p. 321) ) tlie radii of curv ature at the 
extremities of the axis are ac and j{«. respectively. 

13. Prove that the radius of curvature at either vertex of the 
lemniscate r 2 a' 1 cos '18 is hr. 


14. The radii of curvature of the trochoid 

.r ltd -t A sin 6, y - a k cos 8 

at the points where it is nearest to and furthest from the base art* 

(« + ky k. 

15. Apply Newton’s method to shew that the radii of curvature 
of the epicyclic 

j' - a, cos n,l 4 a, cos »./, y a, sin u/ - u, sin uJ, 
at the points nearest to and furthest from the centre, are 

t»r,u, + n t a.,)" 
n + »r„ s rr„ 

Infer the rendition that an epicyclic, at the points of nearest 
approach to the centre, should be concave to the centre (as in the case 
of the orbit of the Moon relative to the Sun). 
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18. Find the radius of curvature at the point t - 0 on the Lissajoua 
curve 

x~-a cos nt, y = b sin 2vt. 

Sketch the curve. [46*/®-] 

17. Tf a curve l>e referred to polar coordinates r, 6, and if the 
pole be on the curve, and the initial line be the tangent at the pole, 
prove that the diameter of curvature at the pole — liin r, 0. 

Find the radius of curvature at the pole of the curve 
r a cos mO. 

18. If P be a point of a curve where the curvature, but not the 
direction of the tangent, is discontinuous, and if Q, R be neighbouring 
points on opposite sides of P, prove that the curvature of the circle 
PQR is ultimately equal to 

in, in., 

+ ", 

Pi Pi 

where p u p 2 are the radii of curvature of the given curve on the two 
sides of P, and in,, in., are the limiting values of the ratios PQ'QR 
and PRjQR, respectively. 

19. The acute angle which a chord PQ of a curve makes with the 
tangent at P, when Q is taken infinitely close to P, is ultimately equal 
to 1 8* ,'p, where Si is the arc PQ and p is the radius of curvature at P. 

20. Prove that if the tangents at the extremities of an infinitely 
small arc PQ meet in 7', then TP and TQ are ultimately in a ratio of 
equality. 

Why does it not follow that the line joining T to the middle point 
of PQ will lie ultimately perpendicular to PQ 1 

21. Assuming that the radius of the ciroumcircle of a triangle 
ABC is equal to 'a/sin A, shew that it follows from Ex. 19 that the 
osculating circle coincides with the circle of curvuturc. 

22. Prove that when the icsultant force on a particle is in the 
direction of motion the tangent to the path is ‘stationary.’ 

EXAMPLES. XL VIII. 

(Envelopes. E volutes.) 

1. The cm elope of the parabolas 

y 1 = 4a (js - a), 

where a is the parameter, is a pair of straight lines. 

2. From any point P on the parabola y 1 - 4a.r perpendiculars 

PM, PN are drawn to the coordinate axes. Find the envelope of the 
liue M N . := — 16a*.] 
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3. Find the envelope of the line 

x cos a -t y sin a - a sec a ; 

and give the geometrical interpretation of the result. 

4. The envelope of the parabolas 

ay- -- “), 

where a is the parameter, is the curve 

<i i f - j 

5. Circles are described on the radii veetores of a curve as 
diameters ; prove geometrically that their envelope is the pedal of the 
given cur\e with respect to the origin. 

6. Find the envelope of the circles described on tho focal radii of 
a conic ns diameters. 

7. Chords of a <ir< le are drawn through a fixed jioint on the 
circumference ; prove that the cm elope of the circles described on 
these chords as diameters is a eardioid. 

8. The envelope of the circles described on the central radii of a 
rectangular hyperbola as diameters is a leumiscate of Bernoulli. 

9. Prove that the envelope of the curves 

]* cos a -t- Q sin a R , 

where l\ <}, R ait 1 given functions of .»•, y, and u is a variable para- 
meter, is 

F ! - Q" R-. 

10. Find the envelope of the circles 

.t 3 e </• — 2a r cos a — 2ny sin a 
and interpret the result. 

11. Find the i elation between p and a in order that the straight 

line 

.<■ cos a -i y sin a p 

may cut the circles 

(•<• ~ "Y ■ >r !>'• (* + u) 3 + r = c* 

in chords of equal length. Prove that the envelope of the line, under 
this condition, is a parabola 

12. A system of ellipses of constant area have the same centre 
and their axes coincident in direction ; prove that the envelope consists 
of two conjugate rectangular hyperbolas. 

13. A straight line moves so that the product of the peipen- 
diculars on it front the fixed points (+r, 0) is constant (= b ~) ; prove 
that the envelope is the ellipse 

y* 

6= + c s b* ’ 
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3tr , 

- lr U- ~ ’ 

according as the two perpendiculars arc on the same or on opposite 
sides of the variable line. 

14. Circles are described on the double ordinates of the parabola 
i/- - laa; as diameters ; prove that the envelope is the parabola 

j / 2 — in (x + a). 

15. Circles are described on the double ordinates of the ellipse 

x \ i 
« 2 lr 

as diameters : prove that the envelope is the ellipse 

1. 


ar y 
<>- + b 1+ Ir 


16. A straight line moves so that the sum of the squares of the 
peqjendiculars on it from the fixed points (+ <•, 01 is constant (- ’Ik*) ; 
prove that the envelope is the conic 

+ .r , 

k‘ -c‘ k- ’ 

and examine the various cases. 

17. A straight line moves so that the difference of the squares of 
the perpendiculars on it from two fixed points is constant ; pri»e that 
the envelope is a parabola. 

18. Find the envelope of the ellipses 

x - a sin (ft a), y ■■ h c< >s ft, 
where « is the parameter. 

19. The envelope of the catenaries 

y — e cosh (xjc), 

where c is the variable parameter, consists of two straight lines. 

20. The envelope rtf the ellipses 

a? + y 1 .i 

a 1 !? ' 

a + /} ~ k, 

J‘ + y* - k“ . 


where 

is the ‘astroid ’ 


21. The envelope of the straight line which makes on the coordinate 
axes intercepts whose sum is k is the parabola 

Jx + Jy = Jk. 
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22. Two points move along the coordinate axes with different 
constant velocities; pro\e that the line joining them envelopes a 
parabola. 

23. From any point on the ellipse 


.IT 

d- 



1 


perpendiculars are drawn to the coordinate axes : prove that the 
envelope of the straight line joining the feet, of these perpendiculars is 
the curve 



24. Find the locus of ultimate intersections of the dims 

air = .c (.r + a)-, 

where a is the parametei ; and examine the result. 

25. If a circle of constant radius has its centre on a given curve, 
the envelope of the circle consists of two parallel curves. 

26. If a circle of given radius touch a given curve, its envelope 
consists of two parallel curves. 


27. If the equation of a curve lx* given in the form 

=/(/>)■ 

that of any parallel curve is of the form 

I- -/(]>— r) -r 2cp I". 

28. Prove that the problem of negative pedals (Art. 131) is 
equivalent to tinding the envelope of the straight line 

jc cos M y sin </- //, 

where p is a given function of the parameter if/. 

Verify that this leads to the formula- (1) of Art. 131 

29. Shew that the negative pedal of the parabola 

>r 1 ax 

with respect to the vertex is the curve 

"’f -- -A (■>' - 4«)'. 

30. Prove by the method of envelopes that the negative pedal of 
a circle is an ellipse or hyperbola according as the pole is inside or 
outside the circle. 


31. Prove geometrically that the radius of curvature at any point 
of an equiangular spiral sub'.ends a right angle at the pole. 
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92. The evolute of an equiangular spiral is an equiangular spiral 
of the same angle 

33. The area enclosed by the evolute of the ellipse 

a? f , 
a* b* 


is 


3tt (a 5 - 6 s ) fink 


34. The coordinates of the centre of curvature at any point of the 
curve 

af =o? 


are 


$ = V = *!/+\ a}/ 


a x 

Shew that near the origin the evolute has the form of the parabola 

if -V'fw. 

35. Shew that if a curve has a point of inflexion the evolute has 
an asymptote. 

Shew that the part of the evolute of the curve 

d L y — ar' 

which corresponds to the part of the curve near the origin may he 
represented approximately by the hyperbola 

x,y = ,’5 a-. 

36. The evolute of the liyperlwla 

x - a cosh «, y-b sinh u 
is ( fte )’ _ (by)* ~(<i J + &) '. 


37. If rays emanating from a point 0 be reflected at any given 
curve, the reflected rays are all normal to a curve which is similar 
to the pedal of the given curve with respect to 0, but of double the 
dimensions. 


38. Hence shew that the caustic by reflection at a circle will be 
the evolute of a liiua^on ; and that in the particular case where the 
luminous point is on the circumference of the given circle the causti 
is a cardioid. 


39. Prove that the caustic by reflection at any curve is the 
evolute of the envelope of a system cf circles descrilted with the various 
points of the curve as centres, and all passing through the luminous 
point. 

What is the corresponding theorem for the case of refraction 1 
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EXAMPLES. XLIX. 

(Roulettes, &c.) 

1. A lamina moves in any manner in its own plane; prove that 
parallel straight lines in the lamina envelope parallel curves. 

2. A straight line* moves so as always to pass through a fixed 
point 0, whilst a point Q on it descries a circle passing through 0. 
Prove that the instantaneous centre is at the other extremity of the 
diameter through Q, and determine the two centrodes. 

Deduce a construction for the normal to a lima^on ; and infer that 
in a cardioid the normals at the extremity of any chord through the 
cusp meet at right angles on the perpendicular to the chord at this 
point. 

3. A plane figure moves so that two straight lines in it touch two 
fixed circles; determine the two centrodes. 

4. If a circle roll on a fixed circle of half the .si/.e, which it 
surrounds, every straight line carried by the rolling circle will envelope 
a circle. 

5. Prove that if a plane figure move so that a straight line in it 
rolls on a fixed circle, the envelope of any other straight line in the 
figure is an imolute of a circle. 

6. The radius of curvature of the enveloj»e of the straight line 

t f3y - 1, 

where a, f3 are given functions of a parameter (, is 

(ap-afiy- ’ 

the accents denoting differentiations with respect to t. 

7. If the curve whose tangential-polar equation is r -./'(/’) ro ^ on 
a fixed straight line, the cur\ature of the path of the pole is 



where r is the radius vector to the point of contact. 

8. Prove that if a parabola roll on a fixed straight line the path 
of the focus is a catenary. 

9. Provo that if u conic roll on a fixed straight line the path of 
cither focus is a curve such that 

1 11 
p + Jt - c ’ 

where p is the radius of curvature, n is the normal, and c is a constant. 
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10. If an equiangular spiral roll on a fixed straight line, the path 
of the pole is a straight line. 

11. If the reciprocal spiral r — njd roll on a straight line, the path 
of the pole is a tractrix. 

12. If any one of the Cotes’ spirals 



rolls on a straight Hue, the pole traces out a curve such that the 
curvature varies as the normal. 

13. A curve rolls on a fixed straight line ; prove that the. arc of 
the roulette traced by any carried point 0 is equal to the corresponding 
arc of the pedal of the given curve with respect to 0. (Steiner.) 

14. A closed oval curve rolls on a fixed straight line ; prove that 
in a complete revolution the area swept over by the variable line 
which joins the point of contact to any internal carried point 0 is 
double the area of the pedal of the given curve with respect to 0. 

(Steiner.) 

15. Prove from the theory of the instantaneous centre that when 
the area enclosed by a plane quadrilateral of jointed rods is stationary 
the. quadrilateral is cyclic. 
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DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


161. Formation of Differential Equations. 

Any relation between an independent variable x, a dependent 
variable y, and one or more of the derived functions 

dy d-y d'y 

dx' da*’ da? ’ 

is called a ‘differential equation*.’ 

The ‘order’ of the equation is fixed by that of the highest 
differential coefficient which occurs in it. Thus a differential 
equation of the ‘ first order’ is a relation between x, y, and dy'dx. 

Before proceeding to methods of solution, it is instructive to 
consider one manner in which differential equations may arise. 

If we are given a relation between the variables x, y, and an 
arbitrary constant V, then by differentiation we obtain an equation 
involving x, y, dyjdx, and C. By elimination of V between this 
and the original equation we obtain a differential equation of the 
first order. 

More generally, given a relation between the variables x, y, and 
n arbitrary constants G\, C*, ... U n , then if we differentiate n times 
in succession with respect to x, we have altogether n + 1 equations 
between which the n arbitrary constants can be eliminated. The 
result is a differential equation of the wth order. 

From this point of view the original equation is called the 
‘ primitive.’ 

Ex. 1. If the primitive be 

y ~ mx + C, (1) 

where C is arbitrary, the differential equation is 


* Uore particularly, it is called an ' ordinary ’ as distinguished from a ‘ partial ’ 
differential equation, i.e. one which involves partial derivatives of a funotion of two 
or more independent variables. * 
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Ex. 2. From the primitive 

p = lax + C 

we deduce ~ 2 a 

ax 

Ex. 3. If the primitive be 

x cos a + y sin a — a 

where a is arbitrary, we deduce 

du . 

cos a + . ana - 0. 
ax 

These give 

( ?/ - x t) &ina= -"- 

whence, squaring and adding, 



Ex. 4. If the primitive be 

y- Ax + 71, 

where both constants A, 71 are to i/e eliminated, we find 

2 =° 


(3) 

■(*) 

(5) 


.( 6 ) 

(7) 

(«) 


Ex. 5. From the primitive 

(a -af+(£-£) s - a’, (9) 

where a, (i are to be eliminated, we obtain 

“•©)’= ( 1 + (I)T <"» 

The details of the work are given in Art. 189. 

The above processes admit of a geometrical interpretation. 
The equations obtained by varying the arbitrary constants in the 

S ' nitive represent a certain system or family of curves ; the 
erential equation (in which these constants do not appear) 
expresses some property common to all these curves. 

Thus in Ex. i, above, the primitive represents a system of equal 
parabolas having their axes coincident with the axis of x, but their 
vertices at different points of it. The differential equation (4) expresses 
a property common to all these curves, viz. that the subnormal has a 
given constant v alue 2a. 
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Again in Ex, 5, if we vary a, /3 in the primitive we get a doubly- 
infinite system of circles of given radius a, having their centres any- 
where in the plane xy. The differential equation expresses that the 
radios of curvature has everywhere the constant value a. See Art. 135. 

Other illustrations may be taken from Dynamics. 


Ex. 6. If, in the primitive 

x ~ fat* + At + B, (11) 

we vary A and B, we get a certain group or class of rectilinear motions. 
The differential equation 


(fix 

df- ~' J 


( 12 ) 


expresses a property common to the group, \iz. that the acceleration 
has the constant value <y. 


Ex. 7. Again, if the primitive lie 

x -A cos nl ■ li sin nt (13) 

we find J (14) 

This asserts that in the whole group of motions represented by the 
primitive the acceleration is towards the origin of x, and varies (in a 
given ratio m' j ) os the distance from this origin. 

The preceding examples will suffice to illustrate the derivation 
of a differential equation from a primitive relation between x and y 
involving one or more arbitrary constants. In practice we are 
more usually confronted with the inverse problem, viz. to ascertain 
the most general form of relation between the variables which 
satisfies a given differential equation. Thus in Geometry, or in 
Dynamics, some general property may be propounded, whose 
expression takes the form of a differential equation, and it is 
required to determine the whole system of curves, or group of 
motions, which possess the property. 

The process of passing from a given differential equation to the 
general relation between the variables which it implies is called 
‘ solving,’ or ‘ integrating ’ the equation ; and the result is called 
the ‘ general solution,’ or the ‘ complete primitive,’ although the 
latter name is hardly appropriate from this point of view. A 
‘ particular solution ’ is any relation between the variables which 
happens to satisfy it. 
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152. Equations of the First Order and First Degree. 

The general type of a differential equation of the first order 
may be written 

*(^• 2 )-°' <*> 

The equation implies that y is to be a differentiable function of x, 
and that dyidx is to be continuous. 

The mode of derivation of a differential equation of the first 
order from a primitive involving an arbitrary constant, explained 
in Art. 151, may suggest that the general solution of (1) will in 
all cases consist of a relation between x and y involving an arbitrary 
constant. With some qualification, duo to the occurrence of 
‘singular’ solutions (Art. ltil), this is in fact the case. The 
rigorous proof, however, is difficult, and may be passed over here 
without inconvenience, since in almost all wises for which practical 
methods of integration have been discovered the process itself con- 
tains the demonstration that the solution is of the kind indicated. 

In such problems as ordinarily arise, either the left-hand side 
of (1) is a rational integral algebraic function of dyjdx, or the 
equation can be transformed so that this shall be the case. The 
‘ degree ’ of the equation is then fixed by that of the highest power 
of dy/dx which occurs in it. 

The general equation of the first degree may be written 

M+N d' = ° < 2 > 


or 


Mdx + Ndy = 0, 


.(3) 


where M, N are given functions of x and y. The form (2) is also 
equivalent to 


dy _ M _ 


dx 


N 


■■ <t> ( x > !/)■ (4) 


If <f> (x, y) be real and single-valued for all values of x and y, 
then corresponding to any point in the plane xy we have a definite 
direction, assigned by the equation (4). If we imagine a point, 
starting from any position in the plane, to move always in the 
direction thus indicated, it will trace out a curve, which constitutes 
a particular solution, or primitive, of the proposed equation. And 
the whole assemblage of such curves will form a singly-infinite 
system, each curve being determined by the point where it crosses 
an arbitrary line. It appears, moreover, that in the present case 
no two curves of the system will intersect. 
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We have thus a sort of intuitive proof that the complete solu- 
tion of (4) will involve a single arbitrary constant*. 

We proceed to give an account of the methods which have been 
devised for the solution of the equation (4) in various cases. 


153. Methods of Solution. One Variable absent. 
1°. The form 


dy _ 


dx 


«/(*) (1) 


where y does not appear explicitly, requires merely an ordinary 
integration. Thus 

y=$f(x)dx + C, (2) 

where C is an arbitrary constant. 

2°. The equation 



in which x does not appear explicitly, may be written 

dy 


.(3) 


f(y)' 


■■ dx, 


whence 

7/w-' +ft 

(4) 

Ex. 

To find the curves whose* subtangent has 

a given constant 

value a. 

We have (Art. GO) 



dy 

y ~dx = a ' 


or 

it 

•£1 

(5) 


y « 

Hence 

log y = ^ + £7, 


or 

y = bd ea , 

W 

where 6, 

= e c , is arbitrary, 



154. Variables Separable. 

A more general form is 

F ’(*) +/(y) ** °» i (1) 

or , F (x) dx + / (y) dy = 0 (2) 


* A rigorous proof of this was given by Cauchy. 

25 


L.1.0. 



386 INFINITESIMAL CALCULUS [CH. XI 

If an equation can be brought to this form the variables are said 
to be ‘ separable.’ The solution obviously is 

f F(x)dx+ff (y) dy = G. (3) 


Ex. 1, To find the curves such that the normals all pass through 
one point. 

If -we adopt rectangular axes through this point as origin, the con- 


dition gives 

dy _jr 

dx y' 

or xdx + ydy = 0, (1) 

■whence or + if = C (5) 


The required curves are therefore circles described with the origin as 
centre. 


Ex. 2. To find a curve such that the tangents drawn to it from 
any point are equal. 

If we take a fixed tangent as initial line, and its point of contact as 
origin, then if the two tangents drawn from any point on the initial 
line be equal, we must have, in the notation of Art. 63, 





and therefore 

r = tan 6. 

dr 

(6) 

Hence 

dr 

- — cot 6 d$, 

r 

(7) 

and 

log r = log sin 6 + C, 


or 

r = a sin 9, 

(8) 


where a is arbitrary. The circle is therefore the only curve possessing 
the stated property. 


Ex. 3. The equation of rectilinear motion of a particle under an 
attractive force varying inversely as the square of the distance from a 
fixed point is 



(9) 


Integrating with respect to x, 



If v vanish for x = go , we have C = 0. In this case the velocity with 
whioh the particle arrives at a distance a from the centre of toroe is 

V( 2 W°), « r ^(2 ga), if p=p,/a*. 
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This gives the velocity with which an unresisted particle, falling 
from rest at a great distance, would reach the Earth, provided « denote 
the Earth’s radius, and g the value of gravity at the surface. 

Ex. 4. In a suspension bridge with uniform horizontal load the 
form of the chain is determined by the condition that any two tangents 
to the curve intersect on the vertical bisecting the chord of contact. 

If the lowest point be taken as origin of rectangular coordinates, 
and the corresponding tangent as axis of x, the subtangent of any other 
point must be equal to one-half the abscissa. Hence 





or 

dy (lx 

> * 

(11) 

the integral of which is 

log y - "2 log x + const., 


or 

y ~ 3*;n, 

(12) 


where a is arbitrary. That is, the curve formed by the chain must be 
a parabola with its axis vertical. 


155. Exact Equations. 

The case of the preceding Art. comes under the head of ‘exact 
equations. 1 An equation 

Mdx + Ndy = 0 (1 ) 

is said to be ‘ exact ’ when M and N are of the forms dujdx and 
3 u/dy respectively. The form 


Bit , , du , 

dr d * + d y d y=Q 


is equivalent to 


du — 0, 


(3) 


and its integral is « = C, (4) 

where C is the arbitrary' constant *. 

It may be shewn that every equation of the type (1) is either 
exact, or can be rendered exact by a suitable ‘ integrating factor.’ 
The number of such factors is unlimited; for if we suppose the 
equation (1) to have been brought to the form (3), it will still be 
exact when multiplied by /' (u), where /(a) may be any function 


of u. The integral of 

f'(u)du = 0 (5) 

« /(«) = <?, (6) 

which is obviously equivalent to (4). 


* The rule for ascertaining whether a proposed equation of the first degree U 
e*aot ie given in Art. 198. 


26—2 



388 


INFINITESIMAL CALCULUS 


[CH. XI 

( 7 ) 


Ex.\. (ax + hy + g)dx + (hx + by +/) dy = 0. 

This is equivalent to 

d (cur? + 2hxy + iy 5 + 2 gx + 2 fy) = 0, 
whence act? + 2 hxy + fcy 3 + 2 gx + 2 fy = 6’. 


■ffie. 2. xdx + ydy = A (xdy - ydx). . 

This may be written 

d(x > + y s ) - 2ka?d .... 

and so becomes exact on division by a? + y\ thus 

- ,, 2 td(#\ 

d (.i? + y) = \xj 

1+ f 

j? 

Hence, integrating, 

log (a? + y 2 ) = 2k tan -1 ^ + V. . 


..( 8 ) 

..( 9 ) 

( 10 ) 

( 11 ) 


( 12 ) 

( 13 ) 


The equation (10) may also be solved as follows. Its form suggests 


the substitutions 

x = r cos 6, y = rsinfl, (14) 

which give xdx + ydy — rdr, xdy — ydx — r^dO (15) 

The equation therefore reduces to 

(16) 

whence logr = A0 + C (17) 

This is obviously equivalent to (13). 


Ex. 3. To find the form of a Bolid of revolution such that the mean 
centre of the volume cut off by any right section shall be at a .distance 
from this section equal to 1/nth of the length of the axis. 

If the axis of a; be that of symmetry, and y be the ordinate of the 
generating curve, we must have, by Art. 116 (11), 





or 


( 18 ) 
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where $ is the abscissa of the bounding section. Hence, if ij denote 
the radius of this section, we find, on differentiating with respect to £ 
according to the rule of Art. 92, 


or 


W ~n n-fo^’ 

&f-(n — 1) f ( if dx 

Jo 


A second differentiation gives 


whence 

Integrating, we find 


^ (£V) - 1)^ 2 , .. 

£,* 


The generating curve must therefore be of the type 


y 2 Ax’ 1 - 2 . 


.(19) 

( 20 ) 

.( 21 ) 


( 22 ) 


Since we have differentiated twice with respect to £, the differential 
equation actually solved is somewhat more general than the original 
problem. In fact the same differential equation would have been 
obtained if, instead of zero, we had had other (and distinct) constants 
as the lower limits of the two definite integrals in (18). It is therefore 
necessary to examine d posteriori whether the solution finally obtained 
satisfies the original equation with the actual lower limits. This is easily 
verified to be the case if n > 2. 

We note that if n - 3, the solid is a paraboloid of revolution, and 
that if n = 4 it is a cone. 


156. Homogeneous Equation. 

Let us suppose that, in the equation 

M + = 0 , 

dx 

M, N are homogeneous functions of x and y, of the same degree. 
In this case the fraction MjN is a function of yjx only, and we 


may write 

dy„,(y\ 

dx J \xJ 

(1> 

If we put y => xv 

* 

this becomes 



x Jx + V= S { - v) - 

(2) 
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The variables x, v are now separable, viz. we have 



*1^ 

1! 

S 1 !- 

li 

...(3) 

whence 

iog * //(.)--. +ft 

....(4) 

After the integration has been effected we must write v = 

ylx. 

Ex. 

0 

....(5) 

Here 

3 y • 

dy _ x 

dx y »' 

a? 

....<«) 

whence 

dv 2v dv v (1 + v 2 ) 

dx 1 •— v 3 dx 1 — ir 


Hence 

dx 1-r 1 /I 2t>\ 

x v (1 + ir 1 ) \v 1+i-v 

(7) 


Integrating, we have 


log x ~ log v - log (1 -r V s ) + const., 
which is equivalent to x ( 1 + v‘) = Cv, 

or x‘ + y t ^=Cy (8) 

In the geometrical interpretation, the general solution of a 
homogeneous differential equation must represent a system of 
similar and similarly situated curves, the origin being a centre of 
similitude. For the equation (1) shews that where the curves 
cross any arbitrary straight line (y/x-m) through the origin, 
dy/dx has the same value for each, that is, the tangents are 
parallel. 

Thus, in the above Ex. the solution represents a system of circles 
touching the axis of x at the origin. 

If in (4) we put C = log c, 

yjx or v is determined as a function of xjc. In other words, the 
primitive is homogeneous in respect to x, y, and c, and is therefore 
of the type 



This is in accordance with the geometrical property above stated, 
since if x, y, and c be altered in any the same ratio, the equation 
(9) is unaltered. In other words, a change in the value of c merely 
alters the scale of the curve. 
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157. Linear Equation of the First Order, with Constant 
Coefficients. 

A ‘linear’ equation is one which involves y and its derivatives 
only in the first degree. Thus the linear equation of the first order 
is of the type 

■<■> 

where P, Q are given functions of x. 

We take first the case where P is a constant, the equation 
being 

%- a 'J = ( Z < 2 > 

as this will be of special use to us later. 

If Q = 0, the solution is 

U = (3) 

by Art. 38. 

It appears that the factor e~ ax renders the left-hand side of 
(2) an exact differential coefficient. This gives the key to the solu- 
tion in the general case where Q + 0. Thus (2) is equivalent to 


J 

dx (er a *y) = Qe~ aI , (4) 

whence e _< “y = / Qe~ ax dx + C, 

or y = e"* f Qe~ ax dx + Ce**. (5) 


In accordance with a general usage (see Art. ltit>), the first term 
on the right-hand of (5) may be called the ‘ particular integral,’ 
and the second the ‘ complementary function.’ 

The following cases are important : 

1*. If Q = He M (6) 

• y 

we have J Qe~ ax dx = H f e {K ~ a,x dx = — e' A-nlT , 

and — e^ + Oe 0 * (7) 

That the first term on the right-hand is a particular integral 
of the prqposed equation is verified at once by inspection. 

2°. The result (7) needs correction when \ = a, or 

Q = fTe“». 


( 8 ) 
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Id this case we have 



/ Qe~ ax dx = H jdx = Hm, 


and 

y-Hxe^ + Ci?*' 

0) 

3°. If 

Q-JEfaV* 

(10) 

we have 

/7 r n+i 

jQe-**dx=Hlx«(Lc= n X +l , 


and 

Hx n+l n 

y — — e 0 * + CeP x 

a n + 1 

(11) 


Ex. 1. If a particle be subject to a resistance varying as the 
velocity, and to some other force which is a given function of the time, 
its equation of motion is of the type 


The integral of this is 

d £ + kv=/(t), 

(12) 

v = 

Ce-* + e~ u dt 

(13) 

For example, if 

s 

ev. 

II 

*5 


a constant, we have 



k 

(14) 


This might have been obtained more simply by writing the differential 
equation in the form 

bK) + *H)- 0 ' < 16 > 


whence v - 1 = Ce~ u (16) 

As t increases, v tends asymptotically to the ‘ terminal ’ value yjk. 

Ex. 2. If an electric current of strength x be flowing in a circuit 
of self-induction L and resistance R, and if A be the extraneous electro- 
motive force in the circuit, we have the equation 

L~ + Rx = E. (17) 

If E be a constant, the solution of this is 

* = £ + Ce~i-‘, (18) 


where C is arbitrary. The current therefore tends to the constant 
value EjR. 

If, for example, we suppose that the circuit is completed at time 
1 = 0, we have to determine C so that x = 0 for t = 0 ; this gives 



E *t 

T 2 • 


( 19 ) 


The second term represents the ‘ extra current at make.’ 
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Again, if E = E 0 cos (pt + «) (20) 

, d . y <. E„ . 

we have ^ (xe L ) = — e L cos (pt + c), 

R t 

whence, integrating, and dividing by e b , we find 
R , E R t r R < 

x = C«~£ + ~ e I * / ei * cos (jttf + t) 

= Ce "** + J p^\ tLS {Ecoa(pi + €) + pLsia(pt + t)\-, (21) 

see Art 80 (14). Hence as t increases, the current settles down into 
the steady oscillation 

x =j { ip E + W) cos( '* +f ~ t ' } ’ (22) 

where t t = tan -1 ^ (23) 

The effect of the self-induction ( L ) is therefore to diminish the ampli- 
tude of the current in the ratio 

RU(fr + p*L% 

and to retard its phase by e,. 


158. General Linear Equation of the Finit Order. 

We return to the general linear equation of the first order, 

<i) 

If Q = 0, we have 

< 2 > 

whence log y + j Pdx = A , 

or yeS pdx = C. (3) 

This shews that e SPdx is an integrating factor of (1), since 

Hence (1) may be written 


±{yeS p **) = (4) 

Integrating, we find 

yeS pd *~SQel pd *dx + C. (5) 


The integrating factor will often suggest itself on inspection 
of the equation, without recourse to the above rule. 
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Ex. 1. 


^ + y cot x - 2 cos x. 


Here P = cot x, jPdx = log sin x, e! pdx = sin x. 

Hence, multiplying by sin x, 

^ (y sin *) = 2 sin x cos a, (7) 

y sin x = sin 3 x + C, 


Ex. 2. 


y = sm x + — — . 

sm ,r 


Dividing by 1 - a?, we have 


dy x 1 

dx \-s~ y 1 — ar 1 ' 


Here P = - 


i Pdx = }. log (1 - or), eii'dj.- _ ^/(l -ar). 


Multiplying (10) by the integrating factor, we get 

J(\ - ar) ^ ^ V = ^ (1 _ ^ • 


Hence, integrating. 


< ^{V(i-* s )y} = V(1 1 _ a , ) . 

V(1 - * 9 ) y = sin -1 * + C, 
sin -1 a; V 


CUB X 


The integrating factor here is obvious. The steps are 


e" ^ = x m+n , 

///>• ^ ' 


^%; + » + i +c « 


n» + n+ 1 


+ CaT* 


(14) 
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159. Orthogonal Trajectories. 

Suppose that we have a singly-infinite family of curves 

4>(x,y,C) = 0, (1) 

where C is a variable parameter, and that it is required to deter- 
mine the curves which cut these everywhere at right angles. 

We first form the differential equation of the family, by differ- 
entiation of (1) with respect to x, and elimination of C. See 
Art. 151. 


If two curves cut at right angles, and if yfr, \fr' be the angles 
which the tangents at the intersection make with the axis of x, we 
have ae ± ^ 7 r, and therefore 

tan \fr => — cot yfr'. 


Hence the differential equation of one family is obtained from 
that of the other by writing 


-1 


/ 


dy 

dx 


for 


dy 

dx' 


Otherwise : if <Lc, dy be the projections of an element of one 
of the curves (1) we have 




( 2 ) 


Hence, if dx, dy be the projections of an element of the orthogonal 
curve through the point (w, y), we have 


dx _ dy 
d<f>jd x S<£/3y ’ 


(3) 


The differential equation of the trajectories is then obtained by 
elimination of C between (1 ) and (3). 

If the equation of the given family of curves be in polar co- 
ordinates, thus 

f(r, 6 , G) = 0, (4) 


and if <f>, <f>’ denote the angles which the tangents to the original 
curve and to the trajectory make with the radius vector, we nave 
in like manner 

tan <f> = — cot tf>’. 


Hence the differential equation of one system is obtained from 
that of the other by writing 


ldr 


rdd 
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Or, differentiating (4), we have * 

l-dr + \%rdS-0, ( 5 ) 

and therefore, for the trajectory, 

% rie -- r % dr ~° (6> 

The elimination of C between (4) and (6) leads to the differential 
equation of the required system. 

Ex 1. To find the orthogonal trajectories of the rectangular 


hyperbolas 

( 7 ) 

Differentiating, we find xdy + ydx = 0, (3) 

and therefore, for the trajectories, 

xdx - ydy= 0 , ( 9 ) 

whence ar - y 2 = C'. (10) 

This represents a system of rectangular hyperbolas whose axes coincide 
in direction with the asymptotes of the former system. 

Ex. 2. To find the curves orthogonal to the circles 

x a +if+2 l i V -k t = 0 ( 11 ) 


where /* is the variable parameter. 

Differentiating, we have 

xdx + (y + ft) dy = 0, 
and therefore, for the trajectory, 

xdy - (y + y.) dx = 0. 

Eliminating p. between this and (11), we find 

z*yj x +{*-y'-V)=o ( 12 ) 


or 




(13) 


This is linear, with y 2 as the independent variable. The integrating 
factor, as found by the rule of Art. 158, or by inspection, is l /a?. Intro- 
ducing this we have 




whenoe 



M 

x-- + 2\, 
x 


or a? + y 2 - 2X# + A* = 0, 

k being arbitrary. 


( 14 ) 
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The original equation represents a system of coaxial circles, cutting 
the axis of as in the points (+ k, 0). The trajectories (14) consist of a 
second system of coaxial circles having these as ‘limiting points’; vis. if 
we put A = ± k we get the point-circles 

(x + !-)*+ y* = 0; (15) 

see Fig. 135. 



Fig. 135. 


Ex. 3. In the circles 

r = ccos0, (16) 

which pass through the origin, and have their centres on the initial 
line, we have 

^ = -tan Odd, (17) 

and therefore, for the trajectory, 

rdO — tan 6<lr, or ^ = cot 6d0 (18) 

Integrating, we find log r = log sin 6 + const., 

or r = e'sind, (1®)' 

which represents another system of circles,* passing through the origin, 
and touching the initial line. 
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160. Equations of Degree higher than the First. 

The general type of an equation of the first order and nth 


degree is 

P n + l\p n ~ l + P a J5 n - a + ... + Pn-iP + P„ - 0 (1 ) 

where p = ^ ( 2 ) 


and P u P-i, .... P n are given functions of x and y. It is usually 
implied that these functions are algebraic, and rational. 

The equation (1), being of the nth degree in p, indicates that n 
branches of the primitive curves go through any assigned point in the 
plane x y. Some of these branches may of course be imaginary, and 
for some ranges of x and y all may be imaginary. There may also be a 
real locus of points at which two of the values of p coincide ; this locus 
is of special importance iu the higher development of the subject. 

For example, in the equation of the second degree, 

pr+Pp + Q^O, (3) 

the values of p will be real and distinct, coincident, or imaginary, ac- 
cording as P 1 || iQ. And the locus of points at which the two values 
of p coincide is the curve l n = 4f«>. 

If the left-hand side of (1), considered as a function of p, can 
be resolved into linear factors, thus 


(P~Pi) (P-P*) ••• {P ~ Pn) ~ 0, (4) 

where p u p 3 , ... p„ are known functions of x and y, the complete 
solution will consist of the aggregate of the solutions of the several 
equations 

dy dy ... 

“*•’ £=P* dx = Pn (6) 


dy 

dx 


Ex. xyj/~(x‘-y 1 )p-xy = 0 (6) 

This is equivalent to 

{xp + y){yp-x) = 0; (7) 

and the solutions of 

xj) + y = 0, yp-x = 0, 

are, respectively, xy = C, a? - = C. '.(8) 


The product of the two values of p given by (6) is — 1. This 
shews A priori that the two branches of the primitive curves which 
pass through any point (x, y) will be at right angles to one another. 
Ci Art. 159, Ex. 1. 
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161. Clairant’s form. 

When the equation (1) of Art. 160 cannot be conveniently 
resolved into its linear factors, we may in certain cases have 
recourse to other methods. These are for the most part of some- 
what limited utility, and are accordingly passed over here; but 
an exception may be made in favour of Clairaut’s form, which is 
very simple in theory, and moreover often presents itself in ques- 
tions where a curve is defined by some property of the tangent. 

If we write p for dyjdx, the form in question is 

y = xp+f(p). (1) 

It was proved in Art. 60 that the intercepts (a, 0) made by 
the tangent to a curve on the axes of x and y are given by 

a = (rp- y)/p, P = y-xj> (2) 

respectively. Hence any equation of the form (1) expresses a 
relation between either intercept and the direction of the tan- 
gent, or (again) between the two intercepts*. Now it is evident 
that this relation is satisfied by any straight line whose intercepts 
have the given relation. Along any such straight line we have 


P~C, (3) 

and we thus get the solution 

y=Cx + f(C) (4) 

involving an arbitrary constant C. 


But the equation will also be satisfied by the curve which has 
the family (4) of straight lines as its tangents ; in other words, by 
the envelope of this family. This envelope is found by expressing 
that (4), considered as an equation in C, has a pair of equal roots, 
i.e. by eliminating C between (4) and 

*+f(C)~ 0; (5) 

see Art. 139. 

The more usual method of deducing the above solutions is to 
differentiate (1) with respect to x ; thus 

whence {x +/ (/>)} & = 0 (6) 

* The equation is equivalent to 

0=/ (-£/«), or <p(a, /S)=0. 
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This requires, either that 


2 -*' 


or that x + /' (p) = 0. 

The former result makes p = 0, and 


( 7 ) 

( 8 ) 


y = Or+/(C) (9) 

The alternative result (8), combined with (1), leads, on elimi- 
nation of p, to a particular relation between x and y. Since the 
result of eliminating p between (1) and (8) must be the same as 
that of eliminating C Detween (4) and (5), we identify this second 
solution with the envelope aforesaid. 

The solution (9), involving an arbitrary constant C, is called 
the ‘complete primitive.’ The second, or envelope-solution, is not 
included in the complete primitive, is. it cannot be derived from 
it by giving a particular value to C. It is therefore called a ' sin- 
gular solution*.’ 


Ex. To find the curve whose pedal with respect to the point (a, 0 ) 
as pole is the straight line x = 0. 

The expression of this property is 

a-pfi, 

where fi is the intercept on the axis of y, whence 


a 

y = xp+- 

This is satisfied by any one of the family of straight lines 


( 10 ) 


y = Cx+^ ( 11 ) 

and also by their envelope y 2 = 4 ax ; (12) 

see Art 140, Ex. 2. 


EXAMPLES. L. 

(Formation of Differential Equations.) 

L If y = Ax? + B, 

prove that x ^ ^ = 0. 

• 

* The general theory of singular eolations of equations of degree higher than 
the first mast be sought for in books specially devoted to the subjeot of Differential 
Equations. It is olosely related to, but not utogether oo-extensive with, the theory 
of envelopes. 
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2. If 

y = Aa? + Bx, 

prove that 

^2/_ 2 'k.-n 

da? x dx a? 

3. If 

y - Ad" + Be-**, 

prove that 


4. If 

y = Ae* x + JJefi*, 

prove that 


5. If 

y = (A + Bx) «**, 

prove that 

' 2- 

6. If 

x - e _ ! w (A cos nt + B sin nt), 

prove that 

^ + k < ^ + {r? + \k‘)x = 0. 

7. If 

V ~ A ; + *. 

prove that 

#V 2 dr 

dr* + r dr ~ 

8. If 

V - A log r+B, 

prove that 

d*V 1 dV 

dr 1 + r dr ~ 

9. If 

Ad r +Be~ kr 

9= r 

prove that 


10. If 

A cos Jer + B sin kr 

9 = » 

prove that 

<Pff> 2 d . 

-rt + - J + = 0. 

dr 3 r dr > 

i 

11. If 

y=z(A + Bx) cos kx+(C + Dx) sin kat, 

prove that 


12. If 

y = A cosh kx + B sinh kx+ C cos kx + D 

prove that 

Z-* 


L.LO. 
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13. If 


. y = cosh 

TS**" h 72) c°8 72 

+ ((J cosh ~^+D sinh sin 

Ax 

3’ 

prove that 

2+^ = °. 


14. If 

1 / = A sin -1 x + B, 


prove that 



15. If 

y - (sin -1 j:)’ + ,4 sin -1 a; + //, 


prove that 

( 1 -x»)g- a r^=2. 


16. If 

y = A cos (log as) + B sin (log x). 


prove that 



17. If y 

.A\x+JW-\)Y+ B {x - J{a* - 1 )}'*, 


prove that 




18. Shew that the primitive 
l 

where m is arbitrary, leads to 


y = mx + - - , 
in 


(dy\ J dy . 


*{£)-* dy 


19. If 2cy + c*=x l , 

where c is arbitrary, prove that 

da; 

20. The differential equation of all parabolas having their axes 
parallel to the axis of y is 

2L The differential equation of all parabolas having their axis nf 
symmetry coincident with the axis of x is 

y *y + (iy Y_o. 

* dz 1 \dx) 
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22. The differential equation of all conics having their principal 
axes coincident with the coordinate axes is 


^ da. ? via:/ ^ dx 


23. Prove that the differential equation of all circles touching 
the axis of x at the origin is 


dy 


2 xy 


dx 3? - f ‘ 

24. Prove that the differential equation of all conics touching the 
axis of y at the origin, and having their centres on the axib of x, is 


. d-y 
r 


(' 2 -')*-' 


25. If 


ar 1 + a 2 

^ ~ar‘ +7*“’ 


prove that *Ut -*)%-** (ffi + Of ~ ■ 

26. Prove that the differential equation of all hyperbolas which 
pass through the origin, and have their asymptotes parallel to the 
coordinate axes, is 

“ X \d.t) "~ V dx ' 

27. Prove that the equation 

2+»V=/W 

ib satisfied by 

y = * sin ut jf'(t) cos nt dt — ^ cos nt j f(t ) siu nt dt, 
and that this is the complete solution. 


EXAMPLES. LI. 
(Equations of the First Order.) 


Integrate 

i. 

h 

[y = <7x.] 

Integrate 

% _ y 

dx ar — 1 ' 

[^•] 

Integrate 

? - cot x cot y. 
dx 

[sin x cos y — (7.] 

Integrate 

8-V 

+ 

<s 

ii 

t— * 

[y = 1 + CV/*.] 



20— 2 



404 


INFINITESIMAL CALCULUS 


[CH. XI 


6. 

Solve 

m(y + b)dx + n(x + a)dy = 

= 0. 





[if 

b + o) m (y + 6)* = C.] 

6. 

Solve 

V 

r-t |r1 

II 

*■3 


r x+c i 
L'-rrcb-J 

7. 

Solve 

(1 + if) das - xy (1 + x 3 ) dy 

= 0. 





[(1 

+ ^>(1 +y*) = C'a s .] 

8. 

Solve 

_ y (ij7 if) 

dx x(l - X s ) ‘ 





[yf 1 

~0^) = Cjf(l-f).] 

9. 

Solve 

i=(*+yy. 


[x + y = tan ( x + a).] 

10. 

Solve 

(x + y)*(®^ + y) = ay( 1 + 

dy\ 

dx) 

• 


11. Find the curves in which the tingle between the tangent and 
the radius is one-half the vectonal angle (8). 

[The cardioids r - a (1 - cos 0).] 

12. Find the curves in which the perpendicular .from the origin 
on the tangent is equal to the abscissa of the point of contact. 

[The circles r - 2o cos 6.) 

13. Find the curves such that the portion of the tangent included 
between the coordinate axes is bisected at the point of contact. 

[The hyperbolas xy ** C ] 

14. Find the curies in which the subtangent varies as the 

abscissa. [y = CV".] 

15. Prove that if the subnormal bears a constant ratio to the 
abscissa the curve is a conic. 

16. Find the cun es in which the perpendicular from the foot of 
the ordinate to the tangent has a constant length a. 

[The catenaries y - a cosh (x — a) la.] 

17. Find the curve in which the polar subtangent is constant 

(-a). [r = a/($ — a).] 

18. Find the curve in which the polar subnormal is constant 

(— ®)- [r = a(d-n)J 

18. Find the curves such that the area included between any two 
ordinates is proportional to the intercepted arc. 

[The catenaries y =* a cosh (x — a )/a ] 

20. Find the curves such that the area included between any 
ordinate, the axis of x, and the curve is 1/nth of the rectanglo 
contained by the ordinate and the corresponding abscissa. 

[y-Caf-q 
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21. Find the form of a solid of revolution in order that the 
volume cut off by any right section may be 1/nth of the product of 
the area of this section into the length of the axis. 

[The equation of the generating curve must be y i = Ax n ~K] 

22. In a suspension-rod of uniform strength the area of the cross- 
section ( S) varies as the total stress across it; prove that if x be 
measured vertically downwards the relation between ft and x must be 
of the form 

S = A - B ^Sdx. 

Hence shew that the form of the rod must l>e that generated by 
the revolution of a curve of the type 

y - bc~*l a 

about the axis of x. 

23. Find the form of a curve, symmetrical with respect to the 

axis of x, such that the mean centre of the area cut off by any double 
ordinate shall be at a distance from this ordinate equal to 1 'nth of the 
length of the axis. [»/ = Cx^' 2 .] 


24. 

Solve 

(x‘ + 3 xy 2 ) rir +■ (y 2 + 3jry) dy - 

0. 

25. 

Solve 





[- 

i/ 1 - 2 a 2 tan -1 ^ + C.J 

26. 

Solve 


[y = x funh # .] 

27. 

Solve 

•/(** + />• 


Give the geometrical interpretations of the 
and of its primitive. 

differential equation 
[x 2 = 2Cy + Cr-.] 

28. 

Solve 

(Lr dy 

.e*- 2 xy ~ if-lxy' 

[xy(x-y) = C.] 

29. 

Solve 

dy 

[xy = Ce*.] 

30. 

Solve 

dy 

[y = Cx<*.-\ 

31. 

Solve 

dy _y{x + y) 
dr x (y - x ) ' 

[jsy = C'e*/*.] 

32. 

Solve 

(a s* - 3/) xdx = (y s - 3**) ydy. 

[(uS + yJt-CiJ-tf). 
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33. Shew that the equation 

dy ax+by + c 
dx dx + b'y + e' 

is rendered homogeneous by the substitutions 

ax + by + c ~ £, dx + b'y + c' - y. 

34. Shew that an equation of the type 

|? =/(«*+%) 

may be solved by the substitution 

ax + by = s. 

35. Shew how to solve any equation of the type 




dy ./ ax + by + c \ 
dx J \dx + b'y + c'J ' 




EXAMPLES. LII. 




(Linear Equation.) 


1. 

Solve 

dy 

+ y tan * = sec x. 

[y ■= sin x + C cos a 1 .] 

2. 

Solve 

( i -* , ) d Z +xy= - ax - 

[y--«+CV(l -x 3 ).) 

3. 

Solve 

dy „ 

x dx + x + y -°' 

[x a + 2 xy - C.] 

4. 

Solve 

d y , y _ i 

dx x 

[x 3 - 2xy-C.} 

5. 

Solve 

2+ 2xy= 1+2* 3 . 

[y — x + Ce - **-] 

6. 

Solve 

dy 1 — X s . 

x -f + - — — y = 1. 
dx 1 + X 3 J 


7. 

Solve 

a + an tan 6 - tan 0. 
dd 

[au = 1 + C cos 6.] 

8. 

Solve 

^ = y tan x — 2 sin x. 

[y = cos x + G sec x.] 

6. 

Solve 


X 1 . 



[y = x+Cx J(l -*“)•] 
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10. Shew that the equation 

s+JVw 

in made linear by the substitution 

= - 

(Bernoulli’s equation.) 

11. Solve x + v = u- Joe , 


11. Solve x ^ + y =. y-)ogx. Q - 1 + log x + Cx. J 

12. Solve cos x ^ — y sin x + y 2 = 0. = sin x + C cos x. J 

13. If the two plates of a condenser of capacity V are connected 
by a wire of resistance R (and zero self-induction), the equation con- 
necting the charge (q) with the electromotive force ( E ) is 

E=R d U !. 

dt V, 

Integrate thij> in the cases E 0, E - const., E-- E i} cos ( pt + i ). 


EXAMPLES. LI11. 

(Orthogonal Trajectories.) 

1. Find the orthogonal trajectories of the straight lines 

y = Cx. [The circles + if - (?.] 

2. Find the orthogonal trajectories of the curves 

a"-' y = x*. [The conics ir + ny 1 - C.] 

3. Find the orthogonal trajectories of the circles 

+ -tf = 'Icy. [The circles ar + y“ — 2 c'a\] 

4. Find the curves for which 

<ly y' + 3 j?y 
dx x 1 + 3.ry“ ’ 
and detennine their orthogonal trajectories. 

[(a: 5 - y-)- - Cry ; x* + 6 *y + y* = C.] 

5. Prove that the differential equation of the confocal parabolas 

y' 2 = 4a (ar + rr), 

is yp 2 +'2xp~y = 0, 

where p = dyjdx. 

Shew that this coincides with the differential equation of the 
orthogonal curves ; and interpret the result. 
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6. Prove that the differential equation of the cdnfocal conics 

a.* + k + b' + k ’ 

is xyp 3 + (a?—}f — n*+ i a )p- asy = 0. 

Shew that this coincides with the differential equation of the 
orthogonal curves, and interpret the result. 

7. A system of rectangular hyperbolas pass through the fixed 
points (+ a, 0) and have the origin as centre ; prove that their ortho- 
gonal trajectories are the Cassini’s ovals 

( ** + y 9 ) J = 2o a (a? — y 2 ) + C. 


8. Prove that the differential equation of the involutes of the 
parabola y* = 4 ax is 


x + y 


dx 


-r a 



9. Prove that the differential equation of the involutes of the 
circle a? + y i = ar is 


10 Find the orthogonal trajectories of the cardioids 
r = a (1 - cos 6). 

[The cardioids r = b (1 + cos 0).] 

11. Prove that the orthogonal trajectories of the curves 

r m _ a m C08 m Q 

are the curves r m = 6"* sin md. 

Interpret the cases of m — 1, — 1, 2, — 2, respectively. 

12. Prove that the orthogonal trajectories of the curves 

r 3 = A cos 6 

are the curves 

r =■ B sin* 6. 


13. If in bipolar coordinates (Art. 132) the equation of a family 
of curves be 

/(r, r) = C, 

the differential equation of the orthogonal trajectories is 

r d £d$ = r' d ldff. 

Hence shew that the orthogonal trajectories of the circles 

rjr' - C, 

e + ff = c. 


are the circles 
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14. Also that the orthogonal trajectories of the Cassini’s ovals 

rr’ -- C, 

are the rectangular hyperbolas 

0-ff = C. 

15. Also that the orthogonal trajectories of the equipotential 
curves 

r r 

are the magnetic curves 

cos 0 + cos O' = C. 


EXAMPLES. UV. 


(Equations of Higher Degree.) 


1. 

Solve 

[y^nx+C', i/ = J8 x + C.] 

2. 

Solve 

( ~ ) - an' ar. 

\dxj 

[y = C±cosx] 

3. 

Solve 

©'«* 

fc, = (/«*»“]. 

4. 

Solve 

»'('£)’ 4 “‘ 

[^*=^±403?.] 

5. 

Solve 

'G) J - 

[y-C±V(«>-] 

0. 

Solve 


[i/ - C + sin -1 ».] 

7. 

Solve 

2 (&* »)■»<■•■ + - v) - 





y = l -x + Ce - *.] 

8. 

Solve 

[ > V = Ce r , 

y = 1 - x + Ce - *.] 

9. 

Solve 


[x 3 = 2Cy + <7*.] 

10. 

Solve 


tr m a\ /V . ■> 


[«/(* +y*)=c±x.] 
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11. Find the curve such that the product of the intercepts made 
by the tangent on the coordinate axes is constant (= A 2 ). 

[The hyperbola 4*y = A*.] 

12. Find the curve such that the jwrpendicular from the origin on 

any tangent is equal to a. [The circle *“ + y 2 =«’.] 


13. Solve y -xp + J(b* + tfp 3 ). 

T -i 

Singular solution : ^ + '~ 7 = 1. 

* 

14. Find the curve such that the product of the perpendiculars 
from the points (+ c, 0) on any tangent is equal to b-. 


[' 


x 1 y 2 

The conics n =■ 1, 
b * -i * c 2 o* 


j? .. _?/ J = i.i 
«-f>* ft* *-J 


15. Find the curve such that the tangent intercepts on the 
perpendiculars to the axis of x at the points (+ a, 0) lengths whose 
product is b 3 . 

[The conics ^±j£=l.] 

18. Solve y - xp + ap ( 1 - p). 

[Singular solution : (as + a)- ~ 4ay.] 
17. Solve (x-a)p>+ (x — y)p~y = 0. 

[Singular solution : (x + y) 2 ■= 4oy.] 


18. Find the curve such that the sum of the intercepts made by 
the tangent on the coordinate axes is equal to a. 

[The parabola (a: - y) 3 - 2a (x + y) + a 3 = 0. ] 


10. Shew that any differential equation of the. type 

represents a system of parallel curves. 

20. 8hew that any differential equation of the type 

/(x,y,p-^=0 
represents two systems of orthogonal curves. 



CHAPTER XII 


DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 

162. Equations of the Type d-yjdx* = /(,,•). 

This chapter is devoted principally to differential equations of 
the second order, and esjjecially to such types as are of most frequent 
occurrence in the geometrical and physical applications of the 
Calculus. Occasionally, the methods will admit of extension to 
equations of higher order. 

We begin by the consideration of a few special types, and after- 
wards proceed to the study of the linear equation. The linear 
equation with constant coefficients is treated in the next chapter. 


We take, first, the type 

cd~f( x) 'I 1 ) 

This requires merely two ordinary integrations with respect to . 
thus 

£ -//<•)* + A, 

y-j {//(*) dx\ dx + Ax + B, ( 2 ) 

where the constants A, B are arbitrary. 

Ex. 1. The dynamical equation 

<»> 


which determines the motion of a particle in a straight line under a 
force which is a given function of the time, is of the above type, with 
merely a difference of notation. 

In the case of a particle subject to a constant acceleration g we 
have 


cPx _ 
dtr ~ 9 ' 


W 
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1 

whence ^ = gt + A, ' 

x = %gP + At-*- B. (5) 

Again, if ^=/sinnC, (6) 

the force varying an a simple-harmonic function of the time, we have 
dx f 

, = — - cos nt + A. 
at n 

x=- — .smut + At + B (7) 

The constants A, B which occur in these problems may be adjusted 
so that at any chosen instant the particle shall be in a given position 
and have a given velocity. 

Ex. 2. To solve the equation 

( 8 ) 

subject to the conditions that y = 0 and dyjdx = 0 for x = 0. This is 
the problem of determining the flexure of a bar which is clamped in a 
horizontal position at one end (x - 0) and supports a given weight ( W) 
at the other end (x = l). 

Two successive integrations of (8) give 
®2= w (lx-l*)+A, 

93y = WUltf-ix 3 ) + Ax + B, (9) 

where A, B are arbitrary. The terminal conditions require that A = 0, 
B = 0, whence 

y = ( 10 ) 

163. Equations of the Type tPy/da? = f{y). 

If the equation be of the type 

2 -/<* 

& first integral may be obtained in two ways. 

In one of these we multiply both sides by dy/dx, and then 
integrate with respect to x ; thus 

A i*y-f(,,\ d y 

dxda?~ JKy) dx' 

* ( 29 * - % da>+A -//<*> d y + A < 2 > 
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The second method is to introduce a special symbol (n) for 
dyjdx. Since this makes 1 

&y ^dp _ dp dy dp 

da? dx dy dx ^ dy' 

we have, in place of (1), 

W 

which may be regarded as an equation of the first order, with p as 
dependent, and y as independent, variable. Integrating (3) with 
respect to y, we have 

hP‘ J = ff(y)dy+A ( 5 ) 

which is equivalent to (2). 

To complete the solution, we write (2) in the form 

</l2f/(y) ! 'dy + 2A} = ±dx - < 6 > 

The variables ore here separated (Art. 154) ; but on account mainly 
of the occurrence of the radical the further integration is often 
impracticable, even with comparatively simple forms of the 
function f(y). 

A very important case is where f(y) is a linear function of y, 
so that the equation takes the shape 

( 7 ) 

By a change of dependent variable, writing y, + bja for y, and 
afterwards omitting the suffix, this is reduced to the somewhat 
simpler form 

^ + a y = ° (8) 

The first integral of this is 

(2)'+«j’-C. (9) 

If o be positive, we may write 

m = Vo. C — m 3 e? (10) 

it being evident that, if we are concerned solely with real quantities, 
C must be positive. Thus 




an 
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whence cos -1 - = ± (mx + e), 

CL 

or y = a cos (mx + e) (12) 

This is the complete solution of (8), and involves the two 
arbitrary constants a, e. If we put 

A — ci cos e, B = — a sine, (13) 

we obtain the equivalent form 

y = A cos mx + B sin mx. (14) 


These results are exceedingly important, and should be remem- 
bered. 

The case where a is negative, = — in 3 , say, can be treated in a 
similar manner, and we should find, as the complete solution 

y = A cosh mx + B sinh nur (15) 

where jn = */(- «)• A simpler method of treating this case will 
however be given later. 


The type (1) is of very great importance in Dynamics. Thus, the 
equation of rectilinear motion of a particle subject to a force which is 
a given function of its position only is of the form 


cPx 


=/(*). 


(16) 


which is identical with (1), if regard be had to the difference of notation. 

The first method of integration consists in multiplying both sides 
by dxjdt , thus 

dx d l x ,, . dx 
dl dt'^^dt' 


and integrating both sides with respect to t. In this way we obtain 

1 (*)’- /•'■<*> t * * C - fato + C, (17) 

which is the ‘equation of energy.’ 

The second method consists in writing v for dxjdt, and therefore 
vdvjdx for dx/dt 1 ; cf. Art. 32. Thus 


*£-/«• 


Hence, integrating with respect to x, we have 

lv' = ff(x)dx+C, ., 


in agreement with (17). 


(18) 
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Ex. 1. If a particle be attracted to the origin with a force varying 
as the distance, the equation of motion is 

, dPx 

( 19 > 


This is of the special type (8), and the solution is 

x-aooa (jJ/tt + () (20) 

This represents a ‘ simple-harmonic ’ motion. The values of x and dx/dt 
both recur whenever Jyt increases by 2tt ; the period of oscillation is 
therefore 2 irjjy. The arbitrary constants a and « are in this problem 
known as the ‘ amplitude ’ and the ‘ epoch,’ respectively. 

The equation of motion of any ‘ conservative ’ dynamical Bystem 
having one degree of freedom, when slightly disturbed from a position 
of stable equilibrium, is also of the type ( 1 9). For example, the accurate 
equation of motion of a pendulum is 

*2 = -s ,8in 0. ( 21 ) 


where y is the acceleration of gravity, and l is a certain length depending 
on the structure of the pendulum. In the case of a ‘simple’ pendulum 
l is the length of the string. If the extreme angular deviation from 
the equilibrium position be small, we may write 6 for sin 0, thus 


<P6_ 
dt- “ 



( 22 ) 


The solution of this equation is 

e = acos ( S /l, + \ 
and the period is therefore 2 jt J(lJg). 


(23) 


The accurate equation (21) can be integrated once by the method 
above explained : we thus find 

if (jJ)“-- ? cos0 + C (24) 


but the second integration cannot be effected (except in the particular 
case of C = g) without the introduction of elliptic functions. 


Ex. 2. If a particle move in a straight line under an attraction 
varying as the inverse square of the distance from the origin, we have 


dPx _ i*. 


(25) 


whence, as in Art. 154, Ex. 3, 


i 

Si 




( 26 ) 
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If the particle start from rest at the distance a, we have C = — pja, and 

*-< 27 > 

the minus sign being taken sinoe the velocity is towards the origin. 
Hie second integration is facilitated by the substitution 

x — a cos* 6. (28) 

Separating the variables, we find 

(1 + cos 26) dd = dt, (29) 

6 + l sin 26 = t+C (30) 

As x diminishes from a to 0, 6 increases from 0 to Aw. Hence the 
time (<,) of falling from rest at the distance a into the centre of force 
is given by 

(31) 

164. Equations involving only the First and Second 
Derivatives. 

If the equation be of the type 

♦(£• £)-»■•; a. 

t.e. the variables x,y do not appear (explicitly), then, writing p for 
dyjdx, we have 

*( Z ’ p ) m0 < 2 > 

which is an equation of the first order with p as dependent variable. 

The equation (1) may also be reduced to an equation of the first 
order, with y as independent variable, by writing as in Art. 163, 

4 2 - 

thus P ) = 0 ‘ ( 3 > 

Ex. 1. To find the curves whose radius of curvature is constant 
(- a, say). 

By Art. 135 we have dPy 

, 1 

{-©f' S 


(*) 
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or ' (5) 

(1 + /) ! )t « 

Integrating this we have (Art. 77 (13)) 

P x — a 

i~± > ( 6 ) 

(1 + « 

■where a is an arbitrary constant. This gives 
<ly _ _ x—a 

'fx' 2 '** J{a*-(i-ay j’ 

whence y - /3 - ± Jla 1 - (x - a) 2 ), (8) 

if ^3 bo the arbitrary constant introduced by this last integration. The 
result may be written 

(x~aY + {y-Hf = a\ (9) 

and so represents a family of circles of radius a. 

This investigation is given merely as an example of the general 
method ; the problem itself can be solved more easily in other ways. 

Ex. 2. To determine the rectilinear motion of a particle Bubject to 
a force which is a given function of the velocity. 

The equation of motion is of the form 

cPx ,.fdx\ .... 

dP = f \dt) < 10) 

which evidently comes under the type (1). Writing v for dxjdt, we 
have 

(11 > 

For example, if the particle be subject solely to a resistance varying 
as the velocity, we have 

< 12 > 

whence -- v - Ae~ u , x — - ^ Ae - * 1 + B. (13) 

Hence, whatever the circumstances of projection, x will approach asymp- 
totically, as t increases, to a limiting value B. 

Again, if the resistance vary as the square of the velocity, we have 

= kdt , l=kt + A ( 14 ) 

Hence = v = t — — j , and sc = 1 log (kt + A) + B. (15) 

c It kt + A k 

We see that, although » tends asymptotically to zero, there is now no 
limit to the space described. 


27 
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If we follow the alternative method, the equation (10) is replaced by 

( 16 > 

Thus, in the case of resistance varying as the velocity, we get 

^ = -*» v=-Jcx + C (17) 

Hence ^+kx=C, (18) 

and therefore, by Art. 157, 

x = G k + De-*>, (19) 

where C, i 0 are arbitrary constants. This agrees with (13). 

•Again, if the resistance vary as the square of the velocity, we have 

~ =-*e, t> =«?-*». (20) 

//it 1 

Hence = C, - k ** = Ct + D ( 21 ) 

or kx - log (kCt + kD), (22) 

a form not really distinct from (15), as may be verified by putting 


A -kD/O, kD = log C. 

165. Equations with one Variable absent. 

1°. If the dependent variable do not appear explicitly, the 
equation being of the type 

♦©■ % *)-« o> 

then, writing p for dy/dx, we have an equation of the first order 
in p, viz. 

+(p’ d JL’ *) =0 (2) 

If the solution of this be put in the form 

p=f(x,A), (3) 

where A is the arbitrary constant, a second integration gives 
V = //(*• A)dx + B (4) 


That one of the arbitrary constants would occur as an addition 
to y might have been anticipated d priori, since the equation (1) 
is unaltered when we write y + C for y. 
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2°. If the independent variable do not appear explicitly, the 
type being 


♦(£• £• »)-* <«) 


we write as in Art. 163 (3) 

d -<) = „ dh J - d P 

d.r v ' dx*~ l dv’ 


and obtain 


P' y) =0 ' < 7 > 


an equation of the first order between p and y. 

If the solution of this can be put in the form 
p=f(y, A) 

the next integration gives 

(. + B. 

A) 


Here, again, it might have been anticipated from the form of 
the given equation (5) that one of the arbitrary constants would 
consist in an addition to .*•. 


Ex. 1. 




Writing this in the form 

1 dp x 
p dx 1 - x*’ 

we find log p - - J log ( 1 - X s ) + const., 

dy_.. A_ 




Hence y — A sin -1 a* +• B (12) 

Ex. 2. In the theory of Attractions we meet with the equation 

**: + 3rfr (13) 

dr* r dr V ' 


Regarding dVjdr as the dependent variable, we have 

<r-v 


dr* 2 
•yrr + ~ 0, 

dY r 


whence 


log -T- + 2 log r - const., 


27— S 
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Integrating again, we find 


dV A 
dr ~ t*’ 


F=--+A 

r 


Ex. 3. To find the curves in which the radius of curvature is equal 
to the normal, but lies on the opposite side of the eurve. 

Referring to Arts. 60, 135, we see that the expression of the above 
condition is 

■<"> 

dx* 

Simplifying, and making the substitutions (6), we find 

r ^- s d f = - (18) 

1 + p' dy y v ’ 


Hence 


| log (1 +/>“) = logy + const., 1 + f 


where c a is written for the arbitrary constant, which must evidently be 
positive. This gives 

' t-i-t™;* <-> 

Separating the variables, we have 

«?Sv-±“. (2D 

V(»*~ <r) c c c v ' 

where a is the second arbitrary constant. Hence, finally, 


y = c cosh - 


a family of catenaries. Cf. Art. 134, Ex. 1. 

166. Linear Equation of the Second Order. 

A linear equation of the «th order is one which involves the 
dependent variable and its first n derivatives in the first degree 
only, without products. Thus, the general linear equation of the 
second order may be written 

fl+J’t+Vs'-r, a) 


where P, Q, V are given functions of x. 

There are several important properties common to all linear 
equations. We give the proofs for the equation of the second 
oitlery but the generalization will be evident. 
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1°. The complete solution of (1) may be written 

y~u + w (2) 

where w is any function whatever which satisfies (1) as it stands, 
and u is the general solution of the equation 

% +p< dL +Q y =0> (3 > 

which differs from (1) by the absence of the right-hand member. 

For, assuming that y = u + w, where w satisfies (1), and u is to 
be determined, we find, on substitution in (1), 

d?u dv dHu n dw _ Tr 


da f 


or, since 


dx 
d'w 


d.v 


r, dw „ 

d^ +p d^ +QW=v ’ 


•(4) 


by hypothesis, + p + Qu = 0 ; (5) 

i.e. the function u must satisfy (3). 

The two parts which make up the general solution of (1), viz. 
w and u, are called the ‘ particular integral,’ and the ‘complementary 
function,’ respectively. It is to be observed that the particular 
integral may be any solution whatever of the original equation ; 
the simpler it is, the better. The complementary function must 
be the most general solution of (3), and will involve two arbitrary 
constants. 


2°. If u 2 be any two solutions of (3), the equation will also 
be satisfied by 

■y = UjUi + C 2 u e (6) 

where C' u C 2 are arbitrary constants. This is easily verified by 
substitution. 


Hence if the functions are ‘independent,’ i.e. one is not 
merely a constant multiple of the other, the formula (6) gives a 
solution of (3) involving two arbitrary constants. 

3°. If a particular integral (v) of the equation (3) be known, 
the complete solution of (1) is reduced by the substitution 

y = zv, (7) 

to the integration of an equation of the first order in dzjdx. For 
(1) becomes 


d*z 
V d®* 




dz 

dx 




Qv ) z-V, 
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which reduces, 

in virtue of the hypothesis, to 



d?z , ( a dv , 13 \dz Tr 

”® + ( 2 a i +p *)s,- r - - 

(8) 

This is linear, of the first order, with dz/dx as 
variable. 

the dependent 

In particular, if V = 0, we have 



d-z 



%.+ *% + P- 0. 

az v ax 

(0) 


dx 


whence 

log v- + 2 log v +fPdx = const., 

CUV 


or 

d z _ A. o . SPdx 

dx if 

(10) 

Hence 

r e -!Pdx 

z — A — dx ■+ B 

J if 

(ID 

The complete solution of (3) is therefore 



rg-JPdx 

y = Av) dx + Bo 

(12) 


We add a few examples of the integration of linear equations, 
by various artifices. The method of integration by series will be 
noticed in Chapter xiv. 


Ex. 1. In the theory of Sound, and in other branches of Mathe- 
matical Physics, we meet with the equation 

<»> 

If we multiply by r, this is seen to be equivalent to 

*d? ) + *< r *)“ 0, (U) 

Hence, by Art. 163, r<f>- A cos kr + B Bin kr, 

, A cos kr + B sin kr „ • 

<* *= - (if') 

o-o3-2+»-°- <■«> 

A particular solution is obviously y — x. We therefore put 


y = aw, 


(17) 
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which leads to *(1 -® a )^ + (2-3a5 ! )^ = 0. 

Separating the variables, we have 

dh 

dz + x~ l-® 2-0 

tie 

dz A 

whence dx~ a? J(\ — a ?) ' 

z-.A^Kb. 

x 

The complete solution of (16) has therefore the form 
y — A N /(l — x J ) + fix 

Ex. 3. <l-^>2 +3 *2 + *~0- - 


(18) 


(19) 

( 20 ) 
( 21 ) 

( 22 ) 

(23) 


This happens to be an ‘ exact equation,’ i.e. the left-hand side is the 
exact differential coefficient of a function of x, y, and dy/dx, for it may 
be written 



iPu 
(Lr + 



d V_ + 

dx 



0. 


The integral is 


(l + ^ + !ry = A. 


(24) 


This is linear, of the first order, and the integrating factor is seen to be 
!/«/(! + 3!= )- Wc thus find 


^/(l +jt). y — A sinh~ I x + .Z?. 


.(25) 


1. 

2 . 


* 


EXAMPLES. LV. 


xg=I. [y = x log x + Ax + B.~\ 

^--xr r . [y- (x-2)e*+ Ax + B.) 

**Z ma ' [y = «iog%A* + i?.] 


3 . 
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4 The differential equation for the deflection of a horizontal beam 
subject only to its weight and to the pressures of its supports is 

where w is the weight per unit length. Integrate this, on the supposition 
that w is constant, and determine the constants so that y — 0 , dPyjdsP = 0 
both for x = 0 and for x-l. (This is the case of a uniform beam of 
length l supported at its ends.) [82/ = «« (l — x) (l a + lx — a?").] 

5. Solve the same equation subject to the conditions that y = 0, 

dyjdx — 0 for x — 0 and x = l. (This is the case of a beam clamped at 
both ends. ' [©y =• ? * 4 ttte* ( l — a:)*.] 

6 . Solve the equation of Ex. 4, subject to the conditions that y = 0, 
dyjdx = 0 for x = 0, and cPy/djc 8 = 0, dyjdx? = 0 for x = l. (This is the 
case of a beam clamped at one end and free at the other.) 

[©y = uv? (6 1 3 — 4 lx + ac*).] 

7. Solve the equation 

(Px 


dP 


= -yX+f, 


and interpret the result. [x -fiy. + a cos ( Jyt + c).] 

8. Shew that the solution of the equation of motion of a particle 
moving in a straight line under a force of repulsion vuiying as the dis- 
tance, viz. 

cPx 

di 1 ~ >l *' 

is of one or other of the types . 

x = a cosh (Jyt + c), *= a sinh (,Jyt + c), j- = ae ±v, '* ,+ ‘ ; 
and interpret these results. 

B. A particle moves from rest at a distance a towards a centre of 
force whose accelerative effect is y. x (dist) - ’. Prove that the time of 
falling to the centre is a?/ Jy- 

10 Obtain a first integral of the general differential equation of 
central orbits, viz. 

cPu P 


db i+u ~ hV 


r 1 ’ 


where P is a given function of u. 

^ 11. Solve the equation ^ 

and shew that the solution is equivalent to 

r* = 4 + 2 Jit + CP, 
where A, B, C are connected by the relation 

AC-BP^yu 


.(ST +ul = 2 jmp du + a ] 
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12. 

dPy dy 
da?~ das' 

[y = A + 5e*/°.] 

13. 


[«(y-0) s =i(* -“)’•] 

11 

«2 + (l)'-°- 

[*— fc*£p.] 

15. 

■2- {> ♦(&}*■ 

[V /3 = acoah ^ .J 

16. 


[y = ft + iog cos (x - a).] 

17. 

2’% *>-*+*+<*+'*•■ i 

18. 

^ + ft-0. fv il + /te + Ccoha> + Z>sina:.] 
cfo* 4 CMT L J 

19. 

rf J F 1 <*F 
dr 1 * r dr~ °* 

[ 7 = A log r + A] 

20. 

d ! >t _dy 
* did dx ’ 

[y^Ajd + B.) 

21. 


[y = 2fi tanh fi (x — o).] 

22. 

o-ig.i.gjr- 

0. 


[»“*♦( 

1 + ^) log ( 1 + aX )“a‘] 

23. 


[y = A + B sinh -1 x.] 

21 


[y = A + B cosh -1 *.] 

25. 


[y- A tan -1 x + A] 

26. 


[»w] 

27. 

„ <*v = o ( d y\ 

^ did - Vote/ 

[»-s£j-] 

*28. 

dPy , (dy's* 

s'*.- 1 - Ur 

[y» = *»+ Aas + A] 
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29. 


Y-+ 

\ 

fi 

i 

-x^ = 2. 
dx 

[y = (sin -1 x)* + A sin -1 x + j5.] 

30. 


d 

dfk 


- 0. [u = A + B tanh -1 ju] 

31. 

d 

dfx 


- + 2w = 0. 

[w = A/i + B (1 — y. tanh -1 ;*).] 

32 

Find the curves in 

which the radius of curvature is equal to 


the normal, on the same side of the cur\ e 

[The circles (x — a) 2 + y s ~ /?.] 

33. Find the curves in which the radius of curvature is double the 
normal, on the opposite side of the curve. 

[The paraljolas (x - a) 1 = 4/8 ( y - /?).] 

34. Find the curves in which the projection of the radius of cur- 
vature on the axis of y has a given constant value (a). 


y ~ ft log sec ~ a -J 


35. Find the curves in which the radius of curvature varies as the 
cube of the normal. 

[Conics having the axis of a; as an axis of symmetry.] 


36. 

37. 

38. 

39. 

40. 

41. 


[y = 0 + log (E* - u a ) - [ log 


c ixr x <Ijl 


[y-A + BJ(\ -a?) + $x i .] 

% + pd i +d ly= o. [y = *- s, ‘ dx ( A S e!Pdx ^ + rn 

At f°+ Be~ x 


da? tlx <lx 

d?y ^ 2 dy 
da? x dx 


. r Aet+Be-* "I 

- y =°. [»- x -J 

(l + x*)^-2x2 + 2y-0. [y = Ax +21(1 -x*).] 


da? 

(l + ^g+xg-* [y = Ax + BJ{\+ X s ).] 


42. Solve the equation 
(x 8 - 1 

one solution of which is y -as. 




[y = Ax + B (x + 1)*.] 
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43. Solve the equation 


-(n-x) / -ny = O t 


one solution of which is y = e [y = + Be~ x f x*e c dx.~\ 

44. Change the independent variable in the equation 


to z, where z = cosh -1 # ; and solve the equation. 

[y - A cos z + Ji sin *.] 


45. 

cthj dy 

^ -i- 2 n cot nx -h (rn 2 - n*) y 

= 0. 


r v _: 

1 cos ma; .5 sin mx "| 


L y_ 

sin nx ' J 

46. 


f A sin’ 1 x + B 1 

L y= vo- 2 ) ‘J 

47. 


\y' l ~ Ax + Bv?. 

48. 


[/ = A.r* + i (.] 

49. 

* 2 S-*©)’- to 

- ;lar — ZJ) S = C.c + Z).] 

50. 

0 d.y „ /^y \ a 

" if c&s* ~ J W/ ' 

[— .?*■] 



CHAPTER XIII 


LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


167. Equation of the Second Order. Complementary 
Function. 

Linear equations with constant coefficients occur so frequently 
in Mathematical Physics as to call for a somewhat detailed treat- 
ment. This is much facilitated by the use of a few simple properties 
of the operator B, or djdx, where x is the independent variable. 

It has been shewn in Art. 29 that the operation indicated by 
D is ‘ distributive,’ viz. u, v being any functions of tv, we have 


B (u + v) = Bu + Bv (1 ) 

Again, if a be a constant, we have 

(B + a) u = ~ 4- av = au 4- ^ = (a + B) u (2) 

and B (au) = aDu ) (3) 


so that the operator B, in conjunction with constant multipliers, 
obeys the ‘ commutative ’ laws. 

Further, the symbol B is subject to the * index-law,’ viz. 

B m B n u = B m+n u (4) 

Hence the operator B, both by itself, and in conjunction with 
constant multipliers, is subject to the fundamental laws of ordinary 
Algebra. We can therefore assume at once, so far as they have a 
meaning in the present application, all the results which in Algebra 
follow from these laws. 


For example, if A, be any constants, we have 
(D- \ j )(D-X 2 )u = (B- \ t ) 


d 2 u . . du 

~dx'~ (Xl+ ^ die + 

— {D*— (\, + X,) jD + A,X,} u. 


( 5 ) 
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We proceed to the equation of the second order, which occurs 
very frequently in dynamical problems. To find the complementary 
function, we have to solve an equation of the form 



g + ag + Sj-O 

(6) 

or 

(D ! + aD + b)y = 0 

(7) 

If I a 3 > b, this is equivalent to 



(D - X,) (D - x,) y = 0, 

(8) 

where X,, X. 2 are 

the roots of 



\ 2 + d\ + 6 = 0, 

0) 

viz. 

£l--l«±V(la’-&). 

(10) 

If we write 

(D-\ s )y = z, 

(11) 

the equation (8) 

i becomes 



(D-X,)«- 0 

(12) 

a linear equation of the first order. The solution 

of this is, by 

Art. 157, 



z — Ae*'*. 

(13) 

Substituting in 

(11), we have 



(D - X a ) y — A^ x , 

(14) 

whence, by Art. 

157, 1°, 



y = Ci&' x + t'jC** 

(15) 


if G^A/iXi — A,). Since A is arbitrary, the constants C u C* are 
both arbitrary ; and the process shewB that (15) is the most general 
solution of the proposed equation ((>). 

, U&-b, the roots of the equation (9) in \ are coincident, and 


the equation (14) takes the form 

(D-\)y = Ae“. (16) 

The general solution of this, as found in Art. 157, 2°, is 

y = (Ax + B)e** (17) 


If |a‘< 6, the values of X,, X, which satisfy (9) are imaginary, 
but we can still obtain, by the foregoing process, a symbolical 
solution of (6) involving \/(- 1)- Into the question as to what 
meaning can be attributed to such a result it is not necessary to 
enter here, as the difficulty can be evaded in the following maimer. 
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If we write y = (18) 

where m is as yet undetermined, we have 

Dy — e ,nx (D + m) z, UPy = e™ (UP + 2 mU + m 3 ) e , . . .(19) 
so that the equation becomes 

{ D 3 + (2m + a) U + m* + am + b}z — 0 (20) 

If we now put m = — %a this reduces to the form of Art. 163 (8), 
thus 

g + (i-K)* = o (21) 

The solution of this, when b > Ja a , has been shewn in Art. 163 to be 

z = A cos fix + B sin fix, (22) 

where fi = *J(b - £a 3 ) (23) 

Hence the solution of (6), in the present case, is 

y as er^ x (A cos fix ■+■ 1i sin fix) (24) 

This is also equivalent to 

y = 6 , e _ * a *cos (fix 4- e) (26) 

where the constants C, e are arbitrary. 

To summarize our results : 

(a) If \a? > b, the solution of (6) is 

y = + C s e^, 

where X! , X* are the roots of 

X* + aX + £> = 0 ; 

(b) If Ja 3 = b, the solution is 

y = (Ax + E) e-l®*; 

(c) If Ja 3 < b, the solution is 

y = e~i°* (A cos fix + B sin fix), 
if /8 s = b - £a 3 . 


Z+t- 6 *- 0 - <*» 

The equation in X is 

X 3 + X - 6 = 0, whence X = 2, or —3. 

Hence y = Ad* + Be~ * (27) 

The equation in X, viz. (X + 2) 3 = 0, 
has the double root — 2. Hence 

y =* (Ax + B) e~*. (28) 
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167-168] 


Ex. 3. The free oscillations of a pendulum in a medium whose 
resistance varies as the velocity are determined by an equation of the 
form 


dhs , das 
df* + dt 


l ix = 0, 


(29) 


where k is a coefficient of friction. The Rarae equation also serves to 
represent the motion of a galvanometer-needle as affected by the vis- 
cosity of the air, and by the electro-magnetic action of the currents 
induced by its motion in neighbouring masses of metal. 

When regard is had to the difference of notation, the solution of 
(29), when the friction falls below a certain limit, is 


x = Ce~i kl cos («.,< + t), (30) 

where n, = - \ir) (31) 


The motion represented by (30) nmy be described as a simple-harmonic 
vibration of period 2 «■/»*, , whose amplitude diminishes asymptotically 
to zero according to the law p-W. 

The solution (30) assumes that hr < 4 fi. When k , > 4/i, the proper 
form is 

/ = + M (32) 

where A u A, are the roots of 

X 2 4 XX + n -= 0 (33) 

By hypothesis, these roots are real. Since their product (/*) is positive 
they have the same sign ; and since their sum (- k) is negative, the sign 
is minus. Hence the displacement x sinks asymptotically to zero after 
passing once (at most) through this value. This case is realized in a 
* dead-beat ’ galvanometer, or in a pendulum swinging in a very viscous 
fluid. 

In the critical case of k 1 = i/x, we have 

x-(A + Jit) e-i kt (34) 

The first factor increases (in absolute vulue) indefinitely with l, whilst 
the second diminishes. The decrease of the second factor prevails how- 
ever over the increase of the first, and the limiting value of the product, 
for t -*• oo , is zero. Cf. Art. 43 (2). 


168. Determination of Particular Integrals. 

We have next to consider the problem of finding a particular 
integral of the linear equation of the second order with constant 
coefficients, when this equation has a right-hand member, thus : 

(D' + aD + b)y = V, (1) 

where V is a given function of x. As already remarked, any par- 
ticular integral, however obtained, will serve the purpose. Thus, 
we may omit from the particular integral any terms which occur 
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in the complementary function, since these will contribute nothing 
to the left-hand side of (1). Conversely, if for any purpose it is 
convenient to do so, we may add to the particular integral any 
groups of terms taken from the complementary function. 

Again, if V be composed of a series of terms, the problem con- 
sists in finding values of y which, when substituted on the left-hand 
side of (1), will reproduce the several terms, and adding the results. 

It will be sufficient here to notice the most useful cases. 

1°. If V contains a term 

Her*, ( 2 ) 

the corresponding term of the particular integral is 

2/ = -— (3) 

J a* + oat + b v ’ 

For if we perform the operation D 1 + aD + b on the right-hand 
side of this, we reproduce (2). 

This rule fails if a“ + aa -f- b = 0, i.e. if e“* be one of the terms 
which occur in the complementary function. Using the notation 
of the preceding Art., we will suppose that a = X,, so that the 
equation to be solved is 

(D-\)(D-\ a )y=H^* (4) 

If we write, for a moment, 

( D-\,)y = z (5) 

this takes the form ( D — \j) z = £fe*‘* (6) 

It was found in Art. 157, 2°, that a particular solution of (6) is 

z = Hx&'* (7) 

It remains only to solve 

(D — \ s )y = Hxe*<*. (8) 

The integrating factor is thus 

D ( ye ~ *'*) = Hxe (A ■ * (9) 

Integrating the right-hand member by parts, and omitting a term 
already included in the complementary function, we find 

H 

ye"*** — - - /£g(A,— A a ) 

— A, 

H 

or y = ^ (10) 
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A farther modification is necessary if o be a double root of the 
equation D 3 + aD + 6 = 0. The equation to be solved has now the 
form 

(D-\fy = Het* (11) 

The first step is as before, but in place of (8) we have 

(. D-\)y = Hxe * (12) 

We found in Art. 157, 3°, that a particular integral of this is 

y = \Hx-^ (13) 

The forms of these results being once established, the student 
will probably find it the easiest and safest course to assume 

y = (7e“* y = Cxe ■*, or y = Ca?&*, (14) 

as the case may be, and to determine the value of C by actual 
substitution in the equation 

(D 1 + aD + b) y = tf e“ (15) 

The work is facilitated by formula* to be given in Art. 109. 


2°. If V contains terms of the form 

H cos ar + K sin ax, (16) 

we may assume y = A cos ar + B sin ax (17) 


Substituting in (1), we obtain, on the left-hand side, 

(— a 1 A + aaB + bA) cos ax + (— alB — aaA +bB) smote. 
Hence the terms (16) are reproduced, provided 

(— a 2 + 6) A + aa B = H, - aaA + (- a 3 + 6) B = K. . . .(18) 

Except in the particular case where a = 0, a % — b, which will be 
considered presently, these equations determine A and B ; thus 

(-a' + byH-aaK aaH + (- a ! + b) K 

(o s -6) 3 + aV '• (a 2 -6)= + a 2 a 2 ' V ’ 


The foregoing results simplify when the coefficient a in the 
differential equation is zero ; a particular integral of 

~ + by = H cos ax + K sin ax (20) 

being obviously 

V = h 5 a » cos “* + b sin " ( 21 ) 

A singularity arises, however, when a 2 = 6. To find the proper 
form in this case we may assume 


y = u cos ax + v sin ax. 


L.I.O. 


( 22 ) 


* 
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+ o?y = ( 2uDv + D* w) cos a® + (- 2aDu + D*v) sin a®. (23) 


Hence (20) will be satisfied in this case, provided 
Du = — Kj2a, Dv = ///2«, 


or 


u= — 


Kx 
2a ’ 

A particular integral is, therefore, 

y 


v = 


Hx 
2a * 


(24) 


H . K 

— x sin ax — x cos ax. 
2a 2a 


.(25) 


MxX - S + |- 6 *'= e * +e " 1 ' ( 26 > 

As in Art. 167, Ex. 1, the complementary function is 
y^AtP + Br-K 

If we assume y - Ce u , we find on substitution that the first term on the 
right-hand side of (26) is reproduced provided C =}. The second term 
comes under one of the exceptional cases above discussed, since - 3 is 
a root of A 3 + A — 6 = 0. If we assume y = we find that the term 


in question is reproduced, provided 0 - — J . 

The complete solution of (26) is therefore 

y = Ae“+ BeT 3 * + Je sr — g*e-“ (27) 

Ex. 2. ^ + 4 ^ + iy ■= e“ + (28) 


The complementary function has been found in Art. 167, Ex. 2, 
to be 

y -- (Ax + B) e~ 3/ . 

To reproduce the first term on the right hand, we assume y - (7e“, and 
find C — *[ y. The second term corresponds to a double root in the 
equation for A; assuming, therefore, y — 6’ar‘e - ®', we find C—J). 


Hence the complete solution of (28) is 

y = (Ax + B) e-* + ^4* + ^e' 3 * (29) 

Ex. 3. To find a particular integral of 
(PsD do? 

He + k di + *** = /° 08 (P t + f ) ( 30 ) 


This is the equation of motion of a pendulum subject to a resistance 
varying as the velocity, and acted on by a force which is a simple- 
harmonic function of the time. 
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(31) 


We assume x=A cos (p< + «) + 2? sin (p< + «), 
and find, on substitution, 



- pM + kpB + pA =/,'| 

- p*B - kpA + pB = 0, / 

(32) 

whence 

. D k? S 

(p - py + t&f J ' (p -py + k?p tJ " " 

(33) 

If we put 

A = K cos , B = R sin 

(34) 

the solution (31) takes the form 



x R cos (pt + t- *,), 

(35) 

where 

/ jh/ 

R ' J{(p-py + hy\ ’ fl = tan “ p-ir 

(36) 


We have thus determined the 1 forced oscillations ’ due to the given 
periodic force. The ‘free oscillations,’ which are in general superposed 
on these, arc given by the complementary function (Art. 167, Ex. 3). 
Unless k— 0 they gradually die out as f increases. 

Ex. 4. For the forced oscillations of an unresisted pendulum we 
have 

+ n*x -/cos (pt + t) (37) 


A particular integral is 

x = • / cos (pt + *) (38) 

•nr — pr 

This fails when p - n. Assuming that in this case 

x = Cl sin (tit + t), (39) 

we find on substitution that (37) is satisfied provided 

2 nC -/, or C-ffin (40) 


The interpretation of (39) is that, if an unresisted pendulum be acted 
on by a periodic force whose period coincides with that natural to the 
pendulum, the amplitude of the forced oscillations will at first* increase 
proportionally to the time. 


169. Properties of the Operator 1). 

The methods of Arts. 167, 168 admit oi extension to the general 
linear equation with constant coefficients 




daf'~ 




* Usually, in the physical application*, the equation (37) U approximate only, 
being obtained by the negleot oi powere oi x higher than the first. Hence wben 
the amplitude increases beyond & certain limit, the equation ceases to apply* even 
approximately, to the subsequent motion. 

2S— 2 



43C INFINITESIMAL CALCULUS [CEL XIII 

or, as we may write it for shortness, 

nmy-v, ( 2 ) 


/(D) denoting a rational integral function of D. We shall however 
content ourselves with indicating how a solution of (1), involving 
n distinct arbitrary constants, can be obtained when V= 0, and 
how a particular integral can be found for certain forms of V. The 
proof that the solution thus arrived at is the most general which 
the equation admits of is omitted ; but from the point of view of 
practical applications it is sufficient to have at our disposal the 
proper number of arbitrary constants required to satisfy the re- 
maining conditions of the problem. 

The following properties of the operator D will be useful. 

1°. If yjr (D) be any rational integral function of D, say 

* (D) = A*D» + AD"- 1 + + . .. + A n - V D + A n ,.. .(3) 

then yfr (D) e** = ifr (X) e**. (4) 

For DV*=XV*, 

and thus the several terms of yj/ (D) give rise to the several terms 
of ^(X) as factors of e**. 

2°. With the same meaning of yjr ( D ), if u be any function of 
x, then 

^(D).e*u = (**.y(D + X)u ( 5 ) 

For we find in succession 
1) .e>*u*=eto(D + \)u, 

D a .e^u=D{e Aa (/^ + X)tt} = e**(D+X)(D + X)« 

= e**(D + X) a if, 

and so on ; the general result being 

D r .e* x w=e* r (D + \) r tt. 

Hence the several terms of the operator ^r(D) give rise to the 
corresponding terms of the result given in (5). 

3°. If yjr ( D ) contain only even powers of D, it may be denoted 
by <f> (D 8 ). It appears from Art. 64 that if 

u = A cos ax + B sin ax, (6) 

Dhi = — c At, 

<f> (D 1 ) u * tf> (— a 8 ) u 


then 

and therefore 


( 7 ) 
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170. General Linear Equation with Constant Coeffici en ts 
Complementary Function. 

To obtain solutions of the equation 

/(D)y = 0 (1) 

we remark that if f(B) be resolved into any two rational integral 
factors, thus 

/(/>) = *(D).*(2>), (2) 

the equation (1 ) is obviously satisfied by any solution of 

+(D)y=0. (3) 

And since the factors are commutative (Art. 167), it is also satisfied 
by any solution of 

*(»)?- 0 (4) 

Hence (1) is satisfied by the sum of any solutions of (3) and (4). 
Continuing the resolution we see that if 

f(D)3k(D).MD).MDy ( 5 ) 


the equation (1) will be satisfied by the sum of the several solutions 
of 

fr(B)y = 0, &(B)y = 0, <f>, (B) y = 0 (6) 

By a theorem of Algebra, already referred to in Art. 85, the 
function /(B) can be resolved (if its coefficients be real) into real 
factors of the first and second degrees, the sum of the degrees of 
the several factors being equal to tne degree (n, say) of the function. 
Moreover the factors of the first degree are of the forms 

B-\, D-X., B-X, ... 
where V,, X,, X,, ... are the real roots of 

f(\)=0, (7) 

If \ be a simple root of (7), one of the equations (6) is of the 
form 

(B-\)y = 0 (8) 

the integral of which is known to be 

y = Ce** (9) 

And if the roots of (7) be all real, say they are A,, \ a , ... X*, a 
solution of (1) involving n arbitrary constants is 

y = <?,«** + + . . . + <V"* ; (10) 

cf. Art. 167 (15). 

If the equation (7) has a multiple root, two or more of the terms 
on the right hand of (10) coalesce, and the number of distinct 
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solutions thus obtained is le&9 than n. To supply the deficiency, 
we remark that, if X be an r-fold root of (7 ),/(D) contains a factor 
(D — \) r . To solve 

(D-A/y-0 (11) 

we assume y — z (12) 

which makes 

(D - \) r y = (D - \) r . e^z = s** IF z, 
by Art. 169, 2°, and the solution of D r z = 0 is obviously 
z — Ba + B y x + B./c* + . . . + Bf^sf - *, 


whence y = (B„ + B 1 + B^jf + . . . + £ r -i» r_1 ) (13) 

We have here r arbitrary constants, corresponding to the r-fold 
factor of /(D). Cf. Art. 167 (17). 

If /(D) contains, once only, an irreducible quadratic factor 
D 8 + aD + b, where < b, then part of the solution of (1) consists 


of the solution of 

(D 8 + aD + b)y — 0 (14) 

If we put y = e~^ x z, /9 1 = 6 — Jo 2 , (15) 

we have, by Art. 169 (5), 


(D 2 + aD + b)y = {(D + £a) 2 + y9*j e~' ax z 
= e -i«*(D s + /3 8 )2. 

And the solution of (D 8 + /8 s ) 2 = 0 
is z — E cos /3tc + F sin /Sa:. 

We thus find y = e -i< " (E cos /9® + F sin (3x), (16) 

as in Art. 167 (24). Hence for every distinct quadratic factor of 
/ (D) we obtain a solution involving two arbitrary constants. 

Finally, if / (D) contains an irreducible quadratic factor which 
occurs r times, we have to solve 


(D 8 + aD + b) r y = 0, (17) 

or, making the substitutions (15), as before, 

(D 2 + fFY 2 = 0 (18) 


To solve this, we assume 


2 = u cos fa + v sin fix. (19) 

Now, by actual differentiation, we find 

(B*+ /3*).u cob fix = 2/3. Dw.cos(/S#+ £w) + .... 

(D* +/ 3*)*. u cos#® = (2y8)* . D 8 !* . cos (/8« + w) 
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170] 
and, generally, 

(D* + fi *Y . u cos fix = (2 fi) T . &U . cos (fix + ^nr) + (20) 

where only the terms of lowest order in the derivatives of u are 
expressed. Similarly 

(D s + fiff . v sin fix = (2fi) r .D r v. sin (fix + ^raf) + (21 ) 

Hence the equation (18) is satisfied, provided 

L r u = 0, IFv^O (22) 

i.e. u — E 0 + EyX + E.c? + . . . + E r _ x x T ~ 1 

i> = F 0 + F& + Fj? + . . . + Fr^af-K ) ^ 

The complete solution of (17) is therefore 

y — (Ea + E t x -f Ejr* + . . . + E r - l x r ~~'') e~ iax cos fix 
+ (F 0 + Fyr + F^ + . . . + F r -i Jf- 1 ) e-* ax sin fix, . . .(24) 
involving 2 r arbitrary constants. 

i <Fy _<T-y 

Exl - (-5) 

This may be written D*(D—l)y = 0, 

and the complete solution is accordingly made up of the solutions of 
l)-y = 0, (D - 1) y - 0, thus 

y^A+Bx + Cf. (26) 

2 . 2 =miy (27 > 

Tliis may be written 

( D — m) (D + m) (Z)-’ + »»*) y = 0. 

Adding together the solutions of 

(D~m)y = 0, (D + m)y = Q, (D 3 + m i )y = 0, 
we obtain y = de"“ + B<r ,m + E cos mx + F sin mx (28) 


Ex. 3. 

This is equivalent to 




Hence 


(IP + D + l) (Z? 3 - A>+ l)y = 0. 


y = cos ~ x+ B sin x^ + ^A 1 cos x + B' sin xj . 

(30) 
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-ff®- 4. ^ + 2m» ^ + »» 4 y = 0 (31) 

Writing this in the form 

(D 8 + m a ) s y = 0, 

we find y = {E^ + E^x) cos tnx + (F ti + F x x) sin nw. (32) 

171. Particular Integrals. 

We proceed to the determination of a particular integral of 
the equation 

/(D) jy- V, (1) 

in the two most important cases. 

1°. If V contain a term 

He “ (2) 

the corresponding term in the particular integral is 

y-flr < 3 > 

TT 

for this makes /(D) y — (D) e** = He * x , 

by Art. 169 (4). 

The rule fails when a is a root of 

/(D) = 0 (4) 

If it be a simple root, we may write 

/(D) = 0(D)(D — a) (5) 

where <f> (D) does not contain the factor D — a. The equation 
<f> (D) (D — a) y = He?* (6) 

is satisfied, provided 


CD-.),- — 

and we have seen, in Art. 157, 2°, that a particular integral of 
this is 

> = m^- <7) 

If a be an r-fold root of (4), we may write 

/(D) = <f> (D) (D — a) r , (8) 

where ^ (D) does not contain D — a as a factor. The equation 
4>(D)(D-aYy=Hf* (9) 
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is satisfied, provided 

(D — a) r y=s^~ «** 

Now if we put y — e**z, 

we have, by Art. 169 (5), 


(D-a)‘ y^^D'z, 

whence 

This is evidently satisfied by 


D r z = - rr -. 
cj>(a) 


H of. 
r\<f> (a) 

A particular integral of (9) is therefore 


( 10 ) 


2°. Let V contain terms of the type 

H cos ax + K sin ax. (11) 

Since the operation /(D), performed on 

y = A cos ax + B sin nr, (12) 

must result in an expression of the same form with altered coef- 
ficients, a particular integral can in general be found by substi- 
tuting this value of y in the equation 

f(D) y — II cos ax + K sin or. (13) 


and determining A and B by equating coefficients of cos ax and 
sin ax. 

In one very frequent case, the values of A and B can be written 
• down at once, viz. when the equation is of the type 

<f> (D a ) y = H cos ax + K sin ax (14) 

i.e.f(D) contains only even powers of D. We have, then, by 
Art. 169, 3°, 

y -*<-«-) 0 “" + *<-<r> 8inM - (15) 

This result fails if <f> (— a 3 ) = 0, i.e. if <f> (D 1 ) contain B* + of as 
a factor, in which case terms of the type (11) occur in the comple- 
mentary function. If the factor Z) 3 + a 3 occur once only, we write 

^(D>)= X (D‘)(D‘+^) ( 16 ) 
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Now the equation 

X(-D*)(jD , + o*)y= H cob ax + K sin ax (It) 

will be satisfied if 

TT V 

(D* +«*)«= , ..cos ax + , — ..sin a#. (18) 

x( -«*) x(- a> ) 

The problem is thus reduced to one already solved under Art. 
168, 2°, viz. we have the particular integral 


(19) 

If the factor D 3 + a 1 occur r times in <f> (D 1 ), we write 

<I>(D*) = X (&)(& + (20) 

and the problem is reduced to finding a particular integral of 


(D 3 +a’)-y - cos ox + -^^ sin or. (21) 

If we assume 

y = « cos (ax — Anr) + v sin (ax — Irw), (22)* 

we find 

(D 3 + a*) r y = (2a) r .D r u. cos ax + ( 2a) r . D r v . sin ax + . . . 
by Art. 170 (20), (21). Hence (21) is satisfied provided 


JJ 

D,u = (iayx(-~c?y 


D r v = 


K 

(2a y X (-•?)* 


...(23) 


or 


M = 


^x>- 


r!(2a) r x(~« 3 )’ 

A particular integral is therefore 


v — 


r ! (2a) r x (— a s ) ‘ 


.(24) 


of 

y - - i(2et) r x ( _ g a) ^ 008 (®® “ i r7r ) + K sin (« - i r7r )}- • • -( 25 ) 

In the general case, where f (D) contains both odd and even 
powers of D, the assumption (12) fails in like manner if, and only 

» .1 I* . ru. . . TIT *. • 


if, /( D) contains the factor D* + a J . Writing 

f(D) = x(D)(& + «r, ( 26 ) 

where x (P) does not contain the factor D 3 + a*, we first obtain a 
particular integral of the equation 

XP)y=H cos ax + K sin ax, (27) 

in the form y = H, cos ax + K, sin ax. (28) 


* The assumption ysucoeox+esin ax would serve equally well, but the form 
in the text enables ns to write the final result in a more oompact manner. 
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It then remains only to solve 

(I> + « s ) r y = ^ cos ax + K r sin ax (29) 

This has been treated above. 

3°. Another case where a particular integral can be obtained 
is that of 

• f{D)y = X (30) 


where AT is a rational integral function, of (say) degree r. We put 
y = x m v, where m is the lowest index of D which occurs in f(D), 
and v is a rational integral function of x, of degree r. The coef- 
ficients in v are then determined by substitution. 


172. Homogeneous Linear Equation. 

An equation of the type 

d n u . d a ~ , >/ . d r >/ 

, J + A, x"~' , — - + . .. + Ax r ... 
dx n 1 //*>“-> ^ 'I'*' 


dx n 


dx r 


+ A„_ 1 xg + A n y = F, 


( 1 ) 


is sometimes called a ‘homogeneous’ linear equation. The com- 
plementary function in this case consists in general of a series of 
terms of the form Cx m , where C is arbitrary, and the values of to 
are to be found by substitution on the left-hand side. Moreover, 
jf V contains a term Hx?, the corresponding term in the particular 
integral will in general be Bx v , pro\ided B be properly deter- 
mined. 

To see the truth of these statements we may take the homo- 
geneous linear equation of the second order. To solve 


< 2 > 

we assume y — Cx m . (3) 

This will satisfy the equation provided 

{to (to — 1 ) + am + b] G.r m = 0 ( 4 ) 

Equating to zero the expression in { }, we have a quadratic in t 
If m„ to.j be the roots of this, the solution is 

y — Ci x m ' + C t x m ‘. (5) 

Again, a particular integral of the equation 

^S + ^£ +6ys=i?,c ' (6) 

will be y = Bx *. (7) 

provided {p(p-l) + ap + b\B -H. (8) 
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Complications arise when the equation in m has imaginary 
roots, or when it has coincident roots; there are, further, diffi- 
culties in connection with the particular integral when V contains 
terms of the type x p , where p is a root of the equation in m. To 
avoid special investigation, we shew how the equation (1) can 
always, lt>y a change of independent variable, be transformed into 
a linear equation with constant coefficients. * 

If we put x = e®, (9) 

then, u being any function whatever of x, we have 
du _ du dx _ t du 
dic~d0' r d0 ste d0’ 


or 


du du 
X dx* s d0‘ 


( 10 ) 


We will denote the operator d/d0, which is seen to be equivalent 
to xd/dx, by S. Then, D standing as usual for d/dx, we have 

xD (x m D m u) — x' n+1 D" 4 1 u + m.r’“ D m u, 
or 

rc m+1 D m+I u = (xD — m) (x m D" 1 u) — — in) (x/" 1 D' n a). . . .(11) 
Putting m = 0, 1, 2, ... in this formula we can express 
xDu, oFlPu, x'D'u,... 

in succession in terms of &u, &*«, — Thus, since the operator 
'Sr. — d/dO, is commutative, 

xDu=^u, 

=*(*-l)? t , 

® s I>>a = &(&-l)(^-2)«, 
and so on, the general formula being 

a;’-I>' , a = S’(&-l)(^-2)...(^-?- + l)M (12) 

If we substitute for the several terms of (1) their values as 
given by (12), we get a linear equation with constant coefficients, 
of the form 


ffr)y=v. 

/ (ie)"~ v - 

CO 

H 

d‘V 

2 dV n 

(14) 

dr* ‘ 

-r*-° 


If we multiply by r 1 this comes under the form (1); thus 
cPV „ dV 
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Assuming V = Cr 

we find m(m - 1)+ 2m = 0, or »» (m + 1) = 0. 

The admissible values of m are 0 and - 1 ; and the solution is therefore 

B 


Cf. Art. 165,' Ex. 2 

Ex* 2 . 


Jr 


v=a + 


,<t-y , 


.(16) 


(17) 

To find the complementary function, we assume y = Cj **, and obtain 
tn (m - 1 ) + ‘2m - 2 - 0, or (m - 1) (m + 2) = 0, 
whence m = 1 or - 2. Again, a particular integral is y- Car 1 , provided 
(2 - 1) (2 + 2) C = 1, or C-J. 


Hence 

, B , , 

y- Ax+ ^ + * x - 

(18) 

Ex. 3. 

„ cPu du 

e d>- x L +!/ *• 

... (19) 

This becomes 

(.3 - 1) - 5 + 1} y - e*, 


or 

It 

-» 

/-N 
r— « 

1 

2^ 


Allowing for 
Art 167, 

the difference of notation, the solution of 

this ia 1 


y^(A + B6)e i +\B i e e , 


or, in terms of 

*> 



y - (A + B log x) xi \x (log x) J 

.... (20) 

Ex. 4. 

.eh/ dy , 

*<&+*£+*-*' 

(21) 

This gives 

(^+1)^=^, 



y = A cos 6 + B sin 6 s- 



A cos (log x) + B sin (log j ) -i j^.r 3 

(22) 


173. Simultaneous Differential Equations. 

In dynamicul and other problems wo often meet with systems 
of simultaneous differential equations, involving two or more func- 
tions of a single independent variable, and their derivatives, the 
number of equations being always equal to that of the dependent 
variables. We denote the dependent variables by the letters 
x, y , ... , and the independent variable by t. 

Without entering into questions of general theory, it will be 
sufficient here to give a few examples exhibiting the methods 
which are most generally useful. 
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In the first place, it may happen that each of the given equa- 
tions involves only one of the dependent variables, and so can be 
treated separately. 

Ex. 1. In the case of a projectile under gravity, if the axes of ,r 
and y be horizontal and vertical, we have 


Hence 


x — A 


d*x 
dP 
+ A 




y=B+Bt-lgP. 


( 1 ) 

( 2 ) 


The arbitrary constants A, A', B, B enable us to satisfy the four 
initial conditions as to position and velocity. 


Ex. 2. In the case of a particle attracted to a fixed centre (the 
origin) with a force varying as the distance, we have 

d*x d*y ... 

dt *=-*•*' ( 3 ) 

whence 

x — A, cos Jfit + A a sin Jpt, y-B t cos Jpt + B t Bin J/it. 

If we eliminate t, we find 

<*>« - ^yf + (4* - = (M - W, (*) 

which shews that the path is an ellipse. 


If the given equations, which we will suppose to be n in 
number, are not of this simple type, then by differentiations, and 
algebraical manipulation, we may eliminate all the dependent 
variables x, y, z , ... , save one (say x). If, after integration of the 
resulting equation, we substitute the general value of x in the 
original system, we shall find that this now reduces to n — 1 equa- 
tions involving the n — 1 dependent variables y,z, .... The process 
can be repeated until each dependent variable in turn has been 
determined as a function of t and of arbitrary constants. 

In particular cases a more symmetrical procedure is possible. 
We content ourselves with a few illustrations taken from physical 
problems. 


Ex. 3. If x, y be the coordinates of any point in a rigid plane 
which is rotating with angular velocity n about the origin, we have 
the equations 


dx dy 

_ = — «.y, 


( 5 ) 


Eliminating y, we have 


d 2 x dy 

W"~ n dt~ 




trx, 


x = aooa(nt+ *), 


■<«) 


whence 
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the constant# a and < being arbitrary. Substituting in the first of the 
equations (5), we find 

y = asin(ni + t) ( 7 ) 

The results (6) and (7) shew that each point describes a circle about 
the origin with angular velocity n. 

Ex. 4. In the theory of electro-magnetic induction we meet with 
the equations 

L' 1 ? + M d ]f + Hx=E, 

dt cLt 

Here x and y denote the currents in two circuits subject to mutual 
influence ; R and S are the resistances of the circuits, L and N the 
coefficients of self-induction, M that of mutual induction, and E, F are 
the extraneous electro-motive forces. 



Let us first suppose that E - 0, F = 0. The equations are then 
satisfied by 

x - ArM, y = Be Kt , (9) 

provided (LX + Ji) A + MXB = 0, | n ^ 

MXA + (NX + S)B~0.\ ( ) 

Eliminating the ratio A : B, we have 

(LX+R) (NX + ,V) - M-X ~ - 0, 

or (LN - AP) X- + (LS + NR) X+RS 0 (11) 

8ince (LS + N Rf -4 RS (LN — M -) 

= (LH-NR)-+Ur*RS, 

a positive quantity, it appears that the roots of the quadratic (11) are 
always real. Again, for physical reasons, LN is necessarily greater 
than M 1 . Hence (11) shews that the two values of X must have the 
same sign (since their product is positive), and further that this sign 
must lie negative (since the sum is negative). Hence, denoting the 
roots by — A„ — A a , we have the solutions 

* = 4,e-V, y = | 

and x ~ A j« "*-■*, y = B^~^ f , ) 


where the relation between -d, and B lf or A* and £ a , is given by either 
of equations (10) with - X, or - A, written for \. The arbitrary con- 
stants therefore virtually reduce to two. On account of their linear 
character, the equations (8), with E = F-Q, are satisfied by the sum# 
of the above values of x and y, respectively. The result represents the 
decay of free currents initially present in the circuits. 



448 INFINITESIMAL CALCULU8 [CB. XIII 


If E and F are not zero, but given constants, a particular integral 
of (8) is evidently 

E F 
X ~E’ y ~S‘ 
and the complete solution is 


x = -g + A 1 e~ k < f + ■dji?-*!*, 
y = £ + 2f, «-*•* + 


(13) 


where the relations between A, and B„ and between A<> and fi 3 are as 
above indicated. 

The first terms in these values of x and y represent the steady 
currents due to the given electro-motive forces; the remaining terms 
represent the effects of induction. Since we have, virtually, two ar- 
bitrary constants, these can be determined so as to make the actual 
currents have any given initial values. 

Another important case is where E is a simple-harmonic function 
of the time, and F is zero. Putting, then, 

E = Exempt, F— 0 (14) 

a particular integral of the equations (8) may be found by assuming 
x- A cos pl+ A’ sin pt, 
y= B cos pt + B' sin pt. 

On substitution we find, equating separately the coefficients of cos pt 
and Bin pi, 

pLA' + pMB' + BA^E'A 

— pLA -pMB + EA' = 0, | /lftv 

pMA’ + pNE + SB = 0, | ' ' 

—pMA —pNB + SB' = 0. ) 

These formulse give A, A’, B, B’, and so determine the electrical oscil- 
lations in the two circuits due to the given periodic electro-motive 
force. The free currents are given by terms of the same form as 
in (12). Their values depend on the initial circumstances, and in any 
case they die out as t increases. 



Ex. 5. As a final example, we take the equations 


A d*x ^ jjdS, 
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which determine the motion of any 1 conservative ’ dynamical system, 
having two degrees of freedom, in the neighbourhood of a position of 
equilibrium. 

To find the free motion, we put X-0, Y = 0, and assume 


x = Ftp, y = Gek f (18) 

We thus get {A\ i + a)F+{m? + h)G^0, j 

(//x> + h)F + ( n\ a + b) g = o. J 

Eliminating the ratio F : G, we have 

(4 A* + a) (/.‘A* f b)- (//A 5 + Kf - 0, (20) 

or (AB - H 1 ) \*+ (Ab + Ba - 2Uh) k- + (ab- h 1 ) = 0. (21) 

This is a quadratic in A 2 . 

The expressions 

m 

and i (aa? + Ihxy + by 1 ), (23) 


represent the kinetic and potential energies of the .system, respectively. 
'Hie former is essentially positive; hence A, li are positive and AB> H-. 
It follows that the left-hand side of (20) or (21) will be positive both for 
A’ - + qo and for A a = - aj , whilst for A ! = 0 the sign is that of ab - h\ 
Also, from (20), it appears that the left-hand member is negative for 
A 2 = — ajA and for A* •= - b/B. 

Hence if the expression (23) be essentially negative, so that a, b are 
negative, whilst ab — K l is positive, the equation (21) is satisfied by two 
positive values of A 3 , one of which is greater, and the other less, than 
either of the quantities — a/ A, -b, B. Denoting these roots by A, 2 , A^, 
we have the solutions 

* = + F,'e~*<i + FsM + F t 'e-U, | 

,, =. G^,i + 6V« -X,f + G*bS + G.'e-^f. j W 

Of the eight coefficients, only four are arbitrary. The ratio Fj : G lf 
which is the same as F/ : is determined by (19), with A, 2 written 

for A 2 . Similarly, the ratio F, : G, or F s ' : GJ is determined by the 
same equations, with A./’ written for A 2 . The four arbitrary constants, 
which remain may be utilized to give any prescribed initial values to 
x, y, dxjdl, dyjdt. It appears thut x and y will increaso indefinitely 
with t, unless the initial circumstances be specially adjusted to make 
F\ and F t vanish. Hence if the potential energy in the equilibrium 
position be greater than in any neighbouring position, an arbitrarily 
started disturbance will in general increase indefinitely; so that the 
equilibrium position is unstable. 

If, on the other hand, the expression (23) be essentially positive, so 
that a, b, ab — h* are positive, the roots of the quadratic in A 2 will both 
be negative, viz. one will lie between 0 and the numerically smaller of 
the two quantities —ajA, —bjB, and the other will lie between the 

29 


Ltd 



INFINITESIMAL CALCULUS 


450 


[OH. XIII 


numerically greater of these quantities and — as . This indicates that 
in place of (18) the proper assumption now is 

x = F cos pt + F' sin pt, y - G cos pi + &’ sin pt (25) 


This leads to equations of the forms (19) and (21), with — ft written 
for X*. It follows that the two roots of the quadratic in p 1 will be 
real and positive. Denoting them by p, a and p*, we get the solutions 


x = F 1 cos p x t + Fj sin p-f. + F a cos p a t + F a sin pjt, 
y = G, cos p^ + £?,’ sin pj + G a cos p a t + G 3 ' cos pjt. 


(26) 


where the ratios FJG U F F a /G.,, F a /G a are determined in the 
same manner as before. Since F x jG x = F x jG x , and F a /G a ' = F a jG a , the 
results may also be written 


x = F x cos (p x t + «,) + F. cos (p./ + c a ), 
y — (r\ COS (pit + «,) + G a cos (p, A t + € s ), 


.(27) 


where F X IG X and F.JG a are determinate. It appears that when the 
potential energy in the equilibrium position is less than in any neigh- 
bouring position, a slight disturbance will merely cause the system to 
oscillate about the equilibrium position, which is therefore stable. 


The two roots of the quadratic in X s (or in ft) have been assumed 
to be distinct. It may be proved that they cannot be equal unless 
a/ A = bjB = h/II ; and that if these conditions be fulfilled the solution 
is of one or other of the two types : 

x = FeV + F'e~ >J , y= Ge* ( + G'e~** y (28) 

x = Fcoapt + F' sin pt, y=G cos pt + G’ siupt, (29) 

where the four constants are in each case independent. 

Finally, we have the case where the expression (23) for the potential 
energy may be sometimes positive and sometimes negative. In this case 
ab - h? is negative, and One root of the quadratic in X 3 is positive, the 
other negative. The complete solution is now of the type 

x - Fe H + F'e,~ Kt + F" cos pt + F'" sin pt , ) 

y = + G'e -« + <?" cos pt+G"' sin pt.) ( 

It is clear that an arbitrary disturbance will in general increase indefi- 
nitely, so that the equilibrium position must be reckoned as unstable. 

A slightly different method of treating the question is to assume 


y = px. 


( 31 ) 


The equations to be solved now take the form 

d?x . .. „ \ 
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These are both satisfied by 

x = Fe u , 

A + fj.3 H 4 * fifi 
a h fdi h + ^li 
Hence p is determined by the quadratic 


provided 


1 

A 3 ’ 


(33) 

,(34) 


( Hb - Bh) p? + (Ab -Ba)p + {Ah - Ha) = 0 (35) 

If ft] , /^ 3 be the roots of this, the corresponding values of A* are given 
by (34). In this way we obtain two solutions, which, on account of 
the linearity of the differential equations, we may superpose. 

If we eliminate p from (34), we get the same quadratic to deter- 
mine A* as before. Hence the condition for the reality of the roots 
of (35) must be the same as in the case of the quadratic (21). This is 
easily verified. 


If A 3 be negative, the solutions are of the types 


x = cos (jj,t + *,), y = ft/'’, cos ( + *,), 
x — F„ cos (p.t + <5 ), y = ft/’ a cos (p./ + e,), 


(36) 


where F lt F a , e s are arbitrary. Either of these by itself represents 
what is called a ‘ normal mode ’ of vibration of the system. 

To find the forced oscillations when the extraneous forces X, Y are 


of the type 

X - a cos (nt + c), Y = /? sin (nt + *), (37) 

we may assume 

x = F cos ( nt + t), y = G sin (nt + «), (38) 


and determine the coefficients F, G by substitution in (17). A case of 
failure may arise, when the expression (23) is essentially positive, owing 
to n" coinciding with one of the roots of the quadratic in p 2 . 


1. 


2 . 


3. 

1 


EXAMPLES. LVI. 


(Constant Coefficients.) 


#y , _ o 

ch* dx • 

3 g- 3 §^-°- 


daf dx 3 


[y = A+Be~*.] 

[y=Ae“ + £«-“.] 

[y = Ae“+ BA*.} 

[ y = Ae*+5«* , + Ce“.] 
29 — 2 
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^ = m*y. [y = Ae m *+ Be'"* + C ooamx + Ltin ma.] 

S'S + s" , ‘ a [»-■ a<,+ii “**+ £? « fa «] 

[y = e™ (A cos nx + B sin nx).] 
— 4^+ 13y=-0. [y = e* (A cos 3* + 5 sin 3*).] 

t ~ + 2 ~ + 5y =- 0. [y = e'* (A cos 2* + B sin 2*). ] 

^rf — 6^ + 13y = 0. [y-e^A cos 2* + if sin 2x).] 


d*y 

di* 


+ m i y = 0 . 


M 


A cosh ^ + B sink 


J 3 


cos 


7* 


. . MX\ . Bl/ “I 

A cosh + if sinh sin ■ J 


12. 

d‘y tf*y_tfy 
dx' da? dx y 

[y = Ac* + (if + Cx) e --1 .] 

13. 


[y - (A + if*) Ce~ r . J 

14. 

3 -» 3 + *-* 

[y - (A + ifx) + C , e- r .] 

15. 

£-»S*V-a 

[y - (A + ifx) e* + Ce* 11 .] 

16. 


[y - (A + ifx+ Cx 3 )^.] 

17. 

+ K + »*) ^ + w*Vy - 0. 


[y = A cos (mx + o) + B cos (nx + ft)-] 

18. Show that the solution of the equation 

d* x . dx rt 

— + k --^0 


is of the form * = Ae~ at + BeP*, 

where a, fi are both positive (if k and y. are positive) and a > ft. 
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19. 

20 . 
21 . 
22 . 

23 . 


24 . 

25 . 


d*y _ dy 

- 2m ~ + mry = sin nx. 


T («*' 

L y - - 


(m? - n*) sin nx + 2 mn cos nx 


+ &c. 


0 


n' + n*)* 

^~d^~^s +y:=CO!i):ix ' 

cL^y dy 

^ ^ = 1 + cosh a;. [t/ = x + \e/ c — $xe-*+ itc.] 

j ■— — m*y = cos kx + cosh he. 
aar 

£y = p _ mt (cos hr + cosh kx) + &c.J 

(D* - in*) y cosh mx + cos inx. 

(sinh a: - sin mx) + &c.J 

2> s (D 2 — 1) y = cosh x. \y ~ lx sinh x + &c.] 
( D 2 + m 2 ) 2 y = cosh mx + cos mx. 

. . cosh mx — 77— x a? cos mx.l 
4 m 4 8m 2 J 


!/■« 


20 . Find the values of x and dx/dt from the equation 
d* x n dx . , . 

de + ~ n dt +nX=/ * mpt ’ 
subject to the conditions * = 0, dx/dt = 0 for 1 = 0. 


- jp l sin (P l ~ 2t ) + (P l + 8in 2t ) 


e j> 


dx sin s 


where 


_ ^ {cos ( pt -2 c) - (n< cos 2c) e~'" { 
R = 7(/i 3 +■ >i a ), c = tan -* (p/n ). J 


EXAMPLES. LVII. 




2. Solve 
as a homogeneous linear equation. 


d=r ldF 

-f - . = u 

dr* r dr 


[y^+f + C"®*-] 


[V = A logr + X] 
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7 . 

8 . 

9 . 


10 . 


11 . 
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[y = A + B log* + Car*.] 


.d*y _ n 

*d2~ 2 di =0 ‘ 


a ? d - y -2v = x. 
da? y 


rfw „ 1 r 4 J9 log» *1 

*J +ix d +2y =x- L 3 ' = ^ + * + *-J 

[y = 4*+^ + ^r».J 


jd'y dy 
*da? +X dx v ~ af - 


a? ^ - 3ir ^- + 4y ■= sb 3 . = (A + B log x) x* + as 3 .] 


ia?*'* + ix dy -v 
i ^da? + * X dx y ‘ 


y = 


A + B log a: "] 

Ja: ’J 


Prove that 


(£-£)/<**>«°. [f(r) = f + Br + Cr* + D^ 

f ( xi P) x ' u=3 v{ x L +m ) u - 


Prove that 


/ (* * m log * = x m {/(to) log x +/' (to)}. 


EXAMPLES. LVIII. 

(Simultaneous Equations.) 

1. ~ + 7x~y = 0, ^|+2a) + 5y = 0. 

[as = £ {(^4 + B) sin t + (A - B) cos t} e~", 
y = {A cos t + B sin t ) «'*.] 
n cfo; „ dy 

2. Tr 3x ~ y> di =x+y - 

[x=(A + Bt) e“, y - (A - B + Bt) «“•] 

3. S+5 x + y-J, § + 3 y-y = e“. 

[x=*(A + Bt) e~ u + * 4 t d - uV «*» 
yzt-iA+B + BQe-u + jgJ + fa*.) 
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4 Solve 


dx dy 

dt-* +a *> }r* + *y- 


r i+F i-B -i 
L x =A~2t’ y = ,rrr { -J 


dht _ „ . dry 

8* jjk + 3j;-4y + 3 = 0, + x~y + 5 = 0. 

[x = (A + Bt) co i,t + (A' + ft) sin t- 17, 
y -- \ {A + B' + Bt) cos t + J ( A' - B + ft) sin t - 12.] 
6. Shew that the integrals of 

dx . dii , 

dT" + ** - ( f t =’‘* + h, 

are x- A ,«*>' + AjtU, y - + y. t A^, 

where ju, , ^ are the roots of 

' ,,+ T'‘- lr 0. 

and X, a + hfi lt A, = a+Ap. 2 . 


7. Solve 


8. Solve 


' + m-y - 0, ~ m ‘ x ~ ft 


: Je vi cos 


fmt \ 

U> +a ) 


tut 

+ Be v/2 cos 


(»■ 


wr . . . mr . . _ 

y = A,s°- sin (-J, + a) - sin + /?).] 


d J^ax + h y, d J = hx + by. 


fl. Solve — n*y-Q, ^ + mry - n*x = 0. 

[se + y = A cos - n®) t + A' sin ,/(*»* — n s ) t, 
x - y = B cos J(tn- + «*) < + if sin ,/(*«“ + n*) t.] 

10. Determine the constants in the solution of the simultaneous 
equations 

d-x d'-y 


so that, for t = 0, 


if = ^> dF = w 


dx n dy v 

**•» » = 0 > dT 0> dT r - 


[aj = a cosh Jy.t, y - F/^/s . sinb ,/fd.] 
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11. The equations of motion of electricity in a circuit of self- 
induction L, ami jasistance if, which is interrupted by a condenser of 
capacity C, are W 

r dx 0 q dq 

L di +Rx —c> Sr* 

where x is the current, and q the charge of the condenser. Find the 
condition that the discharge should be oscillatory. [ L > J/PC.] 


12. Solve 


d^x _ d*y 
dt‘ ' dt* ! 


P 

V’ 


and shew that the solution represents a conic symmetrical with respect 
to the axis of x. 


13. Solve 


d*x . d*y 
dt?" 0, dt* ~ wr * 


and prove that the curves represented by the solution include a family 
of hyperbolas. 


14. Solve 


15. Solve 


dy . d*y 
— — n + /, 


dt' 


dt 


dt 1 


dx 

n di‘ 


= a + a cos (at + c), y = \ 3 +■£ t + a sin («f + e).^J 

2,.* 

dP dt 

d*y a dx . r, 

d,* +2v dt +m ' y = °’ 

[as = A cos ( pt + 1 ) + A’ cos (pt + «'), 

y = - A sin (pt + e) + A’ sin (p't + *'), 

where - J(m* + n*) ± ».] 


16. Solve 


P 

d 3 x , ,. g 


d !u d 2*b-o 

dP dt* b J 

(The equations of motion of a double pendulum, the lengths of the upper 
and lower strings being a and b, and y being the ratio of the mass of 
the lower to that of the upper particle. ) 

Prove that the periods of the normal vibrations are 2sr/f>, , 2 «r/p 2 , if 
!>,* y t * be the roots of * 

£+£)*■♦(!+,.)£=. o. 

Shew that the roots of this quadratic in p* are real, positive^ and 
distinct. 



CHAPTER XIV 


DIFFERENTIATION AND INTF^« A'rrnv nv 
PO WER-SER IES 

174. Statement of the Question. 

The main object of this Chapter is to j ustify, under prope r 
c onditions, the application of the processes, of differentiation and 
in tegration to functions expressed by ‘ power-serie s. i.e. by senes 
of the type 

A 0 + A iX + Aji?* + . .. + A„x n + , (1) 

where the coe fficients are constants . Thus, if /?(#) denote the 
s um of this s enes, assumed to be c on ver pent for all values of x 
ex tending over a certain range, we Have to e xamine under what 
c onditions it. nan he asaerte«^>!hat j j(x) is a continuous and diffe r- 
en tiable function o f x, a nd that,* moreover, " T 

(x) -A, + 2AgV + 3Atf?+ ... + nA a x n - 1 4 ..., ...(2) 

and / 

f x 1 

I S(x)dx = A v r+)iA l a?+ IA 4 A+ ... 4- - - A n x n+1 + (3) 

J 0 ' 71+1 

respectively. 

If the nu mber of terms in (1 ) were finite , the statements in 
question would need no proo f, beyond what lias already been indi- 
cated in the course of this work (.see Arts. 29, 74), feut it must be 
remembered that the word ‘ sum ’ as appliVd _to pq infinite ap.rios 
b ears an artificial sens e, and that we are not entitled to assume 
wi thout examina tion that statements which are t rue whe n the yord 
h as one mea ning remain true w Ken it is used in an other. 

It is convenient to have a notation for the s um of the first n 
t erms of the series (1). We write ** "* 

S*(x)** A t + A 1 x + A i /i?+ ... + A,^ l x n -^, (4) 

a rational integral function of degree n — 1. This is called a * partia l 
s um,' and its gra phical represent ation is called an * approximation 
carve .* An example of such curves is given in Fig. 136, p. 4oo. If, 
further, we put 

S(«)-^(*) + U»(*), (5) 
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the quantity R. is c alled the * re mainder after n_ terms.’ It is 
of course th e amp of the s eries 

A n x n + A n+J x n +> + (6) 

By hypothesis, the sequence 

SA*), ( 7 ) 

Ijgs, fqr anyvalue of jp for which the series is convergent, the limiting 
value S(x). It follows tha t the sequenc e 

-Ri(*). R, {x), #,(«) (8) 

h as the limiting value zero. 

It is to be noted that in each of the questions above propounded 
'we have to deal wit h what is known ^s a ‘ douBIe limit .’ Th uB. to 
* e stablish the continuity of S <x~\ for i = nw e have to shew that 

li m w _ M limg-^q S„ (, x ) = Jim g - > a lim n ^. » S n (x) . (9) 

. Again, the formula? (2) and (3) may be written 


d 


d 


lim„ oo <^n (®) — lim n ( J ’)> 


.( 10 ) 


and f {lim„ (a:)} 4t*lun,*« j S„ (a.) dx, ...(11) 

respectively. Since a derived function is the limit of a quotien t, 
and a definite intejf rails the limit of a sum, these forms also come 
under the description of a double limit. It is not to be assumed, 
and it is n pt w ecsssanly tru e, that the result is independent o f the 
order in wEich the two operations o f proceeding to a limit are 
performed*. 

75. Derivation of the Logarithmic Series. 

There are one or two cases where the questions above raised 
can be answered without difficulty, the form of R.. fa;) being know n , 
and the results are of great importance. 

By actual division we have, as in the theory of the Geometric 
Progression? ' 




1 ...+(-) n - , t , ‘- 1 + (.-)" 


t” 




0 * 


J + / • ’ ' 7 1 + «’ 

ovided t=fc— l. We will su ppo se that x is positi ve^ We hfive, 

iog<i + - 1 +|- ... 

+<->"$+<-*£& « ■ 

* For an example see ^Art. j,91L 


■} * 
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The value of the integral in the last term is increased if we replace 
the denominator in the integrand by it s least value , viz. unity. 
The integral is there jforejess than " ' ’ ' 

• « f* 3>«+i m 

, > t n dt, or - tJr 

1 o » + l T 

If x b e less than unity, or even equal to unity.) this tends with 
inc reasing n to the limit7 T * _ " “ 

Hence if a; be positive and 1 we have 

log (1 + x) = x- - * + ~ - . . . + X \.. .,1^(3) , 

the”series ex tending to infipitv. f > • ■ , ' u i - - 1 -* St 
In particular, putting x •= 1, - * , • - ' ' 

\ w 

This result, th ough wntctpis - uot suited for numerical calculatio n, on 
account of the ^fow convergence o f the series. It may be shewn t hat 
about lQ VternmWgUM be ’requ ired to o btain a result accurate to n 
p laces orriecimals . A m ore practical formula is given by (12) below. 

Again, we have . • - * ^ , 

1 - * . 1 in • * . ■ ^ ) 

_L^i + t + f» + ...+r- + -i-- (5) 

I_ -‘ Vn, 

providedjjt 1. Hence if x be positive and less than unity, 
f* dt . x- . a~ , . x* , [* t n dt 

J„—t -' + 2 + » + - + ir+j.rn < e > 

The integral on the right-hand side is increased if we re place t he 
Je nominator by ths. least yulu f which it has wjthiry thp ranj>eof 
i ntegratio n, i.e. by 1 — x. Hence 

f* t n dt 1 f», n ,, ^ .r” +1 , 7 . 

Jo 1 — 1 < 1 — xJit (n + l)(l-<®) 

Since x is bv hypothesis less than unity, this tends with increasi ng 
» to t he limit 0. Moreover, since 

. ( 8 ) , 

we have 

log<l-*)=-*-f-£-...-f- ;■ ■<•> ’ 

so infinity. 


.W 
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The result® (8) and (9) are combined in the statement that 


*” log (1 + »>-»- 1 + 1 + ( 10 ) 

4. / u *;# y ^ i 16 n 

J for values of tc ranging from —1 exclusive ly to 4- 1 inclusively. 
The series on the right is known as th e ‘ logarithmic serie s A 

1 If ’ fc hpi positive and less than umty|'jw e have from (3) and (10), bj 
.■detraction, 

«j§ ^ fer^-ai) ' 

If in this formula we put x=J./(2m + 1), we obtain ' x — 

d 1° S (w + 1) - log m - log , 

*r / 

= 2 fcn + l + 3(2m + iy s + 5(2m+l) 8+ ‘"I ^ 

This series is very convergent, even for m= 1. Putting m = 1, 2, 3, .“T., 
we obtain the v abiets "of 

^ . lo & lo SS~ l SS 2, Iog4-Iog_3, ... j 

in succession, and thence the values of the logarithms (to base e) of the 
natural numbers 2, 3, .... When l og 10 has been found, it s reciprocal 
leives the modulus u by which logarithms to base e must bi 


a? . jb* 


lip order to convert them into l ogarithms to base lOt . 

\/^JCx. 1. I f n> 1. we have \s^ 

log — + — = log A + ^ = - - - + - - (13) 

® n 8 \ nj n 2n* 37i J 

Since the terms are alternately positive and negative, and tend to the 
limit 0, the su m is less than 1 In. by Art. 5. am 

Again, 

log __!L_ = - log (l - + 5-5 + ...» (14) 

6 n - 1 ® \ n) n 2 »* 3m s ' 

which is obviously greater than 1/n. 


/ ^ > log • 


n n+ 1 ‘ 


It was apparently first given by N. Mercator in 1 666. 

' The most rapid way of determining u is bv means of tbs identity 


— Jog 10 s= 8 log 3+ log £. ( * 

two logarithms on the right hand are found by putting m mi, in (19). 
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mx. 2. Let as write 

■\'V i I i (16) 

f v * t? « =1 + 2 + 3+ — + --l°g( w +l), 

» being now of course a positive integer. We have 
' *'1* “• ; n + 1 1 

*„-"* +1 =iog — - M — r o, .r. (17; 

by (15). Again, x 

" B+l _ e * ~ “ Iog 7TU > -"( 18 > 

also by (15). Moreover 

, m+1 

w„ - v n - log , ✓. (19) 


w hich lies between 0 and l/« . Hence the quantitie s 

” l. W», "j, •••, Mj , ,y ••—•(20) 

form a descending seque nce, and **-• 

fi, fii fi, — , :.:..t t ^^.r...(21) , 

an as cending sequen ce. Since each member of (201 is. by (191. great er] 
than the corresponding member of (211 . the sequence (20) has a lower] 
limit (Art. 2), and the sequence (21) an upper limit. And since 

these limits must be t^ebame. Hence ^ - 

lim,*, (l + ^ + g + K + ^“ lo g M ) ( 23 ) " 

where y is a certain constant (kn own as ‘ Euler's constan t ’). Since 
t>, -- 1 — log 2, w hich is > 0, y is posifiy ei its \alue has been ascertained 
tote •67721566...*. ■ ” — - 

- — U. (tt-V+Ar+""£ A 4ft.\ r] 

vl76. Gregory’s Series . ** 3 s ^ / 

Since 

1-^- « 1 - f J + f* - ... + (-)-t^ + (-)’* > —(I) 

t^s. * 

we have — ^ ’ 

r dt _ «* ^ +f _ >n r r dt 

JqI+P x 3 + 5 ^ 2» — 1 ^ Jel+f* 


The method of calculation ie beyond our scope. 
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If x is positive and 1, the latter integral ia le ss than t ^ 

/!*■*- * s'+T < 8 > 

and therefore tends with increasing n to the limit 0. Hence 


This is known as ‘ Gregory’s serie s V Since both sides of (4) 
change sign with x, the eq uality holds for values of x ranging fro m 
- 1 to + 1, inclusively . 

Putting x -- 1, we have 

i»r-l — 3 + i~ ?+■••* (5) 

This series co nverges very sfcwly . and has been s uperseded for the 
c alculation of ir by others. Euler u sed the identity 

y \ir = tan - * J + tan -1 J (6) 

which gives 

** = (2 “ O’ + o ,_ ■•■) + (3 ~ O + O* " ")‘ 

Mach in had previously employed the formula 

i* = 4 tan ' } — t an , (8^ 

which, like (6), is proved in most elementary books on Trigonometry. 
This leads to 

^T 4 G“O s+ 0"-)"(239 "8.239* + 5.239*" 

(») 

On account of the importance of the matte r, it is worth while to 
give the details of t he calculation of t from Machin’n formula To 
calculate tan~ l j^, we first draw up the following table : 



* After the dieeoverer, James Gregory (1671). 
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The sum of the positive terms in the lost column is 

+ *200 064 067 0, 
and that of the negative terns is 

- *002 668 497 2. 
"Qonce tan -1 J= *197 395 559 8. 

Again to calculate tan -1 * we have the table : 


| 1 *004 1*4 100 4 , + -004 184 100 4 1 

| 3 i 73 2 — 24 4 i 


This makes 
Hence 


‘a vi = ‘004 184 076 0. 


Hence J*- = 4tan -1 ^ — tan -1 ^ 

-+•789 582 239 2 
-*004 184 076 0 
-=•785 398 163 2, 

*•= 3 141 592 <^2.8. 

The l ast figures a re of course li able to erro r. To estimate the possible 
e rror of tno final result, we remark that in^thg calculation of tan -I J- 
there were rive. errors, each not exce eding iialra Sui t in the last - place, 
and that there are two such orrorT" in the computation of tan^Vss • 
The errorBj therefore, in th e inferred value of t. even if cumulativ e. 
cannot exceed - ~ " 

4 * (4 x 5 x \ + 2 x £), = 44_ ^ ^ ^ * , . . 

ti mes the unit of the last place . The first seven decimal places <&nnot 
therefore be affected, and we can assert that the last three must lie 
within the limits 484 and 572. As a matter of fa ct the errors are not 
all in the same direction, and the corre ct value of * to ten places i s 

' *•= 3-141 592.653- 6. 

^177. C onvergence of Power- Series. 

Proceeding now to the d iscussion of the general question s raised 
in Ajt. 174, we have first t o consider the matter ol convergence . 

If the terms o f an infinite series are f unctions of a variabl e x, 
it may h appen that the scries is convergen t for a ll values ofL a; 
without restriction, as in the case of the e xponent ial senes (Art. 87), 
it may be onn y ^ye rpn t only for values of ^ belonging to a certain 
c ontinuous range. If this range extends Irom x = a to x = b, tn- 
clwkvely, it is said to be ‘ closed ? and is denoted by (o, b ). If both 
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ter minal points a, b are excluded from the statement, the range is 
scud to be ‘ open* a t both ends, and is denoted by [a, 61 If the 
first or second ' terminal point alone is excluded, this is moicated by 
the notation [a, b) or (a, i], as the case may be*. For example, the 
lo garithmic series has been shewn to be convergent over the rang e 
[— 1,1), whilst G regory's serie s is convergent over the range ( — lTl). 

The m ost generally useful teBt of convergence, in the case -of a 
power-series 

At + A\X + A a x 3 + ... + ■d n r n + (1) 


is the ‘ ratio-test .* It is obvious that if, a fter some finite nu mber 
of terms," the ratio of e ach tenp t o the preceding is less in absol ute 
lvalue! than so me quantity k which is itself le ss than uni ty" the 
aeries is essentially convergent . For the successive terms then 
Vliminish more rapidly than those of a geometric progression whoso 
common ratio is s i i - * 

In particu lar, the se ries (1) will be 'essentially ’converg ent if 

I -4»+i . 


lim»-<, 


A n 


< 1 . 


•(2)t 


JFor i f this condition be fulfilled, and the limit in question be V, 
vweTcan by taking n sufficiently great ensure that for this and for 
all greater values of n the ratio 


shall be less than any assigned quantity k which lies between k' 
and 1. 


If the condition (2) is satisfied , it follows that th e series 

Ay + 2A s x + S-dj-T 8 + ... + nAnjf*- 1 + ..., (3) 


and 


A 0 x + 


AjX 3 A 2 j^ 

2 + ~3 + 


4 7.11+1 

+ ---, + 
n + 1 


W 


the terms of which are derived from those of (1) by differentiatio n 
a nd integrati o n, respectively, will also be essentially convergen t. 
For in the case ot (3 ) we have 


r 



(re + 1) .d n+i _ 

nA n 



xlim»^. ~r* x ( 5 ) 

«“» • 

The cas e of (4) i s still more obvious. 

* These n atations a te due to Prof. F. S t Carey , y/' 
t This form of test is known as d’Alemtort’s . 
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I. Again, leqjqfig asjde any par ticular teat , let us suppose merely 
that the series (l) ,is_known to be convergent fo r a particular value' 
a_ of x . Since the terms must diminish indefinitely, we must have 

lim»-»oo| -4 n a n | = 0 (6) * 

It follow s that the s eries will be es sentially converg ent for alf 
values of x such that ] a? j < j a\. Forj mtmg the series in the form 

A * + A, a Q + A,a* Q + ...+A n e» Q* + (7) 

and denoting by M the greatest value of \A n a n ', we see that the 
several terms of (7) are in absolute value less than the corresponding 
terms of the convergent geometrical series 

4f(l + f + f s -K.. +*« + ...) (8) 

where < = ,x/a { . 

The series (7) is therefore itself essentially convergent. 

Hence if the series (1) be c on vergent for a ny one value fai of ,r, 
ot her than 0 . it will be convergent over the range l~- a. a), and 






It follows also from (6) that the series (3) and (4) will b e. 
es sentially convergent over the range [~— a > <*y For if B be any 
quantity less in absolute value than a, we" have in the case of (3) 


lim* « | nA n f3 n -' \ = Iim„ » | A H a n , x lim* * » n | - j /. (9 ) 
|P! ’I 

The former of the two limits on the right-hand side vanishes by 
hypothesis, and the second in virtue of Art. 43 (3). 

In the case of (4) we have 

A »«+> A „a n 

i*“ — n+i < 10 > 

(l fortiori. 

V£x. 1. The series 

<“> 

is convergent for a: 1, by Art. 5. It is therefore essentially con- 

vergent if | as I < 1. It may be shewn to bo divergent for x = 1. It is 
therefore convergent over the range ( - 1, 1]» b gt e& tentiaUy convergent 
only over the range 1, " 

tio ^ 31 
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'Sex. 2. The senes 

A + fi + A + (i2) 

is convergent, in virtue of the test (2^, for |«e | < 1. It is also easily 
seen to be convergent for * = + 1, and is therefore convergent over the 
range (- 1, 1). 

But the argument above given only entitles us to assert that the 
series 

'•*1*1* -jri <“> 

which is derived from (12) by differentiation, is convergent over the 
range [—1, 1]. It is, however, obviously convergent for x — ~ 1, by 
Art. 5. For x = 1 it is divergent (Art. 175). , , 

, ^78. Continuity of a Power-Seri es. 

' We will now assume that the series 

m S (jjl = A 9 + A x x + +■ ... + A n x n + (1) 

is known to be es sentially convergent over a range a, al . If 
x and x' be any t wo points of this ran ge we have, by A.rt. 5, 1°, 3°, 

8 (a')-S (x)-(x - x ) + 2 A, * + 3 A , — - + . .. 

. <s*- 1 + a"“*a / + ... +x' n ~ l 1 0 

* +nA n — - + ...(2) 

If x and ■sc , *iiftve the same sig n, the fraction 
gn -i + <E »-y + ... +x'”~' 

i. * 

. lies betwe en ^r'.and a:' 1 * -1 . The several terms in ( } are therefore 
intermediate in absolute value to the corresponding terms in the 
two series 

Ai + 2 Aft; 3 AfX* + . . . + + (3) 

,and A 1 +2Agu/4-3A a ®' a + ... +nA^*~ l + (4) 

: It has been shewn that on the above hypothesis these senes are 
essentially convergent. It follows that the expression in { } in (2) 
fig finite. Hence *“* 

y linv-fc* {£(*')- S (*)} « 0, (5) 

ije. 8 ( x) is continuous for all values of x belonging to the rang e 

[~ °> *• • ^ \ i , 4* !>»''*• i ' ~ 

~ We can infer also that the {R\ and (4,1 aX&-W o- 

ti nuous over the range f — a, a]. 

. * It may happen that the series (1) and (3) are known to be eeeentially fWttver- 

Xgent when x ia a terminal point of the range of convergence of (1). In that caw 
[we can aeaert the continuity of 8 (x) up to this value of x inchtaively. 
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v^79. Dif ferentiation of a PowgrjterijM 

With the e ajfag' notatio n asln the preceding Art., and on the 
fla me aasumpti oiy we have , 

S (x') - 8 («) j a x + x , „ , a? + xa! + a/> 

—?Zx -^i + 2A,- 2 + 34, g - +... 

+^ 4 ^ + ( 1 ) S 

Sin ce ar is to be made ultimate ly equa l to x. we may suppose that 
it has the same sig n. ~~ ” 

Let us first suppose that all the coefficients A n arc positive, 
and that x i j als o pogTtjye. The series on the right-hand 8ide~of 
(1) is then intermediate m value between the series (3) and (4) oft 
the preceding Art., and since the sum of (3) is a continuous function 
IftE^yjpllows that / ,J 

(TW-lim, 

d “ 1 1 

= A, + 2 4«r + 34 ,jt* + ... + nA n x n ~ 1 + (2) 

This holds for all points of the range [- a, a]. ,, / 

The s ame res ult would obviously follow if the coefficients A„ 
were all negativ e. * * 

Let us next suppose that x is negative , the coefficients A n bein g 
still assumed” to be p ositive . The preceding argument will then 
apply separately to the two scries formed by taking alternate terms 
in $ (a?), vis. ’ v 


A 0 + 4*1* + Atf + ... +A m a? n + 

A x X + Ajl?+ A#*+ ... + ^■an+i« S ” +I + 


since the terms of (3) are all positive, and those of (4) all negative. 
Their derived functions are therefore equal to the sums of the series 
obtained by differentiating them respectively term by term. The 
result (2) then follows by additio n, sin gg_the series are_eaafinliallyj 
c onvergen t. * 

Final ly, If the coefficients A,, are not all of the sa me sign, we 
can resolve 8{x) into the sum of two series, the coetncients m one 
of which are all positive, and in the other all negative. The fore- 
going argument applies to each of these, and therefore to the 
combination. 
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Ex. It is known that if I as I < 1 


■ = 1 + a + as* + ... + *• + , 


/differentiating both aides, we obtain 


- 1 + '2x + 3x a + . . . + was"' 1 + 


( 1 -*)’ ' 

/k. second differentiation gives 

-i— j=| {1 .2 + 2.3*+... + 3. 4x s + ... + (« — l)«x“ -s + ...}. 
(l-x) 


v'lso. Integration of a Power-Series, 

Using the same notation as in Arts. 177-179, lot 

a a ~»+i 

I (x) — A& + A x g +Az g + ... 4- A n + (1) 

I On the present assumption that S(x) is essentially convergent 
lover the range [— a, a], this will also be essentially convergent over 
'the same ranger Hence, by Art. 179 we have 

I’ (f) = A a + A t x + Aftf + ... + A„*" + ... = S (*). ...(2) 

Hence J S (x) <ir = £/ (*)J = I (*) (3) 

Ex. 1. If 'as | < 1, we have by the Binomial Theorem (Art. 182) 

V(I- ^) _lT 2^ + 2.'4 a: + 2.4'.6^ + (4) 

Hence, integrating term by terra between the limits 0 and x, 


... 1 *> 1.3 * 8 1.3.5 a? 

sm *- J! + 2 3 + 2.4 5 + 274. 6 7 + ' 


(5) 


This series is due to Newton. 


If we put * = ^ we get 

f e fl 1 1.3 ) 

6 t2 + 2.3.5^ + 2.4'.5.2*' t 

from which v can be calculated without much trouble. 


Ex. 2. If |*|< 1 , 


log(l+*)-*-^ +^--... 
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Integrating this between the limits 0 and x, 

' S + S !L_ .... 


(8) 


It follows from a remark made in Art. 178 (footnote) that the function 
on the ri ght-hand is continuous up to the limit x = 1. We infer that 



O - O + 3 1 4 - 2 l0 JL 2 - 1 = • 3 § 62 ^- • 

-- w- vr 

Integration of Differential Equations by Series. 


Given a lin ear differential equation, with coeffi cien ts which are 
rat ional integral functions of the indep en dent va riable fa), it is 
often possible to obtain a solution in tEeTSrnj t>n£n~ascen dinp 
powetd ataries. thus 


T/= A„ + A x x + A„x- + ... + A n x n + (1) 


If we as sume, provisio nally, that t his serie s is c onvergent fo r a 
ce rtain range of x, it can be diffe refiTutfe d once, twice, ... with 
respect to x, by the theorem of Art. 179. Subs tituting in t he 
differential equati on, we find that this can be s atisfied if certain 
r elations bet ween the coefficients A„, A x . A,., ... are fulfille d. In 
this way we o btain a series involving one or more arbitrary c on- 
stan ts ; and j£this series proves to be in fact es sentially convergent , 
we have obtained a solution of the proposed differential equation. 
Whether it is the complete solution . orJmw far it mav require 't o 
be supplemente d, are of course distinct questions, which remain 
to Be dis cussed independently . 

The following is an important example. 


Let the equation be 


di 1 


+ y = 0 . 


( 2 ) 


Assuming the form (1), and substituting, wo find 
(1 . 2A* + A„) -l- (2 . 3A, + A ,) .r + (3 . 4A , + A,) j? + . . . 

+ {(« - 1 ) nA H + A n _ 2 ) + . . . = 0, . . .(3) 

which is satisfied identically, provided 

1 I 

1.2^°’ ^ s = — 273 

A * * ~ 374 
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and, generally, 

= - 

A » 


-A, 


(2»-l)2n“*"- , 
1 




an+l 2n (2n +1) 
We thus obtain the solution 


<->\o 


(2n+ 1)1 


A,. 


.(4) 


y= A *(}-t + tr -) +A \ x -w\+ir •••)* (5) 

. t 

The series in brac^ets-are easily seen to be essentially convergent, 
and their sums therefore 1 , c&ntinuou s, for all values of a. 

It has been shewn in Art. 163 that the complete solution ol 
(2) is 

/ / y — A cos x + B sin x. (6) 

Pence, given A 0 and A„ it , must be possible to determine A an d 
B so thaFffiBrexpressions (5) and (6) shall be identical. 

For example, putting A„ = 1, A, = 0, we must have 


/gl od^ 

1 — n — ... = A cosaj + Iisina:, 
2 ! 4 ! 


and, changing the sign of x, 


/jjS /gA 

1 — h-, + T-. — A cos x — Bsin x. 
2! 4! 


)C ■ 


G 


»> 


Hence we must have B = 0. an d putting *»0, we find A = 1. W« 
thusobtain the formula 


S - a? ar* 

K COS ® = 1 — + — 


■ 0 ) 


In the same way, if we put A„= 0, A, = 1, we find A»0, i»l , 
and therefore 


+ as* «* 

V'sm x = x - 3; + 5] ~ • 


•( 8 ) 


* ■! The foregoing method is, for va rious reason s, ppt always pme 
tfcable. It m ay also lead to a solution whicn is tw complete ; TWh 
inthe case of the line ar equation of the second ord er, the methoc 
may y ield onl y.one seriesT w ith one arbitrary consta nt This ocean 
not infrequently in the physical applications of the Bfllyect. Jb< 
solution may, in th is easel be completed , at least symbolically, hi 
the method of Art. 166. 3?.. ~~~ “ ' ~ 




where m mav be integral or fractional positive or neg ative. Taking 
logarithms of both sides, and then differentiating, weTiave 

1 dy in 
y dx 1 + a ’ 

<>r ( 1+ ‘ f) £ -m X =0 ; • • -< 2 ) - 

Assuming «" * 4 - >* 

y = ^. 0 + A l ,r+ A 1 x 1 + ... + A n x n + fa) 't 

and substituting, we have ,, 

(1 +x)(A, + 2A^c+ ... +nA n jc n ~ l + ...) V 

— m (A„ + A x x + A jt* + ... + A„x" + ...) = 0, 
or (A, — mA 0 ) + [2A 3 - (m - 1) Aj) x + {SA s - (m - 2) A t ] a? + ... 

+ { nA n -(m-n+1) v4 u _i} *' n-1 + ...*= 0, (4) 

which is satisfiedjdenticslty provided 



. m — 1 . in (m — 1 ) . 

A t = 2 A, = — j 2 A„, 

. m — 2 . m (in - 1) (m - 2) . 
A * m 3 1 ~ 2:3 " A 


and, g enerally, 

. TO-Tl+1 4 TO (TO - 1). ..(«!-« + 1) . 

A (6)V 

4 

We thus obtain 
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Now if we r etrace the steps bv which the di fferential equat ion 
(2) waa formed, we see that i ts complete solution is 

y ==0(1+0)", (7) 

where C is arbitrary. Hence ffi) must, he equival ent bo (7) , and 
patting x = 0 in both, we see that C = A 0 . Hence 

„ . m m(m — 1) „ 

(l + 0)" = l + y«+ 2 , — ' a? + ... 


m(m - l)...(rn-n+ 1) 

+ n , * 


.( 8 ) 


1 

for all values of x such that j x t < 1. This is the well-known 
‘ Bi nomial Expans ion*/ ' 

Ex. As a further exam ple, we take the function 

sin -1 * 

(9) 

Multiplying up by J(\ - a 8 ), and then differentiating, we find 

^ (1 ~^dx ~7v^) y== ~ v*Y 

or (l-r>)^-ay=l ✓ (10) 

Assuming y - .1, + A z x + Aji? -*• . . + -4,,*" + (11) 

we find (1 — or ) (Aj + 2 A^e + 3Aji? + ... + nA H x n 1 + ...) 

-x(A„ + A,x + A^+ ... + A K x n +...) = ], ...(12) 
or (d 1 — 1) + (2A a — A # ) x + (3i4 d — 2A|) X s + ... 

+ {«A n -(n-l)A B J **-+... - 0, ...(13) 
which is satisfied identically, provid ed 


A t = 1, 


ih 


V , .• 


* ^ 

We thus obtain the solution 


A 3 J 13 4 

■»*=■ £^2= 2.4 *” 

* 5. L _3-5 

i,8= 6 *'s.4“6 *’ 


(U) 




, 2 . 2.4 . 2.4.6 , , 

> , > a,+ S^ + 375^ + 3.5.7* + - 


I* Newton (l®7^). The eaeee of x= ±1 would requ ire sp ecial inveetwa 


(15) 

inveetimticn- 
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Now if jre retrace th e Steps by which the linear equation (10) was 
formed, we see that i ts general solution is 

>/0 -« a ).j' = sin- 1 a’+ A, (16;* 


or 


sin -1 x A 

+ < 17) 


and, b y the nature of the cas e, (15 ) must be included in tjii§ form. If 
we put * = 0jn (lfi) and (I?), we see that A = A,.. The identity of the 
two expressions for y then r equires that 


and 


sm -, .r 2 2.4 

V(l-^) = a;+ 3 a + 3T5 a! " + - 

1. ;= 1 + 7 r 2 h + 

^(1-.^) 2^ 2.4 


.(18) 

..(19) 


These series are both of them convergent for x < 1. 

The result 11 41 is a mere reproduction of the binomial expansion of 
(! -*>-»■ 

If we put - T = sin 9. t he former series may be written 

b - sin 9 cos 9 ^1 + jj sin* 9 + sin 1 9+ .. ^ (20) 

Again, if we put tan 9 - s. we obtain the form 


tau , *-rr?\ ,+ 3 i 


rr? + o(n?) + -)- - <n > 


This Beries has been made the basis of several ingenious methods o f 
c alculatin g ir. It may be shewn, for example, that “ 

Jw — 5 tan" 1 1+2 tan -1 , 


whence 

28 f. 2 / 2 \ 2.1/2 V 1 

gS? 10 1 1 + 3 (lOO/ + 3 . 5 (,10o) + 

30336 /. 2/ 144 \ 3.4/144 V 1 . 

+ looooo I 1 + 3 Viooooo/ 3.5 \ioooooy "‘J'’"' ’ 

These series are r apidly converg ent, and are otherwise very convenient 
for co mputation , owing to the powers of 1 0 m the denominators t. 

Another re markable series follows by integration from (18), viz. 

s 2 2 . 4 e 8 

v/|(8in-'.r)== 2 + 3T + 3l6 + 


.(23) 


* See also Art. 158, Ex. 2. 
t for the history ol these series, see Olaisher, 
(1878). 


Mens, of Math., t. ii. , p. 119 
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EXAMPLES. LXX. 


(Logarithmic Series.) 

'i. If m, n be positive quantities such that 2» > m > n, prove 
that log (m/n) lies between (m — fi)/m and (to - n)/n. 

yd Obtain the following results by calculation from the series 
f Art. 175 : 

log 2 = -693 147 181,' Wog 7 =-1-945 910 149 

log 3= 1 098 612 289*' log^vS = 2079 441 542 

log 4>= 1-386 294 361 logo's = 2-197 224 577 

log 5= 1-609 437 91 2 v" log^=2-302 585 093 

log 6 = 1-791 759 469 p = -434 294 482. -, 

vd Prove that log 2= 7a — 26+ 3c,- , 

log 3 = 11a — 35 + 5r, 
log 5 = 16a - 46 + 7c, 

and thence log 10 = 23a - 66 + 10c, * f 2 ? 


and thence 
where 


log 10 = 23a -66+ 10c, J T 

2T 1 1(F + 3. 1 W + " =10 W 1 ^ 


° = I0 + 2Tl(F + 3. w + ••= 10 W> 5, 2' 9 
b = Too + 2 . 100 s + FTToo' + •" “ 0408219 ® 45 » * 

- 8T + 3^0- - - = '0124225200. HL 


Apply this to find log 10. 

Prove that log 2 = 7P + 5 Q + 3 R, 
log 3 = IIP + 8<?+ 5/?, 
log 5 = 16P + 12(J + 7 R, 
and thence log 10 = 23 P + 17^ 10P, 

where P = 2 ( Jr + + --4r.+ = 


(Adams.) 


f = 2 (n * + •••) - -o** 51185211 . 

0 - ' 2 (« * 3 *5. -WO 82199 * 5 .! 


®“ 2 (l#l + 3.161‘ + 5.161' + ■)' 


•0124225200. 


Apply this to find log 10. 


(Glauber,) 
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If | * j < 1, prove that 

tanh-*a; = a!+ iaJ> + .... 

Prove that 




( 1 + * + ® :+ " + 2«-l~^ l°g») = iy + lo g2. 


7. If p, q are positive integers, prove that 

lim (- 1 + — L-+ + I\ = l og (T). 

»-»• \pn -i-l pn + 2 qnj s \pj 

8. Prove that if x be large, and positive, 

log cosh x = x - log 2 + e -3 *, 

approximately. 

^9. Also that log tanh x~ — 2e~ u , 

approximately. 

' EXAMPLES. LX. 

(Differentiation and Integration of Series.) 

y 

V 1. Prove by repeated differentiation of the identity 


1 

1 - x 


- 1 + .e + x* + .e 1 + 


where | ® | < 1, that, if m be a positive integer 

(1 — x) = I + mx + - V+ — — — j — 2~3 ~ J -~ ^ 

2. If | x j < 1, prove that 

172" 3“4 + 576 - " ~ ,rta n -, -e-4' 0 g(l + x> )' 

Hence shew that 

+ = *43882. ..r 

Prove that if | x [ -• 1 

jL - - ... = i (1 +a; , )tan- , .r- 

1.3 8.5 5.7 ‘ 

v/ 4 Prove that the sum of the series 


1 1 __ 1_ 
1 . 3.5 + 5 . 7.9 7 . 9.11 


+ ... 


is -071349.... 
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Prove that 


1.2.3 + 3.4.5 + 5 . 6 . 7 + ' ' 193147 '” 

^ 17-2.3 '37475 + :k 6.7”” ' 153426 • 


Prove that 

[i atf“-i 


,'Q 1 + 


'll 1 1 

.ax- -+ , - 

x H m m + n m + 'In m + in 


Prove that 


Jo * 

[ x ainh x , 


X ~3.3! + 5.5'. 


itha 1 , a r 3 x? 

V ^ =X+ 3T3! + 7T! + - 


Prove that 

/•* <& ,111.311.3.51 

i« ^/(l — ar 4 ) - * + 2'5 + 2.4‘S) + 2 . 4 . 6 ' 13 + 

Prove that 

f b *■' , . 6 , b s -aJ b'~ o* 

L = - + <*-«) + 2 . a ,+ 5.5,+ 


Prove that 


= 2^3 (l - 5 3 + 5. 35 7.a* *■•••)* 


EXAMPLES. LXI. 

(Integration, of Differential Equations by Series.) 

>A. Assuming the series for sin x, prove Huyghens’ rule for cal- 
culating approximately the length of a circular arc, viz. : From eight 
times the chord of half the arc subtract the chord of the whole arc, 
and divide the result by three. 

Prove that in an arc of 45’ the proportional error is less than 
1 in 20000. 

> 

2. Obtain a particular solution of the equation 
<Py dy n 

*& + £ + ”l'- 0 

. /, mx m*x? w?x? \ 

V~ A ( 1_ T* + p.2*** I s , 2®. 3* + " / 


in the form 
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3. Obtain a particular solution of the equation 
intheform 4» = d (l ~^r + ■ ••)• 


4 Integrate (1 -*)%-•% =H>, 


by series, and deduce the expansion of sin' 1 * (Art. 180 (5)). 

5. Prove that y = sinh' 1 * 

satisfies the differential equation 

Hence shew that, for j a* ■ < 1, 

la*' 13 a* 5 

log {* + N /(l -r *“)} = * - 2 3 + 2.4 g ~ "• • 

6. Obtain a solution of the equation 


d-y 


, d V 


in the form y-Cu, where 

XX 1 X 1 

** “ 1 + a + a (a + 1) + o (a + 1) (a + 2) 

Prove that the equation 

is satisfied by y= Cc-'v. 

7. Obtain a solution of the equation 


+ ... 


in the form 


d 

dy. 


+n(« + l)n = 0 

./. «(»*+!) , (n-2)«(n +l)(n+3) \ 

u = ^l ^1- v 2 ,-- t * '+ - 4i *■ 1 

+ B ^_ (n-lHn + *) r , + (« - 3 ) (" “J.) <« t - ...) . 
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8. Obtain a eolation, by a series, of 

(1 - **) + » (« - 1) y = 0, 

and give the symbolical expression of the complete solution. 

9. Obtain a solution of the equation 

*(! + { y -(« + 0 + !) *1 ~ = 0 

in the form 

y -n 1 + l.y* + 1 • 2 • y (y + 1 ) * 

a (a + 1) (a+ T) f$(fi + 1) (£ + 2) , \ 

+ *'“l.2.3Ty(y+lHy+2)' 

10. Obtain a solution of the equation 

in the form 

V 2 (2/1+2) + 2 . 4 (2« + 2) (2n-+ 4) "7' 

11. Obtain the solution of 


or 3 r rtr 


in the form 


V 2 (2n + 3) 2 . 4 (2n + ~+~0) “ * ' ’ ' ') 

+ - - *?■■■ - - - - ) 

V 2 (1 — 2n) + 2.4(1 — 2«) (3 — 2n) '7 

y = sin (to sin -1 x), 


y/l2. If 


prove that 
Hence shew that 




sinmB m 2 - 1 . (m 3 - 1 ) (m 2 — 3’) , 

oosmtf =. 1 — ~ am’ 8-* m ^ .in* 6 — — 

S 4 ! 
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18. If log y - a sin* 1 x, prove that 

and expand y in a series of ascending powers of x. 

r , aV a ( a ? + I s ) a 1 (a* + 2 3 ) , “1 

|y*l+ftr + - 5T + - v ~ ’-*>+ - v 4 , J 


14. If 


log (1 + a:) 

1 +* ’ 


< 1+x )%t + (1 + '‘ )?/ - 1 - 


prove that 

Hence shew that 

y - x~ (1 + i)J* + (1 r^+ija? 1 
Shew that the series is convergent if , ar < 1. 


15. Prove that if x < * 1, 

(tan -1 *) 5 - 3? -I (1 -t \)ar*+ ’ (1 i * + l,)* 6 — 
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V TAYLOR’S THEOREM 


V^183. Form of the .Expansio n. 

( Lot f(x) b e any f unctio n of x w hich adpita of expansion in a 
co nvergent power-scrips for all values of x withi n~certain limit s 
± a.' It has beet y^rovet^ in Ar t. 17 9, that the de rived funct ion 
j(x) will be gi ven by a similar sen es, obtained by differentiating * 
the original senes term by term, for all values of x between ± a . » 
By a second-application ol the theorem cited, the value of J" (x) 
will be obtained, for values of x between the above limits, by 
differentiating the series for f'(x) term by term. And so on . 
Hence, w riting ’"==*. 

l ^t(x) = Aq+A 1 x+A ar i a + ...+ A„®“ + (1) 

^ll' 1 X- ' . \ •- ’ ' 


r (•)- 

r (*)- 


Aj + 2 A.jX + ... + mA,,®’* -1 +_..., 

2 . 1A* + . . . + n (n — 1) An®" - * + , 




n(n- 1) ... 2. 1A„ + .... 


..( 2 ) 


Putting x «= 0 in these equations, we find 
A, A, =/' (0), A t = If' (0), . , A. - 1,/™ (0), 


• ••(3) 


where the symbols f CO). (0), . . . are used to express t hat ® 

is p ut = 0 fffB ^the differentiations have been performed. 

-^"The ori ginal expansion may now be written 

/(®)=/(0) + ®/'(0) + ^/"(0)+... + ^/<»' (0)+ (4) 

This investigation was given by Maclaurin*. 


* Treatise on Fluxions (1742). The theorem had been previonely noticed by 
Stirling. 


163-184] 
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It will be noticed that the p roof depends entirely on the initial 
as sumption that the function /(7) admits of being e^ndeTin a 
convergent power-senes. The ({ucstjop as to w hen, and under , 
w hat each an expansion ia nosa ihlft will be discussed 

presently (Arts. 185 — 387 1. 

If we write <f> (o + x) =J{x), ( 5 ) 

we can deduce the form of the expansion of <f>(a + x) in a power- 
series, when such expansion is possible. For if we write, for a 
moment, 

u = a + x, 

we have / (x) « tf> (it), * 


d 


<hi 


and so on (Art. 32, 1°). Hence, putting x = 0, u — a, we find 
/( 0) - <f> (a), AOjNfJ), f” (0) = r (a), . . . , / '»> (0) - (a) ; 

so that (4) takes the form 

<fy(a +x)~ <f>(a) + x<f>'(a) + ^ 2 4 >" («) + ... + (a) + ... . ( 7 ) 4 

This is known as Taylor’s Theorem*. We have deduced it from 
ijMar.lftnrjn’a Thonr^m but the t wo theore ms are only slightly 
* diffe rent expressions of the same res ult! Thus ass uming (7 ). we 
ded uce Mac laurin’s expansion if wc put a = 0j; . 

vf84. Particular Cases. 

Before proceeding to a more fundamental treatment of the 
p roblem suggested i n the preceding Art., the Btudent will do well 
to make bimself familiar with the mode of formation of the series. 
In the foll owing tram ples the [possibility of the expansion is 
assumed f a begin with ; and the r esults obtain ed are therefore not 
to be considered as e stablished, at all events by this method . 

1°. If <f> (a) = a m (1) 

we have 


<f>' (a) — <£" (a) = m ( m - 1) a™ -3 

" ^w( fl ) a sOT(»n~l)... (m — n +l)a m-n , (2) 

* Given (under a slightly different form) as a corollary from a theorem in Finite 
Difference!, Methodui Inerementorum (1716). 

+ The virtual identity of (4) with Taylor’s Theorem was clearly recognised by 
Madesrin. 

tu 


31 
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Taylor's formula then gives 

|(o 4- x)T aa^t -y 2 ^ a*' 1 ^ -f ... 

m(m — 1) ... (m — n + 1) _ , ... 

+ — 1 + (3) 

X « a • • • TiX 

which is the well-known Binomial Expansion. 

That T avlor'B Theorem cannot hold in all cases, without aua li- 
fi cation . is shewn by the fact that the se ries on the right-hand is 
diverge nt if i x I > I a | . For | x [ < | g | the series is converg enfTbut 
it is not legitimate to affir^p on the basis of the investigation of 
Art. 183 t hat i ts sum is then equal to (a + x) m *. A v alid proof of 
the equality has been given in Art. l8z. **“ 

2°. The exponential function E (x) was defined in Art. 36 as 
that so lution of the equat ion 

f(x)=f(x) (4) 

w hich is equal to unity for x = CL From this we have at once 

/<«> (*)=/<*>, (5) 

Hence /(0) = 1, /<»>(0)«1 (6) 

Maclaurin’s expansion is therefore 

BO-U-+ i-2+r?-; 3 + - + ni^ (7 > 

3°. Let f(x) * cos x. 48) 

It was shewn in Art. 64 that this makes 

/ (B| ( x ) = cos (x + inw), 

so that /(0) — 1, / w (0) ** cos $mr. (9) 

Hence (0) vanishes when n is od d, and is equal to ± 1 when n 
is even, according as is even or odd. Substituting in Maclaurin’s 
formula, we get 

cosa; = l-~ + | r ... + (-)»^+ (10) 

4®. Let /(<rj = sin®. (11) 

This makes / lBl (a) <■ sin (« + \nir), 

so that 

/(0)*0, f m (0)= sin lyr — sin {fr (» — 1) rr 4- for}. ...(12) 

* < nien are in bet e aeee where Taylor’* exn^prina it.. eoavenwntj wfailrt the 
earn fa not equal to <t(a+xT. 
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i f w (0) vanishes when n is even, and is equal to ± 1 when n 

l Is odd, acc ording as \ I n -TTis even qr odd Maclaunn’s formula 
then gives 

sin * -« - ~ + f- ... +(-) n ( 2 f+i ) , + < 13 > 

The results (10) and (13) have been es tablished rigoronsly in 
Art, 181, " 

5°. Let /(a:) * log (1 + as). (14) 

This makes 

f (*) - j . and > 0) - ^ • 

Hence /(0) = 0,/' (0) = 1, and, for n > 1, 

/«(0) = (-)"-> (»-l)! (lo) 

Substituting in Maclaurin’s formula, we get 

log(l +a)=«-^ — ••• + (— )" -l “ ■** 
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where, in the last two lines, t erms have been omitted which will c on- 
t ribute nothing to the value (0). hence “ ' * 


and the expansion is 


/ 

(0) = 

0, 

f (0) = 1, 

f" 

(0) = 

0, 

of 

ll 

©, 

r 

(0) = 

0, 

r ( 0 )=i 6 . 


(°) = 

0, 

/'“( 0)=272, 

i is 




tan a?! 


2x> 

16^ 27 Id 

= X + 

3 ! 

+ 5! + 7! + - 


= X + 

a • t 

+ \s •*" + Vts •d + •• 


.(17) 


That o dd powers, only, of x w ould appear in this expansion might 
have been ant icipated f rom the fact that tan x changes 6ign with x. 

Proof of Morlgnrln'n a.fld Tally's Theor em a. Re- 
mainder after n Terms. ^ 

Let f{x) be a function of x which, together with itslire t n — 1 
rivafy vcs, is continuous for values of x ranging fromTO to h, i 
TuMveiy ; and let us write — — — — 


where 


\ >' /(*) - (•*) + Rn (*), ( 1 ) 


a? 


r n— 1 


*» <*) =/(0) + xf (0) + 0) + ... + (w _ 1} ,/<*-« (0);...(2) c 

i.e. < £>„ (^) is the sum of the first n terms of Maclaurin’s expansion,/ 

'a n/) J? / io o + rvrooon t tmorol n otrmKol f ...L - 1 M 


is at present merely a symbol for the d^foregce, what-7 

ever if is^ b etween f(x) and (#). The object aimed at, in any 
rigorous i nvest igation of Maclaurin’s Theorem, is to find (i f possible) 
limits to the value of R„ (j r) ; in other words, to Sad Hmitsto the 
{error committed when J(x) is replaced by the sum of the first n 
[terms of Maclaurin’s formula^. If we can, in $ny giv en case, shew , 
that, b y taking njjTeat enough, a point can always be fea2tt6d after ; 
which the values of v 77^ fa) will all be less than any assigned 
magnitude, however small, then Maclaurin’s serigs is necessarily , 
convergent, and its_sum to infinity is / It is evident that the 
argument cannot be pushed to this conclusion if /fa) or any of its 
(derivatives be'ctjscontinuous for any value of a” "belonging to the 
ora nge conside red. J 

[The notion of r epresentin g a fun ction f(x) approximately by a 
rational integral fun^ioiroraasTgh^'’3 egree, say ^ 

£*1 A » + A * x + A *^ + — + (3) 

has already been utilized in Art. Ui. The plan there adopted was to 
determine the n coefficients A„, A lt A t , ... A nml so that" the funption (3) 
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should be equ al to f {x) for n assigned values of y. T wh inh ware dja . 
tributed at egual intervals over a certain ranges .► In the p resent case , 
the n values of a; are taken to be ultimately coincident witE’ 67 in 
otber words, the coefficients are chosen so as to make the function _(3) 
and Its first n - 1 derivatives coincide respectively with f{x) and its 
first is ~ ^derivatives for the particular value x = 0. The r esult of this 
determination is, b y Art. 1 S3, the function <6„ (as).. 

In the graphical representation, the parabolic curve y = 4> a (a:) is 
determined so as to have co ntact o f the (n- l)th order (see ArtTl89) 
with a given curve y~f(x) at the point if = 0, and the pr oblem is, to 
find limits j to the possible deviation of one curve from the other, as 
measured by the difference of the ordinates, for values of x lying within 
a certain range This is illustrated by Fig. 136, which shews the curve 

V = log (1 + *)> ( 4 ) 



Fig. 136. 
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and (by thinner lines) the 1 Approximation curves’ 

y = x, y = x-\a? i y = a j- Jaj*+ .... (5)' 

obtained by taking ], 2, 3, ... terms of the ‘ logarithmic series’ (Art. 
184 (16)). The dotted lines correspond to x = ± 1, and so mark out the 
range of convergence of the latter series."; 

It appears, f ro m the c onditions w hich ha s been made 

to satisfy, that R n {x) and fi wit a — f rferivaMafl will beffeon} 

tinuous from x — u to a = <r_^_0. NoyqfE 

carTsEevTthai any FuriclToS^nich e&tmrefihese conditions, and 
has a fjnite nth derivative, mus t lie betwee n 

' it* * \ . s'"'* .t?' , D x n 

^(fC j and B-, 

where A and B are the lqwer_and_upper l imits to the values whicF 
the nth (Tenvativ e assumes in the~ Interv al from 0 to h. 

For, le^ C^ be su ch^aju nctio n. By hypothesis, we have 

F(Q)^F\ oT^oT^W^O, ..., F«~’» (0) =• 0, . . .(6) 

and A< F in> (x)<B (7) 

the latter condition holding from x — 0tox = h. It follows from 
(7), by Art. 91", 4°, that 

f Adx< f F w (x)dx< { Bdx*, ' 

Jo «„ • Jo , . Jo . , - •/ 

or, since F 1 * -11 (0)— 0, ' t " 

Ax < F «- l > (®) < Bx (8) \ 

By a second application of the theorem referred to, we have 

f Axdx< I F ,n ~ 1, (x)dx< f Bxdx, 

Jo Jo Jo 

r , since FJ?~* (0) — 0, ^ 

A^<F<»-(*)<5 J (9) 

A similar argument applies to shew that * 

A?<F«-»(x)<b£, (10) 

and so on, until we arrive at the result 

A -</(*)<£*? (11) 

n 1 ' 7 n ! 


* Provided x be yah ive. If r be negati ve the iaecrasHtiee must be r eve rs ed, 
fast the tosi eonghu Bcn » unsflectSE ' “ 
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Hence we may write A 
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.( 12 ) 


O A* •* * 

/>* « * t ' > 

where 0 is some quantity between A and B. 

In the present application, since <b n (x) is a ra tional integr al 
function of degree n — 1, its nth deri vative is zero Tkrt. 64) : and 
the'nth'deri vatTv e ofj^ { x) is therefore, by (1)’ equal to f™(z ), if 
|,this latter derivative exists. We infer, then, that : 

‘ A 6,- 

Rn(x)=c f . (13) y 

where C is some quantity intermediate to the greatest and least 
values which / ,n) (x) assumes in the interval from 0 t oh . And if, 
as we will suppose, this latter derivative is continuous from x = 0 
to x <= k, there will be some value of x, between !} and h,"T6T Which 
/ * (x) is e f q ual to C. Denoting this value by 8h, we have 

~ 

U f V '*> i 

where a ll we kn ow as to the value of 6 is that it lies “between 0 
and 1. 

The formula (14) holds from x = 0 to x — h, in clusive ly. 
Pu tting x =* h, and substituting In (1), we'Cbtain ■ 

Ah) -/( 0 ) + hf ( 0 ) + £/" ( 0 ) + ... + J in ~ l) ( 0 ) 

+ ~f>m ( 15 ) 


In t his fona^JiucIaarin's Theorem is exa ct, subject to thf 
hypothesis tha tf?(aOM jiri its d erivatives up to the order n. inclu- 
npp range from 0 to ft .a The condition s 

however, that ff m) (x\ )is to exist, and to be continuous over t he 
a bove range, inbtu«crihe' rest. ~ ” 

If we write 

f{x) =<f>(a + x), (16) 

we deduce •' < • * • 7 

ii l.n-1 

f <a + i) .. f (a) + if (oH^ f '(«>+••• + ,-^rryr **■“<“> 

'/ (17) 


where as before, 1 > 9 > 0. 
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This is an accurate fo rm of Taylor's Theorem. It h olds on th e 
as sumpti on that d> m) (tv) exists and is continuous fro m * = a to 
x «= g + A. inclusively. 

The last tem fe^n (15) and (17) are known as Lagrange's forma 
o f the ‘remainder ’in the respective theorems. 

The formula (1 7^ is a generalizatio n of some results obtained i*» 
the course of this treatise. For example, put ting n= 1 . we get 


+ = ^ (a) + hft (a + 6/*) j ...(18) 

and, pu tting w = 2, 

<j> (a 4- h) = 4> (a) 4- h$ (a) + 4A a <£" (a 4- 6h) (19)^ 


These agree with Art. 56 (9) and Art . 70 (23), respectively. 

vf86. Another Proof. 

The proof of Taj'lor’s (or Maclaurin’s) theorem which is most 
fr equently given follows the lines of Art. 70, 2°. * 

Considering any gi ven cur ve 

? = /<*), (1) 


we co mpare with it the cu rve 

y = A„ + A t x + A t a f 4- ... + + A„x n (2) 

in which the n + 1 c oefficients are assumed to be determined so its 
to make the tw o cur v es intersect at tr = 0 and x = A . and, further, 
so as to make the values of 

dy (fry d n ~'if 
die’ da ?' ” dx n ~ l 


respectively the s am e in the two curves at th^jpo int x » 0. These 
c ondition s give 

.WTO. A,-f( 0), .l.-jV'TO 

A -'- (F-- tt/ m<0) - (8) 

as before, and 

y f (A) = A 0 + AJi + A t h * + . .. + A B _, h 1 ^ 1 + AJi", . . .(4) 

this latter equation determining A a . ~ \* v ‘ 

Denoting by F (x) the differenc e of the ordinates of the two 
curves, it appears mat 

F (0) » 0, J?"(0) = 0, F" (0) -0, ... F^ (0) = 0, ...(5) 
and ^(A)»0. (6) 
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Since ^J^l_vanishes for x = 0 and x = A, it follows, under the 
usual conditions, that F'(x) vanishes for some value of x between 
0 and a, say for xj-dji, where 1 >0,>O. Again, since F' (x) 
vanishes for « — Q and x = 6Ji, F" ( x ) will vanish for some value of 
x between 0 and 8Ji, say for a; = d a h, where 0, > 8, > 0. Proceeding 
m this way we find that ( x ) vanishes for x = 0 and x = 8 n _Ji 
where 1 > 8^ > 0, and hence that 

F'*<(8h) = 0, (7) 

where 1 > 8 > 0 . Now, on reference to (1) and (2), we see that 

F* (*) =/'*' (x)~r>\ A n (8) 

It follows from (7) that 

(9)^ 

Hence, substituting from (3) and (9) in (4]_we obtain 
/(A) */(0) + hf (0) + ~f” (0) + . . . + ( -~yi /«-" (0) 

+*f m m (i«) 

as before. The co nditions of validity are as stated in A rt. 185, 
after equation (15)*. ~ “~”™~ 

vf87. Cauchy's Form of Remainder . 

Auother form for the remainder after « terms may be obtained 
as follows. 


If F{x) be subject to the conditions 

' F(0) * 0, F’ (0) = 0, F"(0) = 0 F'*-" (0) =0, ...(1) 

we have, by integration by parts, 

fVr p,n] (*> - Ri -tr* wY 

^/:o -fr*~ 

;..( 2 ) 1 

since the integrated te mw vanishes atjjoth limits. Performing this 
process n — 1 times, ^eobtaiiu}^ v ^ • v 

or r (A) - f *(» - *)*>" Wi« (3) 

* The tangoing proof i* substantially that given by Homersham Cox, Cams. 
-Oni. Hath. Sown . , 1861. 
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Since the function ui 
Art. 91, 3°, that 


the / sign is continuous, we infer, by 


F(h) = (n _ i)l (1 “ e )^ F ™ (**)> (*) 

where 1 > 0 > 0. 

It appears , then, that the last term in Art. 185 (15) may be 
replaced Dy 


(1 -0)*-'fn(0h),.. t 


k % . (» — l)l v ’ J v-v.-- 

and the last term in (17) by t 

* These forms of remainder are due to Cauchy. 


These forms of remainder are due to C auch y. 

t/f88. Derivation of Certain Expansions . 

We proceed to consider t he value of the remainder for vario us 
forms of f(x\ or d>(x): and m particular to examine under what 

. . 1 * 1 w i ■ i! •• a x At*;. 




way we are enabled to demonstrate se veral very important ex- 
pansions ; but it is right to warn the student that the method has 
a somewhat r estricted applicati on, since the general form of the 
n th derivativ e of a given junction can be ascertained in only a few 
cases . Moreover, even when the method is successf ul, it is often 
f ar from being the most i nstructiye wav of arriving at the final 
result. 


v l°. If 

we have 


^f(x) = cosx. 


-/<") (0*)~ -COB (Ox + jwr). 


The limiting value of the fraction x*/n ! is zero, and the cosine lies 

i t 1 1 M . x ’vr~ ,“i * ' a \ c k i_ i oi « i 


always Between ± 1. '"Hence the expansion (10) of Art. 184 holds 
for all values of x. 

The same reasoning applies in the case of sin K- 

2°. If vff( g) -(! + *) ” (3) 

we find 


- — C 1 ?— w -+l> — (4) 

nV 1 . 2 ...B (l + ftr)*“ m * W 

This may be regarded as the product of (1 + 6x) m into n factors of 
the type ~ ‘ 

m — r + 1 x / , »» + l\ * /r\ 

— - ■ i+st or (~ l+ — -)r+®- •••••; ^ 


187—188] TAYLOR’S THEOI&M Jv 49! 

If 1> x >0, the fractio n x/(l+6x) lies between 0 and m and since 
thrum &ccor in witb-meressing > to the ffimTihg valS 

, a PP®ara that, by taking n great enough the value of the 
expression (4) can be made l ess than any assignable macr nitmdft- 
Hence, for 1 > at > 0, we may write — 35 

(l+x) m = \+ms + m ~ -i &+ (6) 

a d infinitu m. 

, c S 5Bg£ make the same inference when x is negative, even 
For if we put x * - *,, the fractTonlB^l-'fe,) is less 
than 1 only if ^ <^1 — a^/a\. And if #i > ^ , we have no warranFlor 
assuming that 8 lies below Ihis value. \ 

m Cauchy s form of remainder (A rt. 187 (5)) is now of service. *• 
We have, m place of (4), ' # 

m(m - 1 . . (m - n + 1) (1 - 8)"~' a,' 

1 . 2 ... (n — 1) (l + ftz)"-’" W 

This is equal to mx( 1 + 8x) m ~ x multiplied into n— 1 factors of 
the type 

(-;♦?)?£ ■ 

If ^ be positive this expression tends to a limit between 0 and — x. 
Hence if x < 1, the remainder tends to the limit 0, as before. 

If* *« — *,, where 1 > > 0, the expression (8) becomes 

( 1 ~~r) l ^-#*, X ' (9) 

which tends to a limit between 0 and *,. We conclude that the 
remainder (7) tends to the limit 0 for all values of x between — 1 
and 1. 

3°. If v^f( *) « log (1 + x) (10) 

wefcd (ll) 

The limiting value of the first factor is 0, and, if * be positive 
and ^ 1, «/( 1 + $x) 1. Henee the limiting value of (11), for 

»-* oo , is zero, and the expansion (16) of Art. 184 is valicl from 
'Q to *= 1, inclusively. Cf. Fig. 136. 

The above form of remainder does not enable us to deter mine 
t he, case of * negative, even when I*! < 1. In Uauchv’s form , we 
have, in place ot (11) ' ‘ """ 

Hr'r'Jf*)" < 12 > 
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If x *■ — x x , where 1 > x x > 0, this becomes 

x x tx x — ftrA* -1 
1 —OXy ' \1 ~ 6XJ 

Since {x x - &z x )/(l — 0Xy) < x u this tends with increasing n to the 
limit/). 

*i89. A pplications of Taylor's Theor em. O rder of Cont act 
o f Curv es. 

If two curves intersect in two points, and if, by continuous 
' modifi cation of one curve, these two points be made to coalesce 
into a single point P, then the two curves are said ultimately to 
have contact ‘ o f the first order ’ at P. An instance is the contact 
of a curve with its tangent line. And whenever two curve s have 
contact of the first order, they h ave a com mon tangent line. 

Again, if two c urves intersect in three poin ts, and if by con- 
tinuous modification of one’ curve these three points are made to 
coalesce into a single point P, then the two curves are said ultimately 
to have contact ‘ of t he second orde r ’ at P. An i nstance is the con- 
tact of a curve with its osculating circle (Art. 13757" 

Let us suppose that the two curves 

y = 4>{x), y = f(x) (1) 

intersect at the points for which x=x t , x t , .c,, respectively. The 
function • < 

F(x)=<f>(x)-yHs) (2) 

which represents the difference of the ordinates of the two curves, 
will vanish for x = .r„, x x , x t . Hence, on the usual assumptions as 
t o the contin ui ty of F{x) and F‘ (ad. the derived function F' (x) 
wiui by tSelHeorein of Art. 49, vanish for some value of x Between 
x„ and <r,, say for x =» x B ', and again for some value of x between jr, 
and x x , say for x = x x . ’’Hence, by another application of the theorem 
referred to, if F" faTbe continuous in the interval from x B t o x x , it 
will vanish for some value of x between x B and x x , say tor x = 
Hence if, by continuous modification of one of the curves (l)7fne 
three points x — x B , x lt x t be made to co alesce i nto the one point 
x=*x 0 , the values of F(x Q ), F'(x 0 ), F"(x 0 ) will all be ze ro; i.e. we 
shalj have 

<t>{x) = + (X), <f>' (X) m {X), (X) - +" (X), ( 3 ) 

simultaneously, for x = x 0 . f i 

"Tn otEer words, if t wo curves have contact of the ^ecopdftrde f 
at any point , the values of 
. dy d*y 

y ‘ ~dx' dtf 

will at that point be respectively identical for the two carves. 
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V^e. To determine the circle having contact of the second order 
■with the curve 

V-- *(*) (4) 

at a given point. 

The equation of a circle with centre (£, * j) and radius p is 

(x-£) s + (y- v f=p* ( 5 ) 

If we differentiate this twice with respect to a, we find 

+ ( 6 ) 



In these results, y is regarded as a function of x determined by the 
e quation (5). ButJ[£_lho circle have contact of the se cond ord grwirti 
Ihe curve (4) at the point (a, y), the values of y. dyldx, and wil l 

be the sa me for the circle as for the curve. We may th erefore sup pose 
that in (5),(6), (7) the values <>f u\ y , dydx, rj - y / <hr refer to th e cur ve 
( 4]. Thea&oquations then <ltd<;imin>> uniqu ely, vie. »e tincTIimt 

*the coordinates of the centre are " ~ " '~ 


;~x— 


H7M 


d-y 
Ux- 


d*y 

dfr 


, v-y + - 


.( 8 ) 


and that the 
cf. Art. 135. 


. { 1 + (S}\ ✓ 

> radius is p - ' ■ « - ; 

— d-y 


dxr 


..(9) 


The above c onsiderations may be extend ed, and we may say 
that if t wo curves intersect in n + 1 consecutive points, or hav e 
contact * o V the «t,h orde r, 1 the va lu<& of 

dy fry fry ' : ' v * 

y ’ dx’ dttr’ du“ ■ . ' <. 

must b e respectively identical for t he two curves a t the point in 
question. M 

The inve st p ^Btions of Arts. 185. 1 8(5 give a measure of the 
tjd egree of closeness of two curves in the neighbourhood of a contac t 
Sof the nth orde r! By hypothesis we have at the point x = a (say) 

and therefore, with F(x) defined by (2), 

F(a)**0, J" (a) — 0, F'(a) = 0 F™ (a)«0. ...(11) 





where 1 > 0 > 0. By ta king h sufficiently s malt, the second term 
on the right-hand can in general he made smaller in absolute valuer 
than the first, and tb (a + h)— <b (a) will then have the same sign' 
as hH (a ). and will therefore change sign with h. 

Now if <b \a) is a maximum or a minimum value of <j>(x), the 
difference 

, <f> (a + h) — <f> (a ) 

must have the same nifim for sufficiently small values of A. whether 
h be p ositive or negati ve. Hence we cannot, under the present 
conditions, have a maximum or a minimum unless <j>' (a) =» 0 . 

Let us now suppose that ft (a) — 0, so that (1) reduces to 


<f> (o + h) - <f> (a) - ^ f ’ (a + 6h). (2) 


When f> sufficie ntly sipall, the si gn of the right-- hand will ha that 
of <f>" (a). Hence if t his be positive weT shallhave <f>(a + h)> <f> (a), 
whether h be positive or negative; i.e. <f>(a) is a minimum. Similarly, 
if <f>" (o) be negati ve we have a maximum. 
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If A" (at vanish simultaneo usly with (a), it is necessary to 
contin ue the exp ansion in (1) further. To take at once the general 
case, if we have 

4> (a) «= 0, *"(«)-0 f .... (a) == 0, (3) 

sim ultaneo usly, but <j> ln > (a) 4= 0. (4) 


4> ( a + h)-4>(a ) - - (a + 0k). 



If h be small enou gh, the sign is that of h*<f> tn) (a). If ^ be odd. 
’tu if. changes sign with A.^ and we hav e neither a m a ximum no r a 
minim um. But if n be eve n, we have a m aximum or minimu m, 
according as 4> in) (a) is negative or positiv e. ~ ‘ 

In words, d> (x) is either a maximum or a minimum for a 
le of x if the first derivative w 


ret derivative which does not vanish for this value 


o f x be of even order , bu t not oth erwise. 

max imum or a minimum according as th is derivative is negative 
or posit ive. 

Ex/C. <j> (x) = cosh x + cos x. (6) 

This makes , 

<f>' (x) = sinh x ~ sin x, <j>'' (x) = cosh * - cos as, 

(x) = sinh x + sin x, <f> lr (x) = cosh x + cos x. 

The first derivative which does not van ish-fo r x = 0 is <j> ,v (x). And 
since < f> u (0) is posit ive, we infer that <f> (0) is a minimum value of <f> (x). 

This is also obvions from the expansion 


expansion 


2. Let 


+ ( 7 ) 


F- b cos 0 — c cos 20. 



This makes 


= — b sin 6 + 2c sin 26 = sin 6 (4c cos 6 - b), 
do 


. = — b cos 9 + 4c cos 26 = cos 6 (4c cos B~b) — ic sin 8 0, 


■ = 6 sin 6 - 8c sin 20, 


b cos 6 - 16e cos 26. . / 

t {£<-'<. -t# ZjT 

itv, oonsider only angles in the first quadrant. 


the only stationary value of V is when 9 =* u> and since this make* 
d'F/cW 9 < 0, F iB then a maximum. 
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\At 6<4e, F is a minimum when 0 = 0, and there is a maximum for 
6 = floe -1 (i/4c). 

✓Of 6 = 4c, d F/d0, d s F/d0* d‘ F/d0> all vanish for 0 = 0, whilst d* VjdB* 
is negative. Henoe V is then a maximum. 

IfPnis ex ample occur s in the d iscussio n of the possible positions o f 
e quilibrium or a square plate resting in a vertical plane between tw o 
s mooth pegs at the same le vyL If l be the length of the diagonal of the 
square, c the distance between the pegs, V is proportional to the potential 
[energy when the diagonal which crosses the line of the pegs makes ay 
(angle 0 with the vertical. For. e quilibrium V must be stationary, an d 
for s tability it must be a minimum . 

‘ V191. Infinitesimal Geometry of Pl age Cu rves. 

\ Let the tangent and n ormal at (CnvD^jitQAf a plane curve 
he taken as av gp n? co nrdinn.t,^ ; it is required to express the .coord i- 
nates of a mnehbourine noitu P of the curve in terms of the arc 
OP, — s, savT' " ^ 


t v f 


K 




If, for brevity, we use accents to denote differentiations with 
respect to s, we have, as in Art. Ill, s 

✓ x = cos yjr, y' = sin yjr, ) 

and thence 


x" m — sin yjr . yjr', x 
y" = cos yjr. yjr', y" 
and so on. 

Now, by Maclaurin'a Theorem, 


= — COS. yjr . yjr ’ 2 sin i/r . yjr", ... 
= — sin yjr . yjr'- + cos yjr 


.yjr", ...\ 
.yjr", ...j - 


( 2 ) 


„ i ® a , 

•£_ — Xq "t j Xq + j 2 *« + ■ 


.(3) 


y.'-o, 


„ l 


•w 


y y<> -h j y<> d" j g 4" • • 

where the suffix is used to mark the values which the respective 
quantities assume f or 8 = 0. But, putting yjr «* 0 in (1) and (2), we 
have i 

i i —ii n ' /« 1 

J j (Bq — \) 9 Wq — 

p 

d £ KX 

P'da” i 

where 1 /p has been written for dylrl ds. Hence 

s 3 , j a* «* dp y ... 

<5) 

"where o and doids refer to the ori gin V 

These formulae are useful in various q uestions of ‘ infinitesima l 
geometry ." 


y° 



TAYLOR S THEOREM 


497 


190-iei] 

Ex. 1. Thus the s econd formula in (5) shews that the d eviation o f 
th e carve from the osculating circle at 0 is ultimately 


.( 6 ) 


i 

* p'd* ’ 

since dp/de — 0 for the circ le. 

And, generally, f or all purposes where s 3 can be neglected, the curv e 
ma y be replaced by its osculating circle. ” 

Ex. 2. Again, the normal at P meets the normal at 0 in a point 
whose dis tance from O in v + x cot i k If we ne glect terms of the seco nd 
o rfor in. a , this 


8 ,8* dp 

p “ p ! d* 




Hence the dis tance of the intersection from the centre of curvatu re at 
8 is ul timately “ 




(7) 


When p is a maximu m or minimum we have (in general) dpjds = 0, and 
the dist ance is of a higher o rder, the e volute having then a cusp at th e 
p oint corresponding to 0. 

v^SXAMPLES. LXII. 

(Expansions.) 

, . . 2V 2V 

1. COSh X COS X = 1 ~ -j-y + -g-y 

' . ,2V 2V“ 

sinh x sin x = ar - -g-y- + jq-j ~ • 


2 . 

3. . 

4 

5. 

6. 

LlC. 


cosh xeiax = x + 


•2x> 

3! 


2V 
' 5! 


2a! 8 2V 

sinh x-cosx = x — -^-y — ^ + 


S* COS X — 1 +X- g-y ■ 

e* sin x = x + 8^+ 

a? 

sec a: = 1 + ^— + 


log cosh 05 = + ^jOS* - 


2V 

2V 

2V 

4! 

~5T + 

7 ! 

2V 

2V 

2V 

51 ~ 

6! 

'7! 

5a: 4 

61a;* 


Ti + 

6! 


1 J5 4 

X* 


+ I2 

+ 45 + 

... . 


32 
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7 . 

8 . 

0. 

10 . 

11 . 




13 . 

14 . 

15 . 

16 . 

17 . 

18 . 


tanh x — x — Ja 8 + js** — vtf"? + •••• 

cos 8 a = 1 - ** + jy--g-, + 

_ , n n (3n - 2) 

008*05= 1 - — 1 ar— .... 

/Bin*\» « n(5»-2) 

( J 3 1*' + 3.5! * 

x _ - 14«* 

sin* - + 3 ! + 6 ! + ’ 

x _ _ a? 1 4s 4 

sink a: 3 ! + 6 ! 

* , , , xr , a 4 

tan (Jir + a) = 1 + 2x + 205 s + gas* + ^-a 4 + ... . 
log tan ( Jir + a) = 2a + |a* + $aj* + ... . 
Jqg (1 + sin a:) =x - £a? + - ... 

log (1 + e*) = log 2 + ^x + ^x‘- x l„X i + .... 
3 sin a: _ a? 

2 + cos* * 180 + ‘ 

1 sin 5 0 1.3 sin 4 9 1.3.5 sin* 6 


log 86 ^^" 2~2' + 2~4 - T -+ 0.6 
19. If 2> = d/da, prove that 

^"^"“•cosfxsina) c g* «» « cos (* sin a + rta). 

Hence shew that 

rg& yjS 

«*oosa cog v sin a) = 1 + * cos o + ^ cos 2a + ^ cos 3a + .... 

VaO. Draw graphs of the functions 

** a* a* 

*’ *-31’ x - 3 \ + T \> 

respectively, and compare them with the graph of sin x. 

V$L Draw graphs of the functions 

.a 3 a* a 4 
l ~¥r 1- 2! + 4!’ 

respectively, and compare them with the graph of cos *, 

22. Prove that, in the formula (17) of Art. 185, the limiting 
value of 6, when h is indefinitely diminished, is in general l/(n+ 1). 
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23. Prove that when h is sufficiently small the error in Simpson’s 
formula (Art. 114 (8)) of approximate integration is 

i fi s^L 

nearly. 

a Prove that the mean value of a function <j> (x) over the range 
extending from x=a-h to x = a + h is 

(«) + j-j 4 >" (“) + 5 1 <A 1V («) + ••• • 

Shew that this falls short of the arithmetic mean of the values at 
the extremities of the range by 

I73*"( a ) + 3T5* lT (°) + — 

\/26. Shew that if, from a given curve, another curve be constructed 
whose ordinate, for any value a of x, is the mean of the ordinates of 
the first curve over the range bounded by x = a + h, where h is a given 
small constant, the ordinate of the second curve exceeds that of the 
first by one-third the sagitta of the arc w hose extremities are x-a±h. 


EXAMPLES. LXIII. 


^4 


(Geometrical Applications.) 

L Prove that if the expansions (4) of Art. 191 be carried to the 
order a\ the results are 

s 3 . s 4 dp 

■— 

. s 3 , s 3 dp . 8* f. - / dp \ 3 ePpl 

U) + '***} + — 

2. If the values of x, y, referred to the tangent and normal at a 
point 0 of a curve, be developed in terras of \f/, the inclination of the 
tangent to the axis of x, the results are 

3. Prove that, with the same axes, the coordinates of the centre 
of curvature are 

i _ i _ 1 JX 4. 

* *3^ 




dp 

d*p 

dp' 


32—2 
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4. If 0, P be two adjacent points on a curve, and PQ be drawn 
perpendicular to the chord OP, to meet the normal at 0 in Q, then 
ultimately- OQ = 2 p. 

5. If equal small lengths Of', OT be measured along the are of a 
curve, and along the tangent at the point 0, and if R be the limiting 
position of the intersection of PT produced' with the normal at 0, then 
OR — 3 p. 

6. If P, Q be adjacent points on a curve, and a point T be taken 
on the tangent at P such that PT is equal to the chord PQ, and if R 
be the intersection of TQ with the normal at P, prove that the limiting 
value of PR is 4 p. 

7. The perpendicular to a chord OP at its middle point meets the 
normal at 0 at a distance from the centre of curvature ultimately equal 
to \sdpjds, where s = OP. 

8. The tangents at two adjacent points P, Q of a curve meet in T, 
and V is the middle point of the chord PQ. Prove that TV makes 
with the normal to the curve an angle tan -1 dp/ds ). 

9. Prove that if PQ be a small arc (s) of a curve, the arc exceeds 
the chord by *V*/p*> an d the sum of the tangents at P and Q exceeds 
the arc by 

y/0. Prove that the form of a curve near a cusp is given by 

atf=a?, 

approximately, where a = dp/dif/ . 

vfi. Prove that the form of a curve near a point of inflexion is 
given by 



approximately, where c is the ourvature. 

12. If P be any point on a curve, the form of the evolute of the 
part near P, referred to the centre of curvature at P as origin, is in 
general given by 

ay — 3^, 

where a = Mp/difr. 

13. Prove that if P be a point of maximum or minimum curvature, 
the form of the evolute is 

approximately, where a = g cPp/d#*. 



CHAPTER XVI 


’functions op several independent variables 


v/ I92. P artial Derivatives of Various Orders . 

If a be a function of two or more independent variables x, y, ... , 
the partial derivatives 


ov 

dx' 


du 


■( 1 ) 


will themselves in general be functions of x, y, ... , and be sus- 
ceptible of differentiation with respect to these several variables. 


Thus, if 


u = <ft(x, y 


.( 2 ) 


we can form the second derivatives 


d_ (du\ 3 fdu\ 3 /3u\ d_ / dtA 
dx \dx) ’ dy \d~x) ’ dx \dy) ' 3 y\dy)’ 
or, as they are usually written, 

cPu 3 s m 3V 3 *u ^ 

dx*’ dydx’ dxdy’ dy • W 

It will be noticed that t here is (primarily) a distinction of meaning 
b etween the second and third of these sy mbols, the operations mdi- 
cated being performed in i nverse order s in the two cases. It will 
be shewn, however, in Art. 193 that under certain conditions, whi ch 
ar e generally satisfied in practice. 'the resu lts a, re identical. 

The first derivatives of tf> (x, y) are sometimes denoted by 


<f>x(x,y), (®» y)> W 

and the second derivatives (3) by 

&*(*> y)» <t>v* (*» y)> ( 5 ) 

These are often abbreviated into 

<h, <h (6) 

<£**> $y*> $xyt iX) 


and 

respectively. 
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u = Aa 
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< 8 ) 


•we have 


^ = m.dx , ’ , ~ty n , ^ = nAx m y*~ 1 , 
Px J «y 


g = m <* - 1) A*-V, ^ = » (« - l)^r’> 

8“« , . , . , r*tt 

— — - mnAx" Hr 1 = 

ByBx * Batty 


JR*:. 2. If 


, v 

* = atan~‘ 2 , 
a 


we find 


, Pz ay Pz _ ax 

n Px~ X s + ty 3 ’ Py ~ X s + y 2 ’ 

_ 2axy &z _ a (y* — a?) _ cPz 3 s * _ — 2axy 

ftr 2 (x“ + y 2 )*’ ttyfte ~ (x 2 + y 2 ) 2 PxPy ' 3y* ~ (x 2 + y 2 ) 5 


. ...(13) 


193. Pr oof of the CoTn-m-ntatlve Proper ty. 

Let u = £(x, y) (1) 


| and let us suppose tha t the functions 


rju 3 m d*u dhi . 

W ’ dx’ by’ bydx’ dxdy ' 

lare continuous (Art. 34) over a finite range of the variables, in - 
[cl uding the values consideie tT We proceed to shew that7 under 
‘ these conditions . 

dydx dxdy ' ' 

To this end, we consider the fraction 

x ( h , k) - $S X + h > V + *)_“ <t>(x + h,y)-<p(x,y + k) + <j>(x, y) 

hk 


in which x, y are regarded as fixed, whilst h, k will (finally) be made 
infinitely small. 

Let us write, for a moment, 

F(x) = <f>(x,y + k)-<f>(x, y) (5) 

fflBy the mean-value theorem of Art. 56 (9), we have 

.F(x + A) — F (x) a® kF’ (x + BJi), (6) 

or, in full, 

{«j>(x + h, y + k)—<j>(x+h, y)}-{(l>(x, y+k)-<j>(x, y)} 

(x+dji, y + k)-<f )x {x + d 1 h, y)}, 


( 7 ) 
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where 1 >0 1 >0, the value of y not being varied in this process. 
Hence 


x (h, k) « ‘Mf? L+ e A y+ k )-4>* y) 


( 8 ) 


If we now write 

f(y) = <l>z(x + 0A y), (9) 

we have, by a second application of the theorem referred to, 

f(y + k)-f(y) = kf(y + 0Jc), (10) 

or 


<p x (x+6A y + k)-<p x (x + GJi, y)=*k<f> yx (x + 0 l h > y + djc). 

( 11 ) 

Hence xA k ) = <f>vz(x + &A y + G.Jc) (12) 

where 8 U 0 3 lie between 0 and 1. 

By a similar process we could shew that 


X(h, A-) = ^*v(® + ^. y + 0 2 'k) (13) 

where 6-i also lie between 0 and 1. 


T hese results are exact, provided x + h, y + k lie within the 
range of the variables' 'lor which the conditions above postulated 
hold. If we now diminish h and k indefinitely, i t follows from the 
comparison of ( 12) and (13), and from the continuity of the de - 
rivatives . that 

tpyxAi y) — 4**1/ A y) (i^) 

as was to be proved*. 

It follows from the above theorem that in the case of a function 
. of any number of independent variables x,y,z, ... t he operation s 

A A d - 

dx’ dy’ dz ’ 

or, as we may denote them for shortness, 

D s > Dy, D z , ... 

are in general commutative , i.e. the res ult of_anv number of the mi 
is independent of the order in w hich they are performed. j 

For example, 

DsDyDju, = D x (DyD t u) - D x {D c D t ) n = D X D, (D t u) — DJ> x T>yU = etc. 


* This proof appear to be d oe to Osaisn Bonnet . An alt ernative proof is 
indicated in Art. 19^ 4^ 
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It Appears from (4) that 

Km ia l ]im 4>(x+h,y + k)-<t>(x,y + k) 

lun*-»oX (*» *) = j lim A ^. 0 ^ 

i«_ <*>(*+*> y)-$(*» y) 

- 1 hmA -<> A 

= i>x(x,y + k)-<t> x (x,y) ^ 

A 

Hence lira*.*® lim*-»o X (A» *) = (*> V) (1®) 

Similarly, we find 

lim&-»o limi-»o x (A. A) = ^ («, y) (17) 

If, then, we could assume that the li miting value of the fract ion (4), 
when A and A are indefinitely diminished. i s"unioue - and independent 
>f the onfer in which these quantit ies are made to vanis h, the theorem 
'3 f would "fellow at onc e. A simple examp le shews, however, that the 
tss umption is not legitimate without further examinati on. ^If 

/(A, A )- A3 + jta . 

we have 

lim t _ 0 lim Jl ^a/(A, A) = - J* lim/,^ 0 lim fc ^» 0 /(A, A) - +L_ 

Ex. A necessary condition that 

S Mdx + Ndy (18) 

should be an exact differen tial (Art. 155) is 

(19) 

oy ex ' 

For if the expression (18) be equal to du^we' have — 

* = % < 20 > 

and therefore each of the partial derivatives in (19) is equal to dhi/dydx 
or &u/dxdy. 

Conversely, we can shew that, if t he condit ion (191 hold. Hftl will 
b e an exact different ial. Let t> denote the function) M dx , obtained by 
integrating as if y were constant. We have, then, 

£-*• < 21 > 

. , , dN dM &v 

“ d ‘ he ' d ° re 
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xtS'-f'JcU 

This shews (Art. 56) that the function A —dvl&y is constant bo far a s 
x is concerne d and is therefore a function of v only ! Denoting its 
value by J 1 (y), we have 



+/'(y)- 


(23) 


Hence, if we write w = v +f(y), (24) 

we have, by (21) and (23), 




(25) 


and therefore Mdx + Ndy~du (26) 

^CdA. E xtension of Taylor's Theor em. 

Let d> (x, y) b e a function of x and v which, wi th its derivative s 
u p to a certain order , is co ntinuous for all values of the variaHTe s 
c onsidered . It may be requ ired to find the expansion of 


tj>(a + h, b + k) 


( 1 ) 


in asc ending powers of h and k. We shall in the fi rst plac e give 
a di rect investigation of the expansion a s far as the terms of the 
se cond degree in h and k. 

w^irst expanding in powers of h, we have, by Taylors Theorem, 
(a + h, b + k) = <f» (a, b + k) + h<ft x (a, b + k) 

+ Ihtyxx (a,b + k)+ (2) 

Again, by the same theorem, 

(f>(a, b + k) = 4t(a, b) + k<f> v (a, 6) + J**^> w (a, i>) + ... i 
<fh ( a . b + k) = <f> x (a, b) + ktp yx (a, b) + ... i . . .(3) 

<£**(«, 5 + *) = ^x*(a, 6) + .... j 


Substituting in (2), we find 
$ (a + h, b + k) = <f> (a, b) + {h<f> x (a, b) + k<f> v (a, t)) 

+ i {h*<f>Mx (a, b ) + 2hk<f> yx (a, 6) + k?d>yy («,&)} + (4) 

If we regard the fo rms of the several ' remainders ’ (Art. 185) 
ir Uthe preliminary expansi ons, it appears that t he remainder in (4 ) 
wiU b e ojftEe form 

i {Rh* + 3Sh*k + 3Tkk* + Uk*}, . yf.. (5) 


where R , 8, T, U are functions of a, b, h, k which remain finite 
when h, k are indefinitely diminished. The re mainder is therefore 
of the third order in h. k. 
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The co nditions for the validity of the foregoing result are that 
ft (a, y) and its derivatives up to the th ird order should be con - 
t inuous for all values of~the variable consid ered. 

With a slight change of notation we may write (4) in the form 

4>(x + h,y + k) = <f>(x,y)+^hQ + kty) 

is <« 

where, on the right hand, i ft s tands for <b(x, y\ . A still mor e 
c ompact form is 

1>(x + h,y + k)=* <f>{x,y) + (h<f> x + tof>y) 

+ ^ (htyzx d" %flk<l>xy + h^cktni) d" (7) 

Again, if u be any function of the in dependent variables x, v . 
ind if, as in Art. 57, Bu denote the increment of u due to gi ven 
in crements Sx, By of th ese variables, the formula is equivalent to 



It may be remarked that in the proof of (4) it was not neces - 
sa ry to assume that 

< &*(«■ (ft** (a, b ) (9) 

Itwe had begun by ex panding (11 in powers ef k (inste ad of h ) we 
should have arrived at a. result similar to (4). b ut with <f>xy ( a , 6) in 
place of 4 > m (a, ft ). From a co mparison of the two, for ms we fean 
obtain a n independent proof of the theorem ol A rt. 193. 

U95. General Term of the Expansion. 

An inde pendent in vestigati on. giving the general term o f the 
expansion (7), ib as ioIiQws. T W e" write h = at, h = @t, and 

F(t) = <f>(x + h, y + k) = <f>(x+at, y + /3t) ( 1 > 

Reg arded as a function of t. this can be expa nded bv Maclauri n’s 
theorem, and the general term is 


n\ 


F<»> (0> 


•( 2 ) 


* The 
or more 


e extension of the investigations of this Art. to eases 
independent Tariableg will be obviou s. 


where there are three 


194-195 J FUNCjgpNS OF^INDE?ENDENT VARIABLES 
Now if we put for a moment x +■ at * «, y + fit ■» v, we have 

dtp _ d<f>du dtp dtp dtp dv dtp 

~dx dudx du ' dy dvdy dv ’ 
where <p is written for <p (u, v). Hence 
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( 3 ) 


F’(t) 


dtp du d$ dv _ dtp ~ dtp 
dudt dv dt ~ a dx dy 


= ( a ¥x + #fy)* (u ’ v) - (4) 

The result is evidently a function of u and v, hence, by a repe- 
tition of the argument, 


“(■a l + ^ <5) 

and, generally, 

(6) 

[where t he operator admits of expansion bv the Binomial Theore m, 
in yirtueTof the commutative property of the opera tors d/Bx and 
dfdy. Since t only occurs in the combinations x + at, y 4- &t, it is 
evidently immateria l in (6) w hethe r we put fsD before or after 
t he differentiations indicated on the right-hand side. The genera l 
t erm of our expansion is therefor* 


( 7 ) 

where t p is now written for tp (x, y ). 

V&c. To prove that if <p (x, y) be a homogeneous function of x, y, 
of degree in, we have 

xtpj. + ytpu-m^, ( 8 ) 

+ 2 xypt,, + tftPn = m (m - 1 ) tp (9) 


The general definition of a homogeneous function of degree m is 
that if x and v be altered in any ratio p, the functi on is altered in th e 
ratio or ° 


tp(yx, py)^p w tp{x,y). 


( 10 ) 
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In thia equality, let us put Since 

4>(x + xt, y + yt) = <j, (x, y) + t (xfa + y<ft„) 

by (8), and 

(1 + t) m <j>(x, y) = (\+mt + m ^™ ^ ^f" + 
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+ (afyxx + 2 xy<^ + yV w ) + . . . 
tn(m-l) 


by the Binomial Theorem, the resul ts (91 and £1 01 will follow, on < . 
co efficients of t and fi. More generally, equating c oefficients of <*, an d 
making use of (7), we find 






af^r— +nx”~ I y - , - + , . 

fte“ y 3x n -‘dy 1 . 2 


a** 




= m (m - 1) (m — 2) ... (m — n + l)<£ (11) 

This is * E uler's Theorem of Homogeneous Functions, 1 for the ca se 
of two independent variab les! The ex tension to three or more Ind e- 
p endent variable s will be obvious. 

196. Maxima and Minima of a Function of Two Vari- 
ables. Geometrical Interpretation. 

We may u tilize the generalized form of Taylor’s Theore m to 
carry a step further the discu ssion (see Art. 531 of the ma xima and 
minima of a function ( u) of two independent variables (x, y) . 

It appears from Art. 194 (8) that whe n &c. Sv are continually 
di minished in absolute value, preserv ing any givgfl rat io to one 
another, the sign of Su is ultimately that o f 


du s ,3s s 

a*’*})*- 


(i) 


Unless dujdx and dufdy both vanish, the sign of (1) is reversed by 
reversing the signs of 8x and by. Hence for s ome variations 8 m 
will be positive, and for others negative. In other words, w_cannot 
be a maximum or minimum unless we have 


^=0 ^ = 0 
dx u ' dy ' 


•(2)V 


simultaneously. 

Let us now suppose the conditions (2) to be fulfilled. We 
have, then, 

8„ . i |g (fc0 r + i M»+g < W} + W 


* ItiB 


,ed in the inve 


ti on of Ar t. 194 that t hose farirativce a n go n- 
ti qyoag juH t hiEgforaTSaSy. llist is, we e xclude ab initio the tw<wtijqmfifrnnl 
*T1lf n ff na * of th e 'cage a con sidered i n Arj. fil . 
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When & s and By are suffi ciently small, the sign of 81& will be that 
of the terms written! Now it is k nown from Algebra that the 
si gn of a homogeneous quadratic function 


A£ * + 2H£? j + Brf (4) 

i s invariable, if (and only if) 

AB>K\ (5) 


and t ha t the sign is then that of A (or B). We infer that when 
the conditions (2) are satisfied bu will have the s ame s ign for all 
valnes of j &c j and i By not exceeding certain limits, provided 


cPud'u 

da? d y i> \dxdy) ’ 


( 6 ) 


and that the sign wi ll then be that of (?u Ida? and 3*u/ 3i/». And u 
will be a m aximu m or minimum according as this sig n is negati ve 
o r positiv e. 

us*. / JS>. \ s 

•( 7 ) 


If 


dht. dht / d *u V 
da? 3 y i < \dxdy) 


then for some values of the ratio 8 yjBx the increment of « will be 
positive, for others negative, and Che value of u . though ‘s ta- 
tio nary’ (cf . Art. 51) i s neither a maximum nor a min imum. 

"• ; Z - 18 

the t erms which appear on the right-hand side of (3) are equal 

to ± the "square of a linear function of Sx and 8y , and therefore 

va nish lor a particular value of the ratio BvlSx . Since Bu is then 

o f the third orde r it appears that there is i n general neither a 

m aximum nor a minim um, but the question c annot be absolute ly 

d ecided wi thout co ntinuing the expans ion further. The sam e 

remark applies when the second derivatives d^u/da?, dhijdxth/ , 

d' ujdy 1 all vanish . — — 

The preceding investigation has an interesting geometrical interpr e- 
t ation, If, as in Art. 34, s be the vertical ordinate of a surface, and 
at, y rectangular coordinates in a horizontal plane, the first condition 
for a point of maximum or minimum altitude is that 




(») 


simultaneously. Since these equations ensure that 8s shall be of the 
second order in Sac, By, it follows that at the point {P, say,) in question 
the tangent line to every vertical section through P will be horizontal ; 
in other words, we have a horizontal tangent plane. 

-We have next to examine whether the surface cuts the tangent 
plane at PI Along the line of intersection (if any), we shall have 
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8* = 0, and therefore from (3), if we put 8y = mSx, and finally make &e 
vanish, the directions of the tangent lines at P to the curve of inter- 
section are determined by 


ffz 

fir* 


o ?S * *• . A 

+ 2 r — r— m + s — . mr = 0. 
3® By 3y a 


( 10 ) 


This quadratic in nt will have imaginary roots if 
3*3 3*s^ (#*_\\ 

&r“ By* > V3®3y/ ’ 


( 11 ) 


the surface then, in the immediate neighbourhood of P, will lie wholly 
on one side of the tangent plane, and the contour-line at P reduces to 
a point. Hence P will be a point of maximum or minimum altitude 
according as 3*3/3®* and 3*3/3y* are negative or positive, i.e. (Art. 67) 
according as the vertical sections parallel to the planes zx and zy are 
convex or concave upwards. If we imagine the axes of x, y to be rotated 
in their own plane, we can infer that every vertical section through P 
is in this case convex upwards, or concave upwards, respectively. 


But if 


c Pz 3*3 / ( fz \* 
ftr 3 By* < \dxdy) ’ 


( 12 ) 


the roots of (10) are real and distinct. T he contour-line has a node 
at P, the two branches separating the parts of the surface which lie 
above the tangent plane from those which lie below. 


If 


<Ps 5*3 _ / 
3** 3y" 


3*3 y 

\dxdy) ' 


.(13) 


the roots of (10) are real and coincident. The contour-line has in 
general a cusp at P, and the question as to whether the altitude at P 
is a maximum or minimum cannot be determined without further 
investigation. 


Ex. 1. Let 

s — x' — Saar 1 — 4ay a + C 

(14) 

This makes 

3« „ . . Bs _ 

-^Sx(x-la), — = - 8«y, 

(15) 


3*3 „ . . 3*3 _ 3*3 



3a^ — 6 (*—<*), ^ = 0, e? =-8a 

(16) 


The conditions (9) are satisfied by x = 0, y = 0, and also by x = 2a, y = 0. 
The former solution satisfies the inequality (11), and since B*3/By* is 
negative, z is a maximum. The latter solution comes under (12); s is 
then neither a maximum nor a minimum. The contour-line s for this 
case are shewn in Fig. 69, p. 286. 

Ex. 2. Let s = (®* + y*)*-2a a (!c*+y*) + C. (17) 


We find 

3*3 

a®* 


= 4 


^ = 4aj(as* + y*-o*), = 4y (®* + y* + a*), (18) 

(3 ** + y*-a*), £ ^-8 xy, ^=4(** + 3 y* + «*). (19) 
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The real solutions of (9) are, in this case, * = 0, y = 0, and x=±a, 
y — 0. The former values fulfil the relation (12), so that * is neither 
a maximum nor a minimum. The solutions * = + a, y — 0 satisfy (11), 
and, since they make 0 a */9as“ positive, z is then a minimum. The con- 
tour-lines of the surface (17) are shewn in Fig. 106, p. 321. The 
surface has two symmetrical hollows with the ‘ bar 1 between them. 





>/l97. C onditional Maxima and Minim a. 

The problem is to find the maxima and minima, or rather the 
st ationary, values of a given function ot n varia bles which are not 
all independent, but are co nnected hy to given relations ( n > to ). 
The question wh ether these corresp ond to maxima or minima, as 
well as the discrimination, is usua 


p endent of the present investigation. 

Theoretically , we might eli minate m of the variab les by means 
of the given relations, and s o express the given functi on in terms of 
n — m. really indepen dent, variables. This procedure would how- 


ever often 




not i mpracticabl e. To meet this 
difficulty, tfie method of (in the first instance) ‘ undeterm ined * 
m ultipliers was devised by Lagrange . In cases where the given 
function, and the given relations, possess a more or less symmetrical 
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So far, A may have any value, but we now suppose it to be deter- 
mined so as to make the coefficient of one of tne variations, say Sz, 
vanish. Si nce there is no necessary relation between &c and 
Sy, their coefficients must also vanish. We are thus led to the 


B<f>_ 8/ a£ (Q) 

fa~ >’ dy , fa’ fa K fa w 

BujUamv**- a • 

These, toge ther with (2S, constitute a Bvstem of four equation s 
determining the Iburunknowns x , v, z, A. 


2°. Let the function be 


u ■= d. (x, y , z), 

where the variables are s ubject to the two relation s 

F (x,y,z)~0, f(x, y, z) = 0 

Proceeding as before, we form the equation 


( 7 ) 

( 8 ) 

( 9 ) 


where A. u are at present undeterm ined multipliers. We may 
suppose these ch osen so as to make the coefficients of Sy and Sz to 
vanish. The coefficien t of fa must then also van ish. We th u s 
obtain the equations 


d<f> . dF s df d<t> _ dF , df d<f> . dF , df .... 

fa X a* ^^fa' dy “ X ay + /i 5y' dz X Sz + ** fa ' 

These, together with (8), determine the five unknowns x, y, z, A, /*. 
*/hx. 1. To find th e stationary values of 

M=a? + y* (11) 


subje ct to the condition 


A x*+ 2Hxy + Byf = 1. 


■ 02 ) 


Tins is the problem of finding the principal axes of a conic whose centre 
is at the origin . 

The method gives 


x=\ (Ax + Hy), y = X (Hx + By) (13) 

Multiplying these by x, y, respectively, and adding, we have 

«=A. (14) 

Hence (At* - 1) x + Hu*/ m 0, Hux + (2>t*-l)y = 0 (15) 
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Eliminating the ratio x : y, we have 

(AB — H r ) u 3 —(A + 2?) it + 1 = 0 (16) 

Again, eliminating w, 

H(x?-y*) = (A-B)xy (17) 

^x. 2. To find the stationary values of 

u = ar 1 + y 3 + a*, (18) 

under the conditions 

Ax 3 + Bfp + Cz 3 = 1, lx + my + nz=Q (19) 

The problem is that of finding t he principal axes of a central section of 
a quadr ic surfac e. ~~ 

We find 

x = XAx + fd, y = \By+fim, z=-\Cz + /m. (20) 

Multiplying by x, y, z, respectively, and adding, we find 

u = A (21) 

Hence 

*+i£r-°- *+s£i- a -< S2 > 

If we multiply these by l, m, n, respectively, and add, we find 

P m 3 « a n 
Am- 1 + ltoTi + Cu-1~ ’ ^ 

which is, virtually, a quadratic in «. If u be either root of this, the 
corresponding values of the ratios x:y:z are given by (22 ) ; thus 

l m n ^ 

X ‘ V ’ S ~An- 1 ' Bit- 1 ‘ Cm - 1 (24 > 

^98. • Envelopes. 

A simila r treatment applies to the finding of t he envelope of a 
c urve whose equation inv ol ves n parameters connected by n — 1 
r elation s. 

For instance, suppose that it is required to find the envelope of 

(*> y. «> £) = 0 (1) 

where the parameters a, 0 are connected by the relation 

/<«,£) = 0. (2) 

At the intersection of (1) with a consecutive curve we have 
<f> (x, y,a + $a, 0 + 80)-<f> (x, y, a, 0) = 0, (3) 
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ultimately. The variations Set, 8ft are connected by the relation 

gfc + !«. = 0. (5, 

H ““» + < 6 > 

If we determine \ so that the coefficient of 8ft shall vanish, that of 
8a must also vanish. We have then 


5a *2a 8$ U ' 


(7) 


Hie locus of ultimate intersecti&rts is found by eliminating a, /9, 
between (1), (2), and (7). 


Ex. 1. 

To find the envelope of the line 



* + !- 1 

« £ ’ 

(8) 

where a, )9 

are subject to the condition 



a*+|8* = a‘ 

(9) 

The method gives 



5"** 

(10) 

Hence 

A(«* + /3*) = %|=1, 


or 

A-l/a*. 

(11) 

Hence 

a’ = a**, ft * = iy 

(12) 


and, substituting in (9), we find 

+ yl = a*. 

Cf. Art 145, Ex. 2. 

®e. 2. To find the envelope of 

a# + /9y = 1 

under the condition z/9 + Aa + 5)3 + C = 0 

We have to elimina te a, ft, A. between these and 

® = A{/? + .4), y=\(a + B) 

Eliminating A, we have 

ox- fty = Ay - Bx, 
which, combined with (IS), gives 

ax-\(Ay-Bx + \), fty = $(Bx-Ay + 1 ). 

Substituting in (14), we find 

(5*-Ay)» + 4C!cy+2(Ay + 5*) + l=0, (17) 

which is the equation of the required envelope. 


.(13) 

..(14) 

..(15) 


.(16) 
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199, Applicatio n* nf P«Wyw ntlatloxL 

Numerous problems of partial differentiatio n present themselves 
in g eometrical and physica l questions. As a rule, they are best 
dealt with as they aris e ; but we give o ne or two simple case s winch 
may serve t cTelucidate the chief points" to be attended to . 

^ u = <f>(v), 0) 


"f- 

van 


where v is a function of the independent variables x . y ; and let it 
be required to form the successive - p artial deri vatives of u with 
respect to these variables. 


By Art. 32 we have 
Zu 


Again, 


Zx 


,, . .Zv 

(«)=- 


Zx ’ 




.( 2 ) 


3*m 3 . 

Zx* Zx* W 


Zh) 




...(3) 


9*« 0 j./ / \ 0V . u t \ & >v j." t \ 0V 0 ® . , , . -w Z'v 

‘Zrty^Z-y^^-Zx** {v) ZWy = V$ Zx^ + *J$ Zriy' 


■W 


0*m 3 . dv Z*v .fZvV ... .Z 2 v 

gp-rfM-sj,** Ofr-LSSfe) + m& - <5> 

and so on. 


Let u = <f> {Xjj), (6) 

where x. v are given functions of the independent variable t : and 
let it be required to calculate the derivatives of. u with respect to 
t. We have, by Art. 59, 1°, ~ 


du Z<f> dx Z<t> dy 
dt** Zx dt Zy dt 


Differentiating again, we find 

d*u Zjf> cPx Zj> dfy d i Z<p\ dx d /9$\ dy . 

dP^Zxdt* Zy dA* dt\Zx)dt dt\dy) dt' 

Now, by the theorem referred to, 

<£ /9<£\ _ Z dx 9_ /0^\ dy 

dt \Zx) Zx \dx) dt Zy \Zx) dt 1 

d /Jty\ S_ /Z<ft\ dx /Z$\ dy 

dt \Zy) = Zx \Zy) dt Zy \Zy) dt ' 

38—2 


and 
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Substituting in (8), and r ecalling the commutative proper ty 
es tablished in Art. 193 . we have 

cPu djf> d?x , bj> cPg /d®V a jjV dx dy /djA* 

df* ** 9<c d<’ cy di* + Bab \dt) BxBy dt dt By 1 \oi</ 

( 9 ) 

The pr ocess might be continu ed, but it is se ldom necessa ry to 
proceed beyond this stage. 

T his process is sometimes requir ed when we t ransform the 
[c oordinates in a dynam ic al problem . Thus, to change from rect- 
angular to polar coordinates in two dimensions, we have 


x a* r cos 6 , y =r sin 6 , 

and the ab ove method enables us to expr ess dbxldfi and dbvldt' in 
terms of the differential coefficients of r and ft with respect, to f. 

v'jE*. Let z = <f>(x-ct) + x(x + ct) (10) 

where the variables x and t are independent. 

Putting x-ct- u, x + c< = v, 

for shortness, we find ^ ■* «p(v) 

& = $ ( U )^X' (“). t = U#' (“) + C X (») (11) 


dx 

Vz 




^_= <!>"(») + X"(“). («) + 0“ X " («), 


Hence 


r*z 


,3 s * 




( 12 ) 

.(13) 


200. Differentiation of Implicit Functio ns. 

Let y be a function of a, defined ‘ implicitly ’ by the equation 


£(«. y)“°; (1) 

it is required to calculate the successive derivatives of y with 
respect to x. 

We have, as in Art. 59, 


1 ty dy _ - 
dx^ By dx 

If we differentiate this with respect to x, we find 

d (dj>\ d /30\ dy B^ fry n. 
dx\Bx) T dx\3y) dx By da?^ 


( 2 ) 

( 3 ) 
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Now, by Art. 59, 


**■ 

Ai 

dx 

_ 0 /d<f> 
\dx) dx \dx 

\ , 2 ( d A\ ty. 

) dy \dx) dx’ 

A 

dx ' 

f d A) „ 2 

[dyj ~dx \dy 

3 (d <f>\dy 
) + dy\dy)dx' 


Hence (3) becomes 

. 2 2? . . 0 4> o a\ 

0^ + Z dxdy dx + dy a \dx) + dy dx' w 

If we sub stitute the value of d yjdx from (2), we find 

d?y <£kt d>y a ~~ %d>xy d>x<l>u + <f>yy<f>x , cv 

dx*~ ~ <j>S w 

Again, by differentiation of (4), and substitution, we could find 
d‘ yfdx* and so on. 

The formula ( 5) leads to an expression for the curvature of a 
curve whose equation in rectangular coordinates is given bv (IV viz. 


<t> xxd>y a ~ %<t>xy4>x<l>y + $yy$x fR \ 

(*■•+*/)* 

>int of inflexio n is obtained by equating the 


The con dition for a point of inflexio n is obtained by equating the 
nu merator to ze ro. 

It may be noticed that (4) is included in Art. 199 (9) by p utting 
t u = 0. 

/201. Change of Variable. 

1°. Let it be required to interchange the dependent and ind e- 
p endent variabl es in the case of a tu nctioiTof a single variabl eT 

We have (Art. 33) 

%<%)' <*> 


Hence 


<Fy _ d_ fdx\~ l _fd J<to\-jfdy\ 
da?, dx \dy) [dy\dyj J\afc) 
_ ( dx \~ 8 d?x . 

~ \dy) dgj 


and so on. 

JP- Let u-4>(i, v ) (3) 

where f , n are given functions of the independent variables x and 


r T**-— * v wv uu ou w vuji/uu*vv/ uuv ovw**w ^ 

u with respe ct to x and y. 




ESS 


envatives 
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We have 

0 U _ 3tt _ 1 _ &7 0U_0W0| J _0u3l? /AX 

3® * 0j^ 3® drfdx’ dy~ d$dy 3i? 3y ' ' 

„ / .3 s u 3u 3®£ . 3f . (Pu dy\ 3f 

Hence V fa - g£ 3^ + bpfr *8f dy dx) dx ' 

^ 3u t5*ij 7 3*a 3|f 3®u 3iA 85 

dt) 3®* \3f 3i? 3a> 3 j;’ dx) dx 

__ 3 s u /3|y o 3^ 3f 3^ , 3*u /8j\* 

3p V0£/ 3f3ij dx dx 3ij* V3a:/ 

tm ^Bud*P$ud*t? . 

_!:• +!t4 + %s* (5> 

In like manner we should 6nd 

✓ d*u _ d*u 3£ 8£ 3*a (d^dy 8£ 3iA dPudydi) 

dxdy 3p 3a: 3i / 0f3i) V3® By + 3y 3*/ "*" 8»? a 3a: 3y 

4.% 1 ^ ^ 

3f 9a:3y "*" 3ij 3a;3y ’ ' ' 

/-B^u Zft* /3f\ s 9 3 *m 0|05 , /3i?y 

8y a 3?" V3y/ “ 3f3i? 3y By 3i? J v3y/ 

JnnjjL^ m 

+ 3f 3y* + 817 3y* Kn 

Ex. 1. In the case of a partible moving under a resistance p ro- 
p ortional to the cube of the veloci ty, we have ” 

£--*(£)' <•> 

It follows at once from ( 21. with a mere difference in the notation, that 

%z k - ■<•> 

sst 

Heyce t = %k& + Ax + B (10) 

Ex. 2. Jo change from r ectangular to polar coordinates in t he 
e xpression 

»♦$ <n) 

Potting x=rcoa6, y = r sin 6, (12) 

. , du du dx dudy A du . . du 

we find — = — — + — ^ = oo8^r- + smy — , 

dr dx dr dy dr dx dy’ 

^ y (13) 

du dudx dudy / . .du A 0u\ 
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whence 


Hence 


du .du . ,du du . .du .du .... 
^cosO^-sing^, 0y = e,n^ + co9^. ...(14) 


&U / /l S* 5 - • n n • /I ?M \ 

( cos “ sm * , 


•^m /. Jn . 3»\ / • /i - 3 m\ 

v = (■“ ^ +coae ^X sm ^ +C08 WJ 

It is n ot necessary to perform all the operations indicated , as several of 
the te rms will cance l when we form the sum (11). The remaining 
t erms give 

<Pu &u _ <Hw 13 m 1 3*m 

+ hf ~ dr* + r dr + W 


EXAMPLES. LXIV. 


(Partial Differentiation ; Exact Differentials.) 


1. If 


verify the relations 


2. If 


prove that 

3. If 

prove that 


9u du 
dx 9 dy ’ 

-^ + 2*0— W — = 0 
PjP ^ dxdy 9 dy 1 

s - x 3 tan -1 - — y 8 tan -1 - , 
* y 

d J z _ X s — y a 
dxdy x* + y * ' 

z = F(x) +/{y), 

Vz * 


Conversely shew that, if dPzjdxdy = 0, s must have the above form. 
A Prove that the equation 

o 

W* r dr r*W~ 


is satisfied by <f> = ^Ar* + ^ oos n (0 - a). 
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5. Prove that an y differential equation of the type 

F(a? + y 2 ) (xdx + ydy) +/(^j ( x dy - ydx) = 0 
becomes exact on division by a? + y*. 

6. Prove that sjnhydx -sin xdy 

cosh y — cos x 

is an exact differential of a function w ; and find u. 


7. If 


0“0 

dx* 


?4> 


+ = 0 , 


prove that a function i p exists such that 


and that 
8. If 


30 3i p 30 pi/' 

dx dy ’ dy dx ’ 

o 

Bar 1 dy * 

. 1 * . 1 *±-0 
0r* r 0r r 1 06* ’ 


prove that a function 0 exists such that 

00 dip dtp dip 
fo = ~rd0' rd6 ~ dr ’ 


and that 0 satisfies the same partial differential equation as 0. 


9. If !^ + ^ + I^ = 0 

0*“ dy“ y dy ’ 

prove that a function ip exists such that 


30 _ 1 30 30 1 dip 

0* ~ ydy ’ dy ~ ydx' 


and that 


«|V «|V_ 1 ty =0 

dx* dy* y dy 


EXAMPLES. LXV. 

(Maxima and Minima.) 

1. Prove that in the surface 

as = a 2 - y 2 , 

the ordinate (s) is stationary, but not a maximum or minimum, when 
x = 0, y = 0. Sketch the contour-lines of the surface. 

2. Prove by means of the rule of Art. 196 that the parallelepiped 
of least surface for a given volume is a cube. 
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3. If A, B, C be the vertices of a triangle, and P a variable point, 
the sum 

PA* + PBP + PC' 

is a minimum when P coincides with the mean centre of A, Ji, C. 

4 With the same notation, the sum 

m, . PA' + wij . PIP + to, . PC' 

is a minimum when P coincides with the mass-centre of three particles 
to,, to,, to, situate at A, H, C. 

5. Find for what values of x, y the ordinate of the surface 

* = x 3 + y H - 'Aaxy 

is stationary. 

[The values are a, a, and 0, 0. The latter do not make z a maximum 
or minimum.] 

6. Prove that the ordinate of the surface 

cAz = ay' — xA 

is stationary, but not a maximum or minimum, when *==0, y = 0. 
Sketch the contour-lines. 

7. Find for what values of *, y the function 

x* + y* — 2 (x—yY 

is stationary. 

[There is a stationary value when x = 0, y~ 0, and two. minima 
when x-± J'2, y - + J 

8. Prove that the function 

(x 2 + y 2 ) 

has a minimum value when x = 0, y = 0, and a stationary value which is 
neither a maximum nor a minimum when x— 0, y- ± 1. 

9. Prove that the ordinate of the surface 

z -/(axA + 2 hxy + by') 

is in general stationary when x = 0, y - 0, and examine whether it is a 
maximum or minimum Sketch the contour-lines in the several cases. 

10. Find the stationary points of the function 

(*> - a')' + (»*-«»)( y* - b') + (y» - b'f, 
and examine their nature. 

Sketch the contour-lines of the function. 


33-5 
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1L If Xj, . .. , x n be n positive quantities subject to the relation 
+ *, + . .. + x % = const., 

their product is greatest when they are all equal. 

Hence shew that the arithmetic mean of n positive quantities 
exceeds their geometric mean unless they are all equal. 

12. Prove that the rectangular parallelepiped of greatest volume 
for a given surface is a cube. 

13. Prove that the greatest rectangular parallelepiped which can 
be inscribed in a given sphere is a cube. 


EXAMPLES. LX VI. 


(Change of Variable, <&c.) 

1. If x = sin 6, the equation 


transforms into 


cPy 

diP 


4 ary - 0. 


If a? = it, the equation 
d 2 y 


transforms into 


__ + \ ' l 'J 
dxr x dx 

>£y dy 
eft 3 dt 


+ y = () 
4 y - 0. 


3. If ax 3 4 ihxy + by" 4 2gx 4 2 fy 4 c — 0, 


prove that 

3r 

P ~ r 

(ab — h*)y 4 of- tjh 
(ab — h l )x + ~bg-hf' 

where 

p dy/dx, 

q - ipyjdi ?, r — d'yjdj?. 

4. If 



prove that 


du rhi 


3' s 4 y = 0, 

dx J dy 

and 

<Pu 11 
ft b 3 + 3y“ ~ ar* | 

[<*♦*>/■©♦**/••(«)} 


Z — f (x 2 4 if), 


0^ + ay* - 4 P + yt)f " P + y ’> + V" <® 3 + y 3 )' 


5. If 
prove that 
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6. If 


«=/(r). 


where r = J(a? + f), prove that 

tPw <S*m ..... 1 ,, . 

ds? + dy' 1 ~' f ( r ) + rf 

7. If V, 2 stand for the operator Vfr'j? + tf/fif, prove that 

V^logr = 0, 

where r ^J{{x - of + (y - /3) 2 }. 

8. If u -/(x* + y* + s s ), 


8. If u -/(x* + f + s s ), 

prove that 

£ + J + £ 4 (^ + + *V" (^+2T + = 2 ) + 6/' (x 2 + f + 8 2 ). 

9. If «=/(r), 

where r = ^/(x 2 s if 4. a 2 ), prove that 

??»/, 3 “m cPu 2 

a«* + V + * , ~ / < r >V (r) 

10. If V 2 stand for the operator &jbj? + &/ty' + fP/Pr*, prove that 


V 2 i=0, 

r 


where r - ,y|(x - a) 2 + <y - /3) 2 + (s - y) }. 

11. With the same meaning of V 2 , prove that if 

Vhi = 0, V“v =. 0, V 2 m; - 0, 

. du dv Pw> . 

and - + + - - 0, 

ox Oy da 

then V J (xw + yv + zw) = 0. 

12. If ii, v be two functions of or, if, s satisfying the equations 
V“m = 0, V 2 e — 0, and if v lie a function of n, then v must be of the form 
Au + B. 

13. If x-r cos 6, y = r sin 6, 

where r, $ are functions of t, prove that 

‘JcosO+Jsin 
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14 If 

u = I^(c<-r) + ^x(o< + » , )» 

prove that 

B*u s /8*w 2 9u\ 

d& ° VSr 8 + r dr) ‘ 

15. If 

u = t~i e 

prove that 

(hi <?u 

h ~ K ap’ 

16. If 


prove that 

(hi /dhr 2 9?/\ 

~dt * VSr* + r dr ) ' 

17. 


verify that 

dn du 

+ -nu, 

dx a ay 


• 8*u . 3 *m „ cPv 

?to* +2a *tedy + fd ! fi = n(v - l)U 

18. If 

y-nz =/( x - mz), 

prove that 

dz da , 

”i~ + n =]. 

dx dy 

19. If 

z y = (x-«)/g:f), 

prove that 

<*— >s + <f- ^)g*== -y- 

20. If 

x - c cosh ( cos tj, y = c sinh $ sin rj, 

prove that 

3®tt 3 * v , . , , , . „ . /3*m. <Pii\ 

d? + h - c (008h * " 008 2v) W + *V 

21. Prove that if at a point on the curve 


4> (*. y) - 0 

we have 

4*0, 4>y=0, 

simultaneously, then two (real or imaginary! branches of the curve uass 
through that Doint. whose directions are given bv the Quadratic 


+ =0 - 

Hence shew that the point is a node, a cusp, or an isolated point, 
according as 

{^xyY S: 
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NUMERICAL TABLES 


A. Squares of Numbers from 10 to 100. 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

100 

121 

144 

169 

196 

225 

256 

289 

324 


2 

KOI 

441 

484 

529 

576 

625 

676 

729 

784 

841 

3 

900 


■oral 

IEH 

1136 

1225 

1296 

1369 

1444 

1521 

4 


1681 

1764 

1849 

1936 

2025 

2116 

2209 

2304 

2401 

5 


2601 

2704 

2809 

2916 

3025 

3136 

3249 

3364 

3481 

6 

3600 

3721 

3844 

3969 

4096 

4225 

4356 

4489 

4624 

4761 

7 


Em 

5184 

5329 

0476 

5625 

5776 

5929 

Em 

6241 

8 

6400 

6561 

6724 

6889 

7036 

7225 

7396 

7569 

7744 

7921 

9 

8100 

8281 

8464 


8836 

9025 

9216 


9604 

9801 


B 1. Square-Roots of Numbers from 0 to 10, 
at Intervals of '1. 



m 

1 

•2 

•3 

•4 

•5 

■6 

D 

•8 

■9 

n 



•447 

•548 

•632 

■707 

‘775 

•837 

•894 

•949 

i 


1-049 

1-095 

1-140 

1-183 

1-225 

1-265 

1-304 

1-342 

1-376 

2 

1-414 

1-449 

1-483 

1-517 

1-549 

1-581 

1-612 

1-643 

1-673 

1-703 

3 

1-732 

1-761 

1-789 

1-817 

1-844 

1-871 

1-897 

1-924 

1-949 

1-975 

4 

iC'IOl 

2-025 

2-049 

2-074 

2-098 

2-121 

2-145 

2-168 

2-191 

2-214 

5 

2-236 

2-258 

2-280 

2-302 

2-324 

2-345 

2-366 


2-408 

2-429 

6 

2-449 


2-490 

EH8 


2-550 

2-569 


2-608 

2-627 

7 

2-646 


2-683 

2-702 

2-720 

2-739 

2-757 

2-775 

2-793 

2-811 

8 

2-828 

2-846 

2-864 

2-881 

2-898 

2-915 

2-933 

2-950 

2-966 

2-983 

9 

10 


3-017 


3-050 


3-082 

3-098 

3-114 


3-146 




























526 


APPENDIX 


B 2. Square-Boots of Numbers from 10 to 100, 
at Intervals of 1. 



o 

1 

2 

3 

n 

5 


7 

8 

9 

1 

3-162 

3-317 

3-464 

3-606 

3-742 

3-873 

4-000 

4-123 

4-243 

4-369 

2 

4-472 

4-683 


4-796 

4-899 

■■HXil 

5-099 

6-196 

6-292 

5-385 

3 

5*477 

6-668 

6-667 

6-745 

5-831 

6-916 

6-000 

giSU*! 

6-164 

6-245 

4 

6-326 


6-481 

6-657 



6-782 

6-866 

6-928 

7-000 

5 

7-071 

7-141 

7-211 

7-280 

7-348 

7-416 

7-483 

7-660 

7-616 

7-681 

6 

7-746 

Esau 

7-874 

7-937 

i:co:n 

8-062 

8-124 

8-186 

8-246 


7 

8-367 

8-426 

8-486 

8-644 

8-602 

IX.'i'il 

8-718 

8-776 

8-832 

8-888 

8 

8-944 

l-ki.ljl 

9-065 

9-110 


9-274 

9-327 

9-381 

9-434 

9 

9-487 

9-639 

9-592 

9-644 

9-695 

9-747 

9-798 

9-849 

9-899 



C. Reciprocals of Numbers from 10 to 100, 
at Intervals of *1. 



1 

■2 

•3 

D 

•5 

•6 

D 

•8 

■9 

1 

I -ooo 



•769 

— 

•714 

■667 

•625 

•588 

•556 

•526 

2 

■ ,'01 

-476 

•455 

■436 

•417 

EI31 

■385 

■370 

•357 

•345 

3 

1 ‘1 

•323 

•313 


•294 

-286 

•278 

•270 

■263 

•266 

4 

•260 

•244 

•238 

•233 

•227 

•222 

■217 

■213 

•208 

•204 

5 

■200 

•196 

•192 

•189 

•186 

•182 

•179 

•176 

•172 

•169 

6 

•167 

■164 

•161 

•159 

•166 

•154 

•152 

•149 

•147 

•146 

7 

143 

•141 

•139 

■137 

•135 

•133 

■132 

•130 

•128 

•127 

8 

•126 

1E1 

•122 

-120 

•119 

•118 

•116 

•115 

114 

•112 

9 

111 

•no 

*109 


•106 

•105 

■104 


102 

•101 


D. Circular Functions at Intervals of One-Twentieth 
* ‘ of the Quadrant. 


tf/ir 

Bin 0 

oosec $ 

tan 9 

cot 9 

SCO $ 

0010 


•o 

0 

00 

0 

00 

1-000 

1-000 

1-00 

•05 

■078 

12-745 

•079 

12-706 

1-003 

■997 

-95 

•10 

•156 

6-392 

•168 

6-314 

1-012 

•988 

•90 

15 

•233 

4-284 

•240 

4-166 

1-028 

•972 

•85 

20 

■309 

3-236 

-326 

3-078 

1 •051 

•951 

•80 

-25 

•383 

2-613 

•414 

2-414 

1-082 

-924 

•75 

30 

•454 

2-203 

■610 

1-963 

1-122 

•891 

-70 

•35 

•522 

1-914 

•613 

1-632 

1173 

•853 

•65 

-40 

•688 

1-701 

•727 

1-376 

1-236 

•809 

■60 

•45 

•649 

1-640 

•864 

1-171 

1-315 

•760 

•55 

•50 

•707 

1-414 

1-000 

1-000 

1-414 

•707 

•50 


eoi 9 

MO0 

cot 0 

tan# 

oosec 9 

•in# 

#/4» 
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E. Exponential and Hyperbolic Functions of Numbers 
from 0 to 2*5, at Intervals of *1. 


X 

s* 


cosh x 

sixth x 

tanh x 

0 

1-000 

1-000 

1-000 

0 

0 

•1 

1-105 

•905 

1-005 

•100 

•100 

•2 

1-221 

•819 

1020 

•201 

•197 

•3 

1-350 

•741 

1045 

•305 

•291 

•4 

1*492 

•670 

1-081 

•411 

■380 

•5 

1-649 

•607 

1-128 

•521 

•462 

•6 

1-822 

•549 

1-185 

•637 

•537 

•7 

2014 

•497 

1-255 

•759 

•604 

•8 

2-226 

•449 

1-337 

•888 

•664 

•9 

2-460 

•407 

1-433 

1027 

716 

10 

2-718 

•368 

1-543 

1-175 

•762 

11 

3-004 

•333 

1-669 

1-336 

■801 

1-2 

3-320 

•301 

1-811 

1-509 

•834 

1-3 

3-669 

•273 

1-971 

1-698 

•862 

1-4 

4 055 

•247 

2-151 

1-904 

•885 

1-5 

4-482 

•223 

2-352 

2-129 

•905 

1-6 

4-953 

•202 

2 577 

2-376 

•922 

1-7 

5-474 

•183 

2 828 

2-646 

•935 

1-8 

6-050 

•165 

3-107 

2-942 

-947 

1-9 

6-686 

•150 

3-418 

3-268 

956 

2-0 

7-389 

•135 

3-762 

3-627 

-964 

21 

8-166 

■122 

4-144 

4-022 

•970 

2-2 

9-025 

•111 

4-568 

4-457 

•976 

2-3 

9-974 

■100 

5037 

1 4-937 

•980 

2-4 

11-023 

•091 

5-557 

5-466 

•984 

2-5 

12182 

■082 

6-132 

6 050 

■987 


F. Logarithms to Base e. 



■0 

•1 

•2 

•3 

•4 

■5 

•6 

WM 

•8 

•9 

1 

0 

•095 

•182 

•262 

•336 

•405 

•470 

•531 

•588 

•642 

2 

•693 

•742 

•788 

•833 

■875 

■916 

•956 

■993 

1030 

1065 

3 

1099 

1-131 

1-163 

1-194 

1-224 

1-263 

1-281 

1-308 

1-335 

1-361 

4 

1-386 

1-411 

1-436 

1-459 

1-482 

1-504 

1-526 

1-648 

1-569 

1-689 

5 

1-609 

1-629 

1-649 

1-668 

1-686 

1-705 

1-723 

1-740 

1-758 

1-775 

6 

1-792 

1-808 

1-825 

1-841 

1-866 

1-872 

1-887 

1-902 

1-917 

1-932 

7 

1-946 

1-960 

1-974 

1-988 

2-001 

2015 

2028 

2-041 

2054 

2067 

8 

2079 

2092 

15 nil 

2-116 

2-128 

2-140 

2-152 

2-163 

2-175 

2-186 

9 

2-197 

2-208 

2-219 

2-230 

2-241 



jjjyryl 

Mil 
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log 10*2*303, log 10* -4 '60S, Iogl 0*-6'908. 
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Accidental convergence, 10 
Algebraio functions, continuity of, 22, 24 
Amsler’s planimeter, 240 
Anchor-ring, 246, 256 
Approximate integration, 257 
Arc of a curve, formulae for, 249, 250, 
258 

Archimedes, spiral of, 300, 308 
Area, 201, 232 
sign of, 235 

swept over by a moving line, 239 
Areas of plane corves, formulas for, 232, 
237 » 

mechanical measurement of, 240 
Asti oid, 303, 859 

Bernoulli, lemnisoate of, 310, 313 
Binomial theorem, 471, 490 
Bipolar coordinates, 919 

Calculation of e, 7H 
of w, 260, 462 
Cardioid, 801, 367 
Cartesian ovals, 320 
Cassini, ovals of, 320 
Catenary, 250, 290, 336, 339 
parabolic, 387 
Centrodes, 864 
Change of variable, 517 
in integration, 172, 217 
Circle, perimeter of, 31 
involute of, 300, 355 
Circular Functions, 27, 28, 51, 56, 175 
CUiraut’s differential equation, 399 
Complementary function, 391, 421, 429, 
437 

Concavity and oonvexity, 146 
Cpne, right ciroular, 248, 255, 265 
Conjugate point, 285 
Contact of curves, order of, 492 
Continuous functions defined, 15 
properties of, 16, 32 
Continuous variation, 1 
Contour lines, 65, 510 
Convergence of infinite series, 5, 6, 468 
essential and accidental, 10 
Convergence of a definite integral, 207 
Corrections, calculation of small, 109, 
115 


Cotes’ method of approximate integra- 
tion, 258 

Crossed parallelogram, 315 
Cubio curves, 285 
Curvature, 833, 339, 342, 493, 517 
Cusp-loous, 849 
Cusps, circle of, 364 
Cyoloid, 294, 336, 351, 854, 861, 363, 
364 

Definite integral, ter 1 Integrals ’ 

Degree of a differential equation, 384 
Derived Function, definition of, 46 
geometrical meaning, 45 
properties, 95, 98, 99, 101 
Differential coefficients, 45, 64, 141 
Differential Equations, 381 
exact, 387 
homogeneous, 889 
integration by series, 469 
linear, 891, 393 

of firBt order and first degree, 384 
of first order and higher degree, 398 
of second order, 410, 429 
simultaneous, 445 
Differentials, 108, 115 
Differentiation, 48, 50, 62, 53, 54, 57, 
59, 65 

of a definite integral, 211 
of power series, 467 
partial, tee ‘ Partial differentiation ' 
successive, 141 
Discontinuity, 19 

Displacement of a plane figure, 356, 364 

Elimination of arbitrary constants, 881 
Ellipse, 233, 289, 252, 812, 313, 336, 
839, 341, 350, 354, 359, 365 
Ellipsoid, 246, 266 

of revolution, surface of, 257 
Elliptic integrals, 253 
Envelopes, 848, 347, 399, 613 
Epicyclios, 304, 365 

Epicycloid, 297, 336, 352, 361, 363, 864, 
366 

Epitroehoid, 800 
Equations, theory of, 09, 149 
Equiangular spiral, 307, 337 
Even and odd functions, 79 
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Evolnte, 849, 853 

Exact differential, condition for, 504 
Exact differential equations, 387 
Expansions by differential equations, 471 
by Maolaurin’s theorem, 481, 490 
Exponential function, 72, 77 

Function, definition of, IS 

graphical representation of, 14 
Functions, algebraio and transcendental, 
22 

implicit, 64 
inverse, 29, 59 

Geometrical representation of magni- 
tudes, 2 

Gomometnc functions, 80, 59, 60, Cl, 62 

Gradient of a curve, 46 

Graph of a function, 18 

Gregory’s Benes, 461 

Guldin, see ‘ Pappus ’ 

Hart’s linkage, 815 

Homogeneous differential equations, 
389, 443 

Homogeneous functions, Euler’s theo- 
rem, 508 

Hyperbola, 283, 812, 813 
Hyperbolic functions, 79, 80, 81, 82 
inverse, 88, 89 
Hypocycloid, 298 
Hypotrochoid, 300 

Implicit funct ons, 64, 66, 116, 516 
Infinite senes, 5, 10 
Infinitesimal geometry, 496 
Infinitesimals, 39 
Inflexion, points of, 146, 517 
Instantaneous centre, 356, 360 
Integrals, definite, 205, 207, 210, 212, 
221 

approximate calculation of, 2o7 
Integrals, multiple, 269 
Integration, 161 
by parts, 178 

by substitution, 172, 175, 177 
of irrational functions, 170, 189 
of power-senes, 468 
of rational fractions, 166, 183, 185, 
186 

of trigonometrical functions, 175, 218 
Interpolation by proportional parts, 153 
Intnnsic equation ot a curve, 335 
Inverse functions, 29, 59 
Inversion, 813, 814 
Involutes, 854 

Leibnitz' theorem, 143 
LemnUoate of Bernoulli, 310, 321 
Lima?on, 302, 309, 883 


Limit, upper and lower, of an assem- 
blage, 2, 80 

Limiting values, 7, 34, 36, 84 
Linear differential equations of first 
order, 391, 393 
of second order, 420 
with constant coefficients, 428 
Line-roulette, 863 
Liseajous’ curves, 292 
Logarithmic differentiation, 87 
Logarithmic Function, 83, 84, 86 
Logarithmic senes, 458, 491 

Maclaunn’s Theorem, 480, 484, 488 
mean centre, 263 
Magnetic carves, 822 
Maxima and minima, 101, 106, 107, 148, 
494, 608, 511 
Mean values, 261 
Mean value theorems, 111, 210 
Modulus (m logarithms), 84 
Multiple integrals, 269 
Multiple roots of equations, 149 

Newton’s treatment of curvature, 339 
Node, 285 
Node Iocub, 349 
Normal, equation of, 121 

Order of a differential equation, 361 
Orthogonal trajectories, 395 
Osculating circle, 342 

Pappus, theorems of, 266 
Parabola, 202, 234, 250, 264, 812, 336, 
339, 341, 343, 349 
Paraboloid, 245, 246, 266 
Parallel curves, 354 
Partial deuvatives, 64, 601 
Partial differentiation, commutative pro- 
perty of, o02, 506 

Partial Fi actions, 167, 183, 185, 186 
Particulai integral of a linear differential 
equation, 383, 391, 421, 431, 440 
Peaucellier’s linkage, 314 
Pedal curves, 815 
Pencjcloid, 297 
Penmeter of a circle, 31 
Plamuieter, 240 
Pomt-ioulette, 359, 361, 440 
Polars, reciprocal, 815 
Powei -series, continuity of, 466 
differentiation of, 467 
integration of, 468 

Primitive of a differential equation, 
383 

Pnsmoid, volume of, 248 
Proportional parts, 153 


Quadrature, approximate, 257 
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Rational traction*, graph* of, 94 
integration of, 166, 188 
Rational integral function*, 99 
Reciprocal polar*, 316 
Reciprocal spiral, 808 
Rectification of curve*, 949, 960, 963 
of evolutea, 868 

Red Motion, formula of, 180, 181, 918 
Remainder in Taylor’s and Maclanrin’i 
Theorems, 484, 489 
Bolls’* theorem, 99 

Boots of algebraic equations, separation 
of, 99 

Roulettes, 869, 861, 363 

Second derivative, 141 

geometrical meaning of, 149 
Semi-cubical parabola, 887 
Separation of roots of an algebraic 
equation, 99 

of variables in a differential equation, 
886 

Sign a( &a area, 235 
Simpson’s rules, *49, 260 
Simultaneous differential equations, 445 
Sin x, expansion of, 470 
Sin-> x, expansion of, 468 
Singular solutions, 400 
Sphere, surface of, 956 
volume of, 945 

Spherical segment, volume of, 246 


Spiral, equiangular, 807, 887 
of Archimedes, 800, 808 
reciprocal, 808 
Stationary point, 886 
Stationary tangent, 146, 885 
Stationary values of funotions, 109, 508, 
611 

Subnormal, 118 
Subtangent, 118 

Successive differentiation, 141, 601 
Surface of revolution, area of, 2S4 
mean oentre of, 264 

Tangent to a curve, 46, 121 
Tangential polar equation, 811 
Taylor’s Theorem, 159, 480 
extension of, 605 
Tetrahedron, volume of a, 944 
Theory of equations, 99, 149 
Total variation of a function, 118, 506 
Tractrix, 992 

Trajectories, orthogonal, 395 
Transcendental functions, 22 
Trochoid, 296 

Variable, change of, in integration, 172, 
177 

Variable, dependent and independent, 
13 

Variation, continuous, 1, 2 
Volumes of solids, 249, 243, 246, 270 
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